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Preface

When I was a beginning mathematics student a friend gave me a set of lecture
notes for a course on infinitary logic given by Ronald Jensen. On the first page
was the definition of a partial isomorphism: a set of partial mappings between
two structures with the back-and-forth property. I became immediately inter-
ested and now — 37 years later — I have written a book on this very concept.

This book can be used as a text for a course in model theory with a game-
and set-theoretic bent.

I am indebted to the students who have given numerous comments and cor-
rections during the courses I have given on the material of this book both in
Amsterdam and in Helsinki. I am also indebted to members of the Helsinki
Logic Group, especially Tapani Hyttinen and Juha Oikkonen, for discussions,
criticisms, and new ideas over the years on Ehrenfeucht—Fraissé Games in un-
countable structures. I am grateful to Fan Yang for reading and commenting
on parts of the manuscript.

I am extremely grateful to my wife Juliette Kennedy for encouraging me to
finish this book, for reading and commenting on the manuscript pointing out
necessary corrections, and for supporting me in every possible way during the
writing process.

The preparation of this book has been supported by grant 40734 of the
Academy of Finland and by the EUROCORES LogICCC LINT programme.
I am grateful to the Institute for Advanced Study, the Mittag-Leffler Institute,
and the Philosophy Department of Princeton University for providing hospi-
tality during the preparation of this book.
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Introduction

A recurrent theme in this book is the concept of a game. There are essentially
three kinds of games in logic. One is the Semantic Game, also called the Eval-
uation Game, where the fruth of a given sentence in a given model is at issue.
Another is the Model Existence Game, where the consistency in the sense of
having a model, or equivalently in the sense of impossibility to derive a con-
tradiction, is at issue. Finally there is the Ehrenfeucht—Fraiss¢é Game, where
separation of a model from another by finding a property that is true in one
given model but false in another is the goal. The three games are closely linked
to each other and one can even say they are essentially variants of just one basic
game. This basic game arises from our understanding of the quantifiers. The
purpose of this book is to make this strategic aspect of logic perfectly transpar-
ent and to show that it underlies not only first-order logic but infinitary logic
and logic with generalized quantifiers alike.

We call the close link between the three games the Strategic Balance of
Logic (Figure 1.1). This balance is perfectly commutative, in the sense that
winning strategies can be transferred from one game to another. This mere
fact is testimony to the close connection between logic and games, or, thinking
semantically, between games and models. This connection arises from the na-
ture of quantifiers. Introducing infinite disjunctions and conjunctions does not
upset the balance, barring some set-theoretic issues that may surface. In the
last chapter of this book we consider generalized quantifiers and show that the
Strategic Balance of Logic persists even in the presence of generalized quanti-
fiers.

The purpose of this book is to present the Strategic Balance of Logic in all
its glory.
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Figure 1.1 The Strategic Balance of Logic.
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Preliminaries and Notation

We use some elementary set theory in this book, mainly basic properties of
countable and uncountable sets. We will occasionally use the concept of count-
able ordinal when we index some uncountable sets. There are many excellent
books on elementary set theory. (See Section 2.7.) We give below a simplified
account of some basic concepts, the barest outline necessary for this book.

We denote the set {0, 1,2,...} of all natural numbers by N, the set of ra-
tional numbers by Q, and the set of all real numbers by R. The power-set
operation is written

P(A)={B:BC A}.
We use A \ B to denote the set-theoretical difference of the sets A and B.
If f is a function, f”X is the set {f(z) : # € X} and f~1(X) is the set
{z € dom(f) : f(x) € X}. Composition of two functions f and g is denoted
g o f and defined by (g o f)(z) = g(f(x)). We often write fa for f(a).

The notation id 4 is used for the identity function A — A which maps every
element of A to itself, i.e. ida(a) = a fora € A.

2.1 Finite Sequences
The concept of a finite (ordered) sequence
s=(ag,...,an-1)

of elements of a given set A plays an important role in this book. Examples of
finite sequences of elements of N are

(8,3,9,67,200,0)
(8,8,8)
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(24).
We can identify the sequence s = (ay, . . ., a,—1) with the function

s :{0,...,n—1} = A,

where

s'(i) = a;.
The main property of finite sequences is: (ag, ..., an—1) = (bo,--.,bm—1) if
and only if n = m and a; = b; for all i < n. The number n is called the length
of the sequence s = (ao,-..,a,—1) and is denoted len(s). A special case is

the case len(s) = 0. Then s is called the empty sequence. There is exactly one
empty sequence and it is denoted by ().
The Cartesian product of two sets A and B is written

Ax B={(a,b):a€ Abe B}.
More generally

Ao X ... x Ap—1 ={(ag,...,an-1) : a; € A; foralli < n}.

A" = A X ... x A (ntimes).

According to this definition, A # A. The former consists of sequences of
length 1 of elements of A. Note that A° = {(}.

Finite Sets

A set A is finite if it is of the form {ay, . .., a,,—1 } for some natural number n.
This means that the set A has at most n elements. If A has exactly n elements
we write |A| = n and call |A| the cardinality of A. A set which is not finite is
infinite. Finite sets form a so-called ideal, which means that:

1. 0 is finite.
2. If A and B are finite, then so is A U B.
3. If Ais finite and B C A, then also B is finite.

Further useful properties of finite sets are:

1. If A and B are finite, then sois A X B.
2. If Ais finite, then so is P(A).
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The Axiom of Choice says that for every set A of non-empty sets there is a
function f such that f(a) € a for all a € A. We shall use the Axiom of Choice
freely without specifically mentioning it. It needs some practice in set theory
to see how the axiom is used. Often an intuitively appealing argument involves
a hidden use of it.

Lemma 2.1 A set A is finite if and only if every injective f : A — Aisa
bijection.

Proof Suppose A is finite and f : A — B is an injection with B C A and
a € A\ B.Letag = a and a,+1 = f(a,). It is easy to see that a,, # a,
whenever n < m, so we contradict the finiteness of A. On the other hand, if A
is infinite, we can (by using the Axiom of Choice) pick a sequence b,,, n € N,
of distinct elements from A. Then the function g which maps each b,, to b, 1
and is the identity elsewhere is an injective mapping from A into A but not a
bijection. O

The set of all n-element subsets {ay, . . ., a,—_1} of A is denoted by [A]".

2.2 Equipollence
Sets A and B are equipollent
A~B
if there is a bijection f : A — B.Then f~! : B — A s a bijection and
B~A
follows. The composition of two bijections is a bijection, whence
A~B~C = A~C.

Thus ~ divides sets into equivalence classes. Each equivalence class has a
canonical representative (a cardinal number, see the Subsection “Cardinals”
below) which is called the cardinality of (each of) the sets in the class. The
cardinality of A is denoted by | 4| and accordingly A ~ B is often written

Al = |B].
One of the basic properties of equipollence is that if
A~C,B~DandANB=CnND=0,

then
AUB~CUD.
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Indeed, if f : A — C is a bijection and ¢ : B — D is a bijection, then
fUg: AUB — CU D is abijection. If the assumption

ANB=CND=90

is dropped, the conclusion fails, of course, as we can have A N B = () and
C = D. It is also interesting to note that even if AN B = C N D = (J, the
assumption AUB ~ C'UD does notimply B ~ D evenif A ~ C'is assumed:
Let A=N,B=0,C={2n:n € N},and D = {2n+1 : n € N}. However,
for finite sets this holds: if A U B is finite,

AUB~CUD, A~C, ANB=CnND=1

then

B~ D.

We can interpret this as follows: the cancellation law holds for finite numbers
but does not hold for cardinal numbers of infinite sets.

There are many interesting and non-trivial properties of equipollence that
we cannot enter into here. For example the Schroder—Bernstein Theorem: If
A~ Band B C C C A, then A ~ C. Here are some interesting consequences
of the Axiom of Choice:

e Forall A and B thereis C suchthat A~ C C Bor B~ C C A.
e For all infinite A we have A ~ A x A.

It is proved in set theory by means of the Axiom of Choice that |A| < |B|
holds in the above sense if and only if the cardinality |A| of the set A is at
most the cardinality |B| of the set B. Thus the notation |A| < |B] is very
appropriate.

2.3 Countable sets

A set A which is empty or of the form {ag, a1, ...},i.e. {a, : n € N}, is called
countable. A set which is not countable is called uncountable. The countable
sets form an ideal just as the finite sets do. We now prove two important results
about countability. Both are due to Georg Cantor:

Theorem 2.2 If A and B are countable, then so is A X B.

Proof If either set is empty, the Cartesian product is empty. So let us assume
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the sets are both non-empty. Suppose A = {ag, ai,...} and B = {bg, by, ...}.
Let
(ai7bj), ifn= 2i3'j
Cn = .
(ao,bp), otherwise.

Now A x B = {c, : n € N}, whence A x B is countable. O
Theorem 2.3 The union of a countable family of countable sets is countable.

Proof The empty sets do not contribute anything to the union, so let us as-
sume all the sets are non-empty. Suppose A,, is countable for each n € N,
say, A, = {a}}, : m € N} (we use here the Axiom of Choice to choose an
enumeration for each A,). Let B = Un A,,. We want to represent B in the
form {b,, : n € N}. If n is given, we consider two cases: If n is 2!37 for some
1 and j, we let b, = aé. Otherwise we let b,, = a8. O

Theorem 2.4 The power-set of an infinite set is uncountable.

Proof Suppose A is infinite and P(A) = {b,, : n € N}. Since A is infinite,
we can choose distinct elements {a,, : n € N} from A. (This uses the Axiom of
Choice. For an argument which avoids the Axiom of Choice see Exercise 2.14.)
Let

B={ay:a, &b}

Since B C A, there is some n such that B = b,,. Is a,, an element of B
or not? If it is, then a,, ¢ b,, which is a contradiction. So it is not. But then
an € b, = B, again a contradiction. O

2.4 Ordinals

The ordinal numbers introduced by Cantor are a marvelous general theory of
measuring the potentially infinite. They are intimately related to inductive def-
initions and occur therefore widely in logic. It is easiest to understand ordinals
in the context of games, although this was not Cantor’s way. Suppose we have
a game with two players I and IT. It does not matter what the game is, but it
could be something like chess. If IT can force a win in n» moves we say that
the game has rank n. Suppose then IT cannot force a win in n moves for any
n, but after she has seen the first move of I, she can fix a number n and say
that she can force a win in n moves. This situation is clearly different from
being able to say in advance what n is. So we invent a symbol w for the rank
of this game. In a clear sense w is greater than each n but there does not seem
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to be any possible rank between all the finite numbers n and w. We can think
of w as an infinite number. However, there is nothing metaphysical about the
infiniteness of w. It just has infinitely many predecessors. We can think of w as
a tree 1, with a root and a separate branch of length n for each n above the
root as in the tree on the left in Figure 2.1.

Figure 2.1 Ti, and T4 1.

Suppose then 11 is not able to declare after the first move how many moves
she needs to beat I, but she knows how to play her first move in such a way
that after I has played his second move, she can declare that she can win in n
moves. We say that the game has rank w + 1 and agree that this is greater than
w but there is no rank between them. We can think of w + 1 as the tree which
has a root and then above the root the tree 7, as in the tree on the right in
Figure 2.1. We can go on like this and define the ranks w + n for all n.

Suppose now the rank of the game is not any of the above ranks w + n, but
still IT can make an interesting declaration: she says that after the first move
of I she can declare a number m so that after m moves she declares another
number 7 and then in 7 moves she can force a win. We would say that the rank
of the game is w +w. We can continue in this way defining ranks of games that
are always finite but potentially infinite. These ranks are what set theorists call
ordinals.

We do not give an exact definition of the concept of an ordinal, because it
would take us too far afield and there are excellent textbooks on the topic. Let
us just note that the key properties of ordinals and their total order < are:

Natural numbers are ordinals.
For every ordinal « there is an immediate successor o + 1.
Every non-empty set of ordinals has a smallest element.

o

Every non-empty set of ordinals has a supremum (i.e. a smallest upper
bound).
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The supremum of the set {0,1,2,3,...} of ordinals is denoted by w. An
ordinal is said to be countable if it has only countably many predecessors,
otherwise uncountable. The supremum of all countable ordinals is denoted by
w1 . Here is a picture of the ordinal number “line”:

I<l<2< .. <w<wHl<. ... <a<a+l<...<w <...

Ordinals that have a last element, i.e. are of the form « + 1, are called suc-
cessor ordinals; the rest are [imit ordinals, like w and w + w.

Ordinals are often used to index elements of uncountable sets. For example,
{aq : @ < 8} denotes a set whose elements have been indexed by the ordinal
B, called the length of the sequence. The set of all such sequences of length
3 of elements of a given set A is denoted by A”. The set of all sequences of
length < 3 of elements of a given set A is denoted by A<5.

2.5 Cardinals

Historically cardinals (or more exactly cardinal numbers) are just representa-
tives of equivalence classes of equipollence. Thus there is a cardinal number
for countable sets, denoted N, a cardinal number for the set of all reals, de-
noted ¢, and so on. There is some question as to what exactly are these cardinal
numbers. The Axiom of Choice offers an easy answer, which is the prevailing
one, as it says that every set can be well-ordered. Then we can let the cardi-
nal number of a set be the order-type of the smallest well-order equipollent
with the set. Equivalently, the cardinal number of a set is the smallest ordinal
equipollent with the set. If we leave aside the Axiom of Choice, some sets need
not have have a cardinal number. However, as is customary in current set the-
ory, let us indeed assume the Axiom of Choice. Then every set has a cardinal
number and the cardinal numbers are ordinals, hence well-ordered. The ot® in-
finite cardinal number is denoted X,,. Thus ¥, is the next in order of magnitude
from Rg. The famous Continuum Hypothesis is the statement that X; = .

For every set A there exists (by the Axiom of Choice) an ordinal « such
that the elements of A can be listed as {ag : 8 < «}. The smallest such « is
called the cardinal number, or cardinality, of A and denoted by | A|. Thus cer-
tain ordinals are cardinal numbers of sets. Such ordinals are called cardinals.
They are considered as canonical representatives of each equivalence class of
equipollent sets. For example, all finite numbers are cardinals, as are w and wy .
The smallest cardinal such that the smaller infinite cardinals can be enumer-
ated in increasing order as kg, 8 < a, is denoted w,, or alternatively N. If
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k = N, then N, 11 is denoted x™ and is called a successor cardinal. Cardinals
that are not successor cardinals are called limit cardinals.
Arithmetic operations x + A, s - A, & for cardinals are defined as follows:

E+A=|kUA, k- A=|k X Al

Moreover, exponentiation x* of cardinal numbers is defined as the cardinality
of the set k* of sequences of elements of x of length \. A certain amount of
knowledge about the arithmetic of cardinal numbers in necessary in this book,
especially in the later chapters, and Chapters 8 and 9 in particular.

The cofinality of an ordinal « is the smallest ordinal 5 for which there is a
function f : 8 — « such that (1) £ < ¢ < S implies f(¢) < f(¢), and (2) for
all £ < «a there is some ¢ < f such that £ < f(¢). We use cf(«) to denote the
cofinality of a. A cardinal x is said to be regular if cf (k) = &, and singular
if cf(k) < k. Successor cardinals are always regular. The smallest singular
cardinal is N,.

The Continuum Hypothesis (CH) is the hypothesis |P(N)| = X;. Neither it
nor its negation can be derived from the usual Zermelo—Fraenkel axioms of set
theory and therefore it (or its negation), like many other similar hypotheses,
has to be explicitly mentioned as an assumption, when it is used.

2.6 Axiom of Choice

We have already mentioned the Axiom of Choice. There are so many equiv-
alent formulations of this axiom that books have been written about it. The
most notable formulation is the Well-Ordering Principle: every set is equipol-
lent with an ordinal. The Axiom of Choice is sometimes debated because it
brings arbitrariness or abstractness into mathematics, often with examples that
can be justifiably called pathological, like the Banach-Tarski Paradox: The
unit sphere in three-dimensional space can be split into five pieces so that if
the pieces are rigidly moved and rotated they form two spheres, each of the
original size. The trick is that the splitting exists only in the abstract world of
mathematics and can never actually materialize in the physical world. Con-
clusion: infinite abstract objects do not obey the rules we are used to among
finite concrete objects. This is like the situation with sub-atomic elementary
particles, where counter-intuitive phenomena, such as entanglement, occur.
Because of the abstractness brought about by the Axiom of Choice it has
received criticism and some authors always mention explicitly if they use it
in their work. The main problem in working without the Axiom of Choice is
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that there is no clear alternative and just leaving it out leaves many areas of
mathematics, like measure theory, without proper foundation. In this book we
assume the Axiom of Choice. This seems essential at least in Chapters 8 and
9 where uncountable models are considered. On the other hand, the game-
theoretic approach to logic that we have adopted in this book heavily rests on
the Axiom of Choice. We think of the truth of Vz3yR(z, y) as the existence of
a function f which for any given a in the domain of discourse picks an element
b = f(a) such that R(a,b). We go on to call such a function a winning strategy
of player II in the appropriate game, where player I first picks a and then
player IT picks b and IT wins if R(a, b) holds. If we allow completely arbitrary
binary predicates as our R there is no way to derive the existence of f without
the Axiom of Choice. Indeed, the existence of f is one equivalent formulation
of the Axiom of Choice.

2.7 Historical Remarks and References

The distinction between countable and uncountable sets is due to Georg Can-
tor. There are many elementary books providing an introduction to set the-
ory, for example Devlin (1993), Enderton (1977), and Rotman and Kneebone
(1966). A textbook covering a wide spectrum of modern set theory is Jech
(1997).

Exercises

2.1 List the elements of {0, 1,2} x {0, 1}.

2.2 Show that the Cartesian product of two finite sets is finite.
2.3 Show that the power set of a finite set is finite.

2.4 Show that the following sets are ideals:

{ACN:4¢ A}
{A CN:2" ¢ Afor all sufficiently large n}.

2.5 Showthatif A~ BandC ~ D,then Ax C ~ B x D ~ (C x A.

2.6 Show that A ~ B implies P(A) ~ P(B).

277 Assume A ~ BUD.Find C C A such that C ~ B.

2.8 Assume A~ Band C ~ D.Does A\ C ~ B\ D follow?

29 Assume A x B ~ C. Show that there is D C C such that A ~ D or
B~ D.
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2.10
2.11

2.12
2.13
2.14

2.15
2.16

2.17
2.18

2.19

2.20
221

222

2.23

2.24
2.25

Preliminaries and Notation

Assume P(A) ~ C. Show that there is D C C such that A ~ D.

Let 4 B be the set of all functions f : A — B. Show that if A ~ B and
C ~ D, then 4C ~ B D.

Show that (B x C) ~ 4B x AC.

Show that if AN B = (), then (AYB)C' ~ AC x BC. What if ANB # ()?
Prove A 4 P(A) for all sets A. (Hint: Assume f : A — P(A) is onto
and considera ={x € A:x & f(x)}.)

Show thatif {1,...,n} ~ {1,...,m} thenn = m.

Show that for any A and B there is an injection f : A — B or an
injection f : B — A. (Hint: You have to invoke Zorn’s Lemma.' Let C
be the set of partial injections A — B. Clearly C is closed under unions
of C-chains. By Zorn’s Lemma C has a maximal element.)

Show that a subset of a countable set is countable.

Show that the set of finite sequences of elements of a countable set is
countable.

Show that the set of polynomials with rational coefficients is countable.
Show that above every ordinal there is a limit ordinal.

Show that the equations

a+0=q«
a+(B+1)=(a+p)+1
a+ B = sup, . z(a + ) for limit 4

define uniquely a binary function a 4 f3, called ordinal addition. This is
an example of a definition by the so called transfinite recursion. Show
that (o + B) +v=a+ (B +7).

Show that the equations

a-0=0
a-(B+l)=a - B+a
a - = sup, g(a - ) for limit 3

define uniquely a binary function « - 3, called ordinal multiplication, and
also denoted af. Show that (af)y = a(f8v) and a(8 +v) = aff + ar.
Show that every ordinal has a unique representation as « + n, where «
is a limit ordinal and n € N.

Show that for any ordinals o < [ there is a unique y such that a+~v = .
Show that for any ordinals o < [ there are unique y and ¢ such that
B=ay+dand d < a.

L Zorn’s Lemma, a consequence of the Axiom of Choice, says that if a partial order has the
property that every chain has an upper bound, then the partial order has a maximal element.
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Show that the equations
a’=1
Pt = afa

of = sup,_ _z(a?) for limit 3

define uniquely a binary function o/®, called ordinal exponentiation. Show
that o®*7 = afa” and (a?)Y = o?7.

Show that every ordinal can be uniquely expressed in the form w®° -ng+
w* ng 4+ WYt o + ng, where ag > g > - > Qg
are ordinals and ng,...,niy > 0,n; > 0 are natural numbers. (This is
called the Cantor Normal Form).

Show that the supremum of a countable non-empty set of countable ordi-
nal numbers is countable. Show that w; is an uncountable ordinal num-
ber.

Show that a set A is uncountable if and only if there is an injection f :
w1 — A.

Suppose A,, o < wy, are sets such that o < § implies A, C Ag. Show
that the set |J,, ., Aa is uncountable.

Show that a set has cardinality < N; if and only if it is the union of an
increasing sequence of countable sets.

Show that if « is an infinite cardinal then x X xk ~ k. (Hint: Suppose « is
the smallest infinite « for which k Xk ¢ k. By Theorem 2.2, k > w. Now
construct in a canonical way a well-order of x X x. Use the assumption
VA < £(A x XA ~ )) to show that all initial segments of your order have
cardinality < k.)

Suppose k is an infinite cardinal. Suppose also that A = |
|I| < k,and |A4;| < k forall i € I. Show that |A] < k.
Show that N, is a regular cardinal for each ordinal c.

;er Ai» Where



Games

3.1 Introduction

In this first part we march through the mathematical details of zero-sum two-
person games of perfect information in order to be well prepared for the intro-
duction of the three games of the Strategic Balance of Logic (see Figure 1.1)
in the subsequent parts of the book. Games are useful as intuitive guides in
proofs and constructions but it is also important to know how to make the in-
tuitive arguments and concepts mathematically exact.

3.2 Two-Person Games of Perfect Information

Two-person games of perfect information are like chess: two players set their
wits against each other with no role for chance. One wins and the other loses.
Everything is out in the open, and the winner wins simply by having a better
strategy than the loser.

A Preliminary Example: Nim

In the game of Nim, if it is simplified to the extreme, there are two players I
and IT and a pile of six identical tokens. During each round of the game player
I first removes one or two tokens from the top of the pile and then player I1
does the same, if any tokens are left. Obviously there can be at most three
rounds. The player who removes the last token wins and the other one loses.
The game of Figure 3.1 is an example of a zero-sum two-person game of
perfect information. It is zero-sum because the victory of one player is the loss
of the other. It is of perfect information because both players know what the
other player has played. A moment’s reflection reveals that player IT has a way
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Figure 3.1 The game of Nim.

Play Winner
111111 1I

11112 I
11121 I
11211 I
1122 11
12111 I
1212 11
1221 11
21111 I
2112 11
2121 11
2211 11
222 I

Figure 3.2 Plays of Nim.

of playing which guarantees that she' wins: During the first round she takes
away one token if player I takes away two tokens, and two tokens if player I
takes away one token. Then we are left with three tokens. During the second
round she does the same: she takes away the last token if player I takes away
two tokens, and the last two tokens if player I takes away one token. We say
that player II has a winning strategy in this game.

If we denote the move of a player by a symbol — 1 or 2 — we can form a
list of all sequences of ones and twos that represent a play of the game. (See
Figure 3.2.)

The set of finite sequences displayed in Figure 3.2 has the structure of a
tree, as Figure 3.3 demonstrates. The tree reveals easily the winning strategy
of player I1. Whatever player I plays during the first round, player II has an
option which leaves her in such a position (node 12 or 21 in the tree) that
whether the opponent continues with 1 or 2, she has a winning move (1212,
1221, 2112, or 2121).

We can express the existence of a winning strategy for player II in the
above game by means of first-order logic as follows: Let us consider a vo-

L 'We adopt the practice of referring to the first player by “he” and the second player by “she”.
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II
111111 I I I I I
11111 11112 11121 11211 II 12111 II II 21111 II II II

1111 1112 1121 1122 1211 1212 1221 2111 2112 2121 2211 I
111 112 121 122 211 212 221 222
11 12 21 22
1 2
Figure 3.3

cabulary L = {W}, where W is a four-place predicate symbol. Let M be an
L-structure” with M = {1,2} and

WM = {(ambo,al,bl) S M*: ag+by+ai+b = 6}
Now we have just proved
M [ VaoTyoVaz1Iys W (o, Yo, 71, y1)- (3.1

Conversely, if M is an arbitrary L-structure, condition (3.1) defines some
game, maybe not a very interesting one but a game nonetheless: Player I picks
an element ag € M, then player IT picks an element by € M. Then the same
is repeated: player I picks an element a; € M, then player II picks an element
by € M. After this player IT is declared the winner if (ag, by, a1,b;) € WM,
and otherwise player I is the winner. By varying the structure M we can model
in this way various two-person two-round games of perfect information. This
gives a first hint of the connection between games and logic.

Games — a more general formulation

Above we saw an example of a two-person game of perfect information. This
concept is fundamental in this book. In general, the simplest formulation of
such a game is as follows (see Figure 3.4): There are two players® I and II, a
domain A, and a natural number n representing the length of the game. Player
I starts the game by choosing some element o € A. Then player IT chooses
yo € A. After x; and y; have been played, and 7 + 1 < n, player I chooses
Zi+1 € A and then player IT chooses y;+1 € A. After n rounds the game ends.
To decide who wins we fix beforehand a set W C A2" of sequences

(x07y07---7xn—17yn—1) 3.2)

2 For the definition of an L-structure see Definition 5.1.
3 There are various names in the literature for player I and IT, such as player I and player IT,
spoiler and duplicator, Nature and myself, or Abelard and Eloise.
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I 1T
Zo
Yo
T1
Y1
Tn—1
Yn—1

Figure 3.4 A game.

and declare that player IT wins the game if the sequence formed during the
game is in W; otherwise player I wins. We denote this game by G,, (A, W). For
example, if W = (), player IT cannot possibly win, and if W = A2", player
I cannot possibly win. If W is a set of sequences (g, Yo, -, Tn_1,Yn—1)
where x¢o = x1 and if moreover A has at least two elements, then IT could not
possibly win, as she cannot prevent player I from playing xy and z; differently.
On the other hand, W could be the set of all sequences (3.2) such that yg = ;.
Then II can always win because all she has to do during the game is make sure
that she chooses vy and y; to be the same element.

If player IT has a way of playing that guarantees a sure win, i.e. the opponent
I loses whatever moves he makes, we say that player IT has a winning strategy
in the game. Likewise, if player I has a way of playing that guarantees a sure
win, i.e. player IT loses whatever moves she makes, we say that player I has
a winning strategy in the game. To make intuitive concepts, such as “way of
playing” more exact in the next chapter we define the basic concepts of game
theory in a purely mathematical way.

Example 3.1 The game of Nim presented in the previous chapter is in the
present notation G3({1, 2}, W), where

W = {(ao,bo,al,bl,ag,bg) S {1,2}6 : Z(az + bz) = 6 for some n < 2} B
i=0

We allow three rounds as theoretically the players could play three rounds even
if player IT can force a win in two rounds.

Example 3.2 Consider the following game on a set A of integers:
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I 1II

a
b

where IT is declared the winner if a4+b € A. Sohere A C Zand W = {(a,b) :
a + b € A}. The game proceeds as follows: Player I starts by choosing an
element ¢ € A. Then player IT chooses an element b € A. The game ends
here and we check who won. If a + b € A, player IT won, otherwise player I
won. Does player IT have a winning strategy? Clearly this depends on whether
every element of A is the difference of two elements of A, and on nothing else.
In logical formalism, let L = {W}, where W is a two-place predicate symbol.
Consider an L-structure M, where |[M| = A C Z and

WM = {(ag,bo) € A* : ag + by € A}.
Now player II has a winning strategy in the game described if and only if
M = VzoIyoW (o, yo)-

If A is the set of all integers, or the set of all even integers, or any set containing
0, then player IT has a winning strategy. If A is a singleton # {0}, or the set of
integers between 100 and 200, then player I has a winning strategy. If player
II does not have a winning strategy, then there is @ € A suchthata+b ¢ A for
all b € A. Now player I has a winning strategy: he plays a. Whatever element b
player II chooses, she loses the game since a +b ¢ A. Thus one of the players
has a winning strategy, whatever A is.

Example 3.3 Suppose f is a mapping f : R — R and a and b are reals. Let
A =R and W the set of (¢, 0, x, y), where:

If € > 0 then § > 0 and if moreover 0 < |x — a| < ¢ then |f(z) — b] < e.

Consider the game

I II
€

0
T

Y

where IT is declared the winner if (¢, 0, z,y) € W. Note that the second move
of player II is a “dummy” move, i.e. a move which has no relevance. Its only
role is to complete the second round. Clearly, IT has a winning strategy if
and only if lim,_,, f(x) = b. Using logical formalism we could write this as
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follows: Let L = {<,F, A, c,d}, where < is a binary predicate symbol, F
is a unary function symbol, A is a binary function symbol, and ¢ and d are
constant symbols. Consider the L-structure M, where M = R, a <M piff
a < b, FM(2) = f(2), AM(2,9) = |z — y|, ™ = a and d™ = b. Then
player IT has a winning strategy in the above game if and only if M satisfies

Vo (0 < 20 = Jyo(0 < yo AV (A(x1,¢) < yo = A(F(x1),d) < xp))).

Example 3.4 Let A be the set of cities of Europe. Let G be a collection
of German cities and F' a collection of French cities. Consider the following
game on airline connections from cities in G U F' to Scandinavia: During the
first round of the game player I chooses a city f € F' in France and then
player II chooses a city ¢ € G in Germany. During the second round of the
game player I chooses a city sp in Scandinavia. Finally player II chooses a
city s1 also in Scandinavia. The game ends and player II wins if she was able
to choose city s7 in such a way that it is in the same country as s and if there
is a direct commercial flight from city f to city sq, then there is also a direct
commercial flight from city g to city s;1. Thus this game is Gy (A, W)

I 1II
f

g
S0

S1

where W is the set of sequences (f, g, So, $1) such that

1. f¢ For

2. g € G, sg and s; are in the same country, and if there is a commercial airline
connection from f to sq then there is also a commercial airline connection
from g to s7.

To find out under what conditions player IT has a winning strategy, let us de-
fine an auxiliary concept. The type 7(c) of a city c is the set of Scandinavian
countries to which there is a commercial airline connection from c. It is clear
that player IT has to choose city g in such a way that 7(f) C 7(g). Let the
type 7(C) of a set C of cities be the set of types of its elements. Player IT
has a winning strategy if and only if every element of 7(F’) is contained in an
element of 7(G). This is trivially satisfied if 7(F') consists of merely the set 0,
or if 7(G) contains the set of all Scandinavian countries as an element.

The simplest game is so simple it is hard to even recognize as a game:
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Example 3.5 The following game has no moves:

I II

If W = {0}, player II is the winner. If W = (), player I is the winner. So this
is a game with O rounds. In practice one of the players would find these games
unfair as he or she loses without even having a chance to make a move. It is
like being invited to play a game of chess starting in a position where you are
already in check-mate.

3.3 The Mathematical Concept of Game

Let A be an arbitrary set and n a natural number. Let W C A?". We redefine
the game

Gn(A, W)

in a purely mathematical way. Let us fix two players I and I1. A play of one of
the players is any sequence = = (xq, ..., Z,—1) of elements of A. A sequence

(j; ?j) = (1507?}0’ vy Tn—1, yn—l)a

of elements of A is called a play (of G,,(A, W)). So we have defined the con-
cept of play without any reference to playing the game as an act. The play
(Z;y) is a win for player IT if

(3?07?/0’ sy Tn—1, yn—l) ew
and otherwise a win for player 1.

Example 3.6 Let us consider the game of chess in this mathematical frame-
work. We modify the game so that the number of rounds is for simplicity ex-
actly n and Black wins a draw, i.e. if neither player has check-mated the other
player during those up to n rounds. If a check-mate is reached the rest of the
n-round game is of course irrelevant and we can think that the game is finished
with “dummy” moves. Let A be the set of all possible positions, i.e. config-
urations of the pieces on the board. A play z of I (White) is the sequence of
positions where White has just moved. A play g of IT is the sequence of posi-
tions where Black has just moved. We let W be the set of plays (Z; ), where
either White has not obeyed the rules, or Black has obeyed the rules and White
has not check-mated Black. With the said modifications, chess is just the game
Gn(A, W) with White playing as player I and Black playing as player IT.
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A strategy of player I in the game G,,(A4, W) is a sequence

oc=(00y.-,0n-1)
of functions o; : A® — A. We say that player I has used the strategy o in the
play (z;y) if forall 0 < i < n:
z; = 0i(Yo, - -+ Yi—1)
and
Ty = 0p.
The strategy o of player I is a winning strategy, if every play where I has used

o is a win for player I. Note that the strategy depends only on the opponent’s
moves. It is tacitly assumed that when the function ;1 is used to determine

T;+1, the previous functions oy, ..., o; were used to determine the previous
moves o, . . ., T,. Thus a strategy ¢ is a winning strategy because of the con-
certed effect of all the functions og,...,0p,—1.

A strategy of player IT in the game G,,(A, W) is a sequence
T=(T0y-+yTn-1)
of functions 7; : A*! — A. We say that player II has used the strategy T in
the play (z;y) if for all i < n:
yi = Ti(zo, ..., x;).

The strategy 7 of player II is a winning strategy, if every play where player
IT has used 7 is a win for player II. A player who has a winning strategy in
Gn(A, W) is said to win the game G,,(A, W).

3.4 Game Positions
A position of the game G,,(A, W) is any initial segment

p= (x()ayOu o 7551'—1»%‘—1)

of a play (Z; ), where i < n. Positions have a natural ordering: a position p’
extends a position p, if p is an initial segment of p’. Of course, this extension-
relation is a partial ordering* of the set of all positions, that is, if p’ extends p
and p” extends p’, then p” extends p, and if p and p’ extend each other, then
p = p’. The empty sequence () is the smallest element, and the plays (Z; ) are

4 See Example 5.7 for the definition of partial order. Indeed this is a tree-ordering. See
Example 5.8 for the definition of tree-ordering.
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maximal elements of this partial ordering. A common problem of games is that
the set of all positions is huge.

A strategy of player 1 in position p = (xg, Yo, - - -, Ti—1,Yi—1) in the game
Gn(A, W) is a sequence

g = (O'Oa ce Un—l—i)

of functions o; : A7 — A. We say that player I has used strategy o after
position p in the play (T; ), if (Z;y) extends p and for all j withi < j < n
we have

5 =05i(Yir- - Yj-1)
and

Ty = 0g.

The strategy o of player I in position p is a winning strategy in position p, if
every play extending p where player I has used o after position p is a win for
player L.

A strategy of player 11 in position p in the game G,,(A, W) is a sequence

T=(T0y«sTn-1-i)

of functions 7; : A1 — A. We say that player II has used strategy T after
position p in the play (Z; ) if (Z; y) extends p and for all j withi < j < n we
have

Yj = Tj—i(Tis ..., T5).

The strategy 7 of player II in position p is a winning strategy in position p, if
every play extending p where player II has used 7 after p is a win for player
II.

The following important lemma shows that if player IT has a chance in the
beginning, i.e. player I does not already have a winning strategy, she has a
chance all the way.

Lemma 3.7 (Survival Lemma) Suppose A is a set, n is a natural num-
ber, W C A?™ and p = (x0,%0,---,Ti_1,Yi_1) is a position in the game
Gn(A, W), with i < n. Suppose furthermore that player 1 does not have a
winning strategy in position p. Then for every x; € A there is y; € A such that
player I does not have a winning strategy in position p' = (o, Yo, - - -, Ti, Yi)-

Proof The proof is by contradiction. The intuition is clear: if player I had a
smart move x; so that he has a strategy for winning whatever the response y; of
player I1 is, then we could argue that, contrary to the hypothesis, player I had
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a winning strategy already in position p, as he wins whatever IT moves. Let us
now make this idea more exact. Suppose there were an x; € A such that for all
y; € Aplayer I has a winning strategy o¥: in position p’ = (zq, Yo, - - - , Ti, Yi)-
We define a strategy 0 = (0q, ..., 0,-1—;) of player I in position p as follows:
oo(0) = x; and

i—i(Wir- - Yj—i) = 0V (Yig1s - Yj—i)-

This is a winning strategy of I in position p, contrary to our assumption that
none exists. O

The following concept is of fundamental importance in game theory and in
applications to logic, in particular:

Definition 3.8 A game is called determined if one of the players has a win-
ning strategy. Otherwise the game is non-determined.

Virtually all games that one comes across in logic are determined. The fol-
lowing theorem is the crucial fact behind this phenomenon:

Theorem 3.9 (Zermelo) If A is any set, n is a natural number, and W C A",
then the game G, (A, W) is determined.

Proof Suppose player I has no winning strategy. Then player IT has a win-
ning strategy based on repeated use of Lemma 3.7. Player IT notes that in the
beginning of the game, that is, in position (J, player I does not have a winning
strategy. Then by the Survival Lemma 3.7 she can, whatever player I moves,
find a move such that afterwards player I still does not have a winning strategy.
In short, the strategy of player IT is to prevent player I from having a winning
strategy. After n rounds the game ends and player I still does not have a win-
ning strategy. That means player I has lost and player IT has won. Let us now
make this more precise: We define a strategy

T=(T0y.++yTn-1)

of player IT in the game G,, (A, W) as follows: Let a be some arbitrary element
of A. By Lemma 3.7 we have for each position p = (zo,y0,-..,Ti—1,Yi—1)
in the game G,, (A, W) such that player I does not have a winning strategy in
position p and each z; € A some y; € A such that player I does not have a
winning strategy in position p’ = (xq, yo, - - - , Z;, y;)- Let us denote this y; by

yi = f(p,4).



24 Games

If p = (x0,Y0,--.,%i—1,Yi—1) is a position in which player I does have a win-
ning strategy, we let f(p, ;) = a. We have defined a function f defined on po-
sitions p and elements x; € A. Let 19(xg) = f(0, z¢). Assuming 79, ..., 7;_1
have been defined already, let

Ti($07 cee 71.1') = f(pa xi);
where
b= (any()? ey xi—layi—l)

and

Yo = T()(fo)
Yi—1 = Ti71($07 . 7331'71).

It is easy to see that in every play in which player IT uses this strategy, every
position p is such that player I does not have a winning strategy in position p.
It is also easy to see that this is a winning strategy of player II. O

3.5 Infinite Games

The concept of a game is by no means limited to games with just finitely many
rounds. Imagine a chess board which extends the usual board left and right
without end. Then the chess game could go on for infinitely many rounds with-
out the same configuration of pieces coming up twice. A simple infinite game
is one in which two players pick natural numbers each choosing a bigger num-
ber, if he or she can, than the opponent. There is no end to this game, since
there are infinitely many natural numbers. A third kind of infinite game is the
following:

Example 3.10 Suppose A is a set of real numbers on the unit interval. We
describe a game we denote by G(A). During the game the players decide the
decimal expansion of a real number r = 0.dod; . . . on the interval [0, 1]. Player
I decides the even digits ds,, and player II the odd digits ds, 1. Player I
wins if r € A. If A is countable, say A = {b, : n € N}, player I has a
winning strategy: during round n he chooses the digit ds,, so that » # b,.
If the complement of A is countable, player IT wins with the same strategy.
What if A and its complement are uncountable? This is a well-known and
much studied hard question. (See e.g. Jech (1997).)
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I 1II
Zo

Yo
Z1

Y1

Figure 3.5 An infinite game.

If A is any set, we use A" to denote infinite sequences

(2o, x1,...)

of elements of A. We can think of such sequences as limits of an increasing
sequence

(560)7 (9607501)7 (5'307901,332), cee

of finite sequences.
Let A be an arbitrary set. Let W C AN, We define the game

Gu (A, W)
as follows (see Figure 3.5): An infinite sequence
(jv g) = (x07 Yo, T1,Y1,-- ')7

of elements of A is called a play (of G,,(A, W)). A play of one of the players
is likewise any infinite sequence T = (xg, x1, . ..) of elements of A. The play
(z;g) is a win for player IT if

(0,0, 21,Y1,...) €W

and otherwise a win for player I .
A strategy of player I in the game G, (A, W) is an infinite sequence

o= (00,01,...)

of functions o; : A® — A. We say that player I has used the strategy o in the
play (z;7) if forall i € N:

Z; = Ui(ym s 7yi71>
and

Trog = 0Q-
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The strategy o of player I is a winning strategy, if every play where I has used
o is a win for player I.
A strategy of player I1 in the game G, (A, W) is an infinite sequence

7= (T0,T1,-..)

of functions 7; : A1 — A. We say that player II has used the strategy T in
the play (%; ) if for all i < n:

Yi :Ti(IO;---axi)'

The strategy 7 of player II is a winning strategy, if every play where player IT
has used 7 is a win for player I1. A player is said to win the game G, (A, W)
if he or she has a winning strategy in it.

A position of the infinite game G,,(A, W) is any initial segment

P = (20,%0,- -+, Ti—1,Yi—1)

of a play (Z; ). We say that player I has used strategy o = (0¢,01, . ..) after
position p in the play (Z;7), if (Z;7) extends p and for all j with i < j we
have z; = 0j_i(Yi,...,y;—1) and x; = og. The strategy o of player I is a
winning strategy in position p, if every play extending p where player I has
used o after position p is a win for player I. We say that player I has used
strategy T = (70,71, ...) after position p in the play (Z;7) if for all j with
i < jwehavey; = 7;_;(x;,...,x;). The strategy 7 of player II is a winning
strategy in position p, if every play extending p where player II has used 7
after p is a win for player I1I.

An important example of a class of infinite games is the class of open or
closed games of length w. A subset W of AN is open,” if

($07y07$17y17---) eWw

implies the existence of n € N such that

X X roo /
<107y03 ey Tn—1,Yn—1, Ty, Yp, xn+17yn+1v .. ) eWw

for all @,y 20 1,Yhs1,.-- € A. Respectively, W is closed if AN\ W
is open. Finally, W is clopen if it is both open and closed. We call a game
G, (A, W) closed (or open or clopen) if the set W is. We are mainly concerned
in this book with closed games. A typical strategy of player II in a closed game
is to “hang in there”, as she knows that if player I ends up winning the play
p = (%o, Yo, -.), thatis, p ¢ W, there is some n such that player I won the
game already in position (o, Yo, - - - s Tn—1, Yn—1)-

5 The collection of open subsets of AN is a topology, hence the name.
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We can think of infinite games as limits of finite games as follows: Any
finite game G,,(A, W) can be made infinite by disregarding the moves after
the usual n moves. The resulting infinite game is clopen (see Exercise 3.31).
On the other hand, if G,,(A, W) is an infinite game and n € N we can form an
n-round game by simply considering only the first n rounds of G, (A, W) and
declaring a play of n rounds a win for player II if any infinite play extending
it is in W. Unless W is open or closed, there may be very little connection
between the resulting finite games and the original infinite game (see however
Exercise 3.32).

Lemma 3.11 (Infinite Survival Lemma) Suppose A is a set, W C AN, and
p = (Z0,Y0,- -, Ti—1,Yi—1) is a position in the game G,,(A, W), with i € N.
Suppose furthermore that player I does not have a winning strategy in position
p. Then for every x; € A there is y; € A such that player 1 does not have a
winning strategy in position p' = (o, Yo, - - - , Ti, Yi)-

Proof The proof is by contradiction. Suppose there were an x; € A such
that for all y; € A player I has a winning strategy ¥ in position p’ =
(zo, Y0, - - -, Ti, yi ). We define a strategy o = (09, 01, .. .) of player I in posi-
tion p as follows: oo (@) = z; and for j > 1,

Oj—i(Yis -5 Yj—1) = 0¥ (Yit1, -, Yj—i)-
This is a winning strategy of player I in position p, contrary to assumption. [

Theorem 3.12 (Gale-Stewart) If A is any set and W C AN is open or closed,
then the game G,,(A, W) is determined.

Proof Suppose first W is closed and player I has no winning strategy. We
define a strategy

7= (70,T1,-..)

of player II in the game G, (A, W) as follows: Let a be some arbitrary element
of A. By Lemma 3.11 we have for each position p = (zo, Yo, - - -, Ti—1, Yi—1)
in the game G, (A, W) such that player I does not have a winning strategy in
position p, and each z; € A, some y; € A such that player I does not have a
winning strategy in position p’ = (zo, yo, - - - , Zi, yi)- Let us denote this y; by

yi = f(p,x5).

If p = (zo0,%0,---,Ti—1,Yi—1) is a position in which player I does have a
winning strategy, we let f(p,z;) = a. We have defined a function f de-
fined on positions p and elements z; € A. Let 7o(xg) = f(0, o). Assuming
7o, - - -, Ti—1 have been defined already, let 7;(zq, ..., z;) = f(p,z;), where



28 Games

p = (20,%0,- - Ti—1,¥i—1) and yo = 70(z0),Yi-1 = Ti—1(T0s- -+, Ti—1)-

It is easy to see that in every play in which player IT uses this strategy, every

position p is such that player I does not have a winning strategy in position p.
It is also easy to see that this is a winning strategy of player I1.

The proof is similar if W is open. It follows that G, (A, W) is determined.

O

Theorem 3.12 can been vastly generalized, see e.g. (Jech, 1997, Chapter 33).
The Axiom of Determinacy says that the game G, (A, W) is determined for all
sets A and W. However, this axiom contradicts the Axiom of Choice. By using
the Axiom of Choice one can show that there are sets A of real numbers such
that the game G(A) is not determined (see Exercise 3.37).

3.6 Historical Remarks and References

The mathematical theory of games was started by von Neumann and Morgen-
stern (1944). For the early history of two-person zero-sum games of perfect in-
formation, see Schwalbe and Walker (2001). See Mycielski (1992) for a more
recent survey on games of perfect information. Theorem 3.12 goes back to
Gale and Stewart (1953).

Exercises

3.1 Consider the following game: Player I picks a natural number n. Then
player II picks a natural number m. If 2™ = n, then IT wins, otherwise
I wins. Express this game in the form G; (A, ).

3.2 Consider the following game: Player I picks a natural number n. Then
player IT picks two natural numbers m and k. If m - k = n, then IT wins,
otherwise I wins. Express this game in the form Go (A, W).

3.3 Consider G3(A, W), where A = {0, 1,2} and

LW = {(z0, 0, 21,1, T2, y2) € A> 1 g = Y2}
- W= {(20, Y0, 21,y1,22,y2) € A% : yo # w2 01 Y2 # w0}
3. W = {(%0, Yo, 1, Y1, T2, Yy2) € A% 1 20 # yo and 21 # yo and o #
Ya}.
Who has a winning strategy?
3.4 Suppose f : R — R is a mapping. Express the condition that f is uni-
formly continuous as a game and as the truth of a first-order sentence in
a suitable structure.
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3.6

3.7

3.8

3.9

Exercises 29

This is a variation of Example 3.4. Let A be the set of cities of Europe.
Let G be a collection of German cities and F' a collection of French
cities. During the first round of the game player I chooses a city f € F
in France and then player II chooses a city g € G in Germany. During
the second round of the game player I chooses a city sy in Scandinavia.
Finally player IT chooses a city s; also in Scandinavia. The game ends
and player IT wins if she was able to choose city s; in such a way that it
is in the same country as sy and there is a direct commercial flight from
city g to city sq if and only if there is also a direct commercial flight from
city f to city s;. Represent this game as G (A, W) for a suitable W and
give a necessary and sufficient condition for player IT to have a winning
strategy.

This is a variation of Example 3.4. Let A be the set of cities of Europe.
Let G be a collection of German cities and F' a collection of French
cities. During the first round of the game player I chooses a city z € A
and then player II chooses a city y € A. During the second round of
the game player I chooses a city sy in Scandinavia. Finally player IT
chooses a city s; also in Scandinavia. The game ends and player IT wins
if

City s; is in the same country as sg.

Ifx € F,theny € G.

Ifx € G, theny € F.

If there is a a direct commercial flight from city y to city sg then there

S e

is also a direct commercial flight from city x to city s;.

Represent this game as Go(A, W) for a suitable W and give a necessary
and sufficient condition for player II to have a winning strategy.
Modify the game of Example 3.4 in such a way that player II has a
winning strategy if and only if 7(F) = 7(G).

Examine the game determined by condition (3.1) when M = N and

1. WM = {(ao,bo,al,bl) e M*: ap+byg+ay+b = 6}

2. WM = {(ao,bo,al,bl) € M*: ag + by +a; + by > 6}

3. WM = {(ao,bo,al,bl) eM*:ap+by+ar+b < 6}.

Who has a winning strategy?

Examine the game determined by condition (3.1) when

1. M =N

2. M=7

and WM = {(ag, bg,a1,b1) € M* : ag + by = a; + by }. Who has a
winning strategy?
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3.10

3.11

3.12

3.13

3.14

3.15

3.16

3.17

3.18

3.19

3.20

Games

Examine the game determined by condition (3.1) M = N and WM =
{(ag,bo,a1,b1) € M* : ag < by and either a; does not divide by or by =
a1 = 1lorb; = a; = by}. Who has a winning strategy?

Suppose X is a set of positions of the game G,,(A, W) such that

1. e X.

2. Foralli < n, all (zo,y0,...,Zi—1,Yi—1) € X, and all z; € A there
is y; € A such that (zo,yo, ..., ¥i) € X.

3. Ifp=(%0,Y0,- - - s Tn—1,Yn—1) € X, thenp € W.

Show that player IT has a winning strategy in the game G, (A4, W). Give
such a set for the game of Example 3.1.

Suppose that player IT has a winning strategy in the game G, (A, W).
Show that there is a set X of positions of the game G, (A, W) satisfying
conditions 1-3 of the previous exercise.

Suppose X is a set of positions of the game G, (A, W) such that

1. 0 e X.

2. Forall i < n, all (xg,yo,---,%i—1,Yi—1) € X there is x; € A such
that for all y; € A we have (g, yo, - - -, Ti, yi) € X.

3. If p= (20,Y0, -+ -y Tn—1,Yn—1) € X, thenp ¢ W.

Show that player I has a winning strategy in the game G,,(A, W). Give
such a set for the game of Example 3.1 when we start with seven tokens.
Suppose that player I has a winning strategy in the game G, (A, W).
Show that there is a set X of positions of the game G, (A, W) satisfying
conditions 1-3 of the previous exercise.

Suppose A is finite. Describe an algorithm which searches for a winning
strategy for a player in G,,(A, W), provided the player has one.

Finish the proof of Lemma 3.7 by showing that the strategy described in
the proof is indeed a winning strategy of player I.

Finish the proof of Theorem 3.9 by showing that the strategy described
in the proof is indeed a winning strategy of player II.

Consider Go(A, W), where A = {0,1} and

LW = {(z0,y0,21,91) € A* 1 0 = y1 }.

2. W= {(z0,y0,%1,51) € A% 1 yo # w1 0r y1 # 2o}

3. W = {(20,y0,x1,91) € A* 1 20 # yr and 1 # y1 }.

In each case give a winning strategy for one of the players.

Suppose ¢ is a strategy of player I and 7 a strategy of player II in
Gn (A, W). Show that there is exactly one play (Z; §) of G, (A4, W) such
that player I has used o and player IT has used 7 in it.

Show that at most one player can have a winning strategy in G,, (A, W).
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Give the winning strategy of player IT in Nim (Example 3.1) in the form
7= (70,71)-

Consider the game of Example 3.3 when f(z) = 22 + 3, ¢ € R, and
b = 2a + 3. Give some winning strategy of player II.

Consider the game of Example 3.3 when f(z) = 22 + 3, ¢ = 1 and
b = 4. Give some winning strategy of player I.

Consider the game of Example 3.3 when f(z) = 22, a € R, and b = a®.
Give some winning strategy of player II.

A more general version of Nim has m tokens rather than six. Decide who
has a winning strategy for each m and give the winning strategy.
Suppose we have two games G, (A, W) and G, (A", W'), where ANA’ =
(. Let A” = AU A’ and let W' be the set of sequences

(9607y07 cee ,$2n717y2n71),

which satisfy the following condition:

(70, Y0, T2,Y2 - - -, T2n—2,Yn—2) €W
and
(1,91, 23,Y3, -+ -, Ton—1,Y2n—1) € W',
Show that:

1. If player I has a winning strategy in G, (4, W) or in G, (A", W),
then he has one in Ga,, (A", W").

2. If player II has a winning strategy in G, (A, W) and in G,, (A", W),
then she has one in G, (A", W").

Suppose we have two games G,,(A, W) and G, (A", W'). Let A” = A x

A’ and let W be the set of sequences

(((l‘o,l‘é), (yO’yé)))v LR ((mn,l,x;,l), (ynflvy;zfl)»v

where

(70, Y05 -+ Tn—1,Yn—1) €W
and

(T0,Y0s -+ Tr—1:Yn—1) € W'
Show that:

1. If player I has a winning strategy in G, (A, W) or in G, (A’,W'),
then he has one in G,, (A", W").

2. If player II has a winning strategy in G,,(A, W) and in G, (A", W),
then she has one in G, (A", W").
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3.28 This exercise demonstrates why we can let a winning strategy depend on
the opponent’s moves only. Let us consider the game G,,(A, ).

1. Let
o= (00,---,0n_1)

be a sequence of functions o; : A%?* — A. Suppose every play (Z; ¥),
where forall i < n

Xi = Ui(ff()»ym sy Ti—1, yifl)

is a win for player I. Show that player I has a winning strategy in
Gn(A,W).
2. Let

T=(T05-,Tn-1)
be a sequence of functions 7; : A%**! — A. Suppose every play
(Z;9), where for all i < n
Yi = Ti(T0, Y05 - -+ Tim1, Yi—1,Ti),

is a win for player II. Show that player IT has a winning strategy in
Gn(A,W).
3.29 Suppose |A| = m. How many plays of the game G,,(A, W) are there?
3.30 Suppose |A| = m. How many strategies does each of the players have in

Gn(A,W)?
3.31 Suppose G, (A, W) is a given finite game. Let W’ consist of all infinite
sequences (Zo, Yo, 1, Y1, - --)» Where (Zo, Yo, - .., Tn-1,Yn-1) € W.

Show that G, (A, W’) is clopen, and a player has a winning strategy
in the game G, (A, W) if and only he or she has one in G,, (4, W).
3.32 Suppose G, (A, W) is a given infinite game and n € N. Let W2 consist

of all sequences (xo, Yo, - - -, Tn—1, Yn—1) for which there is no infinite
sequence (xo, Yo, T1,Y1,--.) € W extending (o, Yo, - -+, Tn—-1, Yn—1)-
Let W, be the set consisting of sequences (g, Yo, - - -, Tn_1,Yn_1) all
extensions (g, %o, 1, ¥1,-..) of which are in W. Let W2 consist of
all sequences (g, Y0, - - - s Tn—1,Yn—1) for which there is some infinite
sequence (xo, Yo, T1,Y1,...) € W extending (o, Yo, - - s Tn-1,Yn—1)-

Prove the following:
1. If player I has a winning strategy in G,,(A, W) for some n € N,
then he has one in G,(A, W).

2. If player IT has a winning strategy in G,,(A, W}) for some n € N,
then she has one in G, (A, W).
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3. If player I has a winning strategy in G, (A, W), then he has one in
Gn(A,W}) foreachn € N.

4. If player IT has a winning strategy in G, (A, W), then she has one in
G (A, W2) for each n € N.

Suppose W C AN is closed and X is a set of positions of the game
G, (A, W) such that

1. e X.

2. For all i € N and all (xg,yo,---,%i—1,yi—1) € X and all x; € A
there is y; € A such that (g, o, ..., 2, yi) € X.

3. If (0,90, .- %i—1,¥i—1) € X, then (zo, Yo, x1,Y1,--.) € W for
some (o, Yo, T1,Y1, - - -) extending (T, Yo, - - - Ti—1,Yi—1)-

Show that player IT has a winning strategy in the game G, (A4, W). Give
such a set for the game of Example 3.10 when A = R and W is the set
of reals on the unit interval whose decimal expansion has every fourth
digit after the decimal point zero. (Note that W is a closed set.)
Suppose that player IT has a winning strategy in the game G, (A, W).
Show that there is a set X of positions of the game G, (A, W) satisfying
conditions 1-3 of the previous exercise.

Suppose W C AN is open and X is a set of positions of the game
G, (A, W) such that

1. e X.

2. Forall i € Nand all (zo,yo,...,%i—1,¥i—1) € X thereis z; € A
such that for all y; € A we have (z¢, Yo, .., %, yi) € X.

3. If (%0, Y0, -+ s Tn—1,Yn—1) € X, then (zg, yo,21,91,...) ¢ W for
some (Zq, Yo, 1, Y1, - - -) extending (Zo, Yo, -« -, Ti—1,Yi—1)

Show that player I has a winning strategy in the game G,,(A, W). Give
such a set for the game of Example 3.10 when A = R and W is the set
of reals on the unit interval whose ternary expansion has a digit 1. (W is
the complement of the so-called Cantor ternary set.)

Suppose that player I has a winning strategy in the game G, (A, W).
Show that there is a set X of positions of the game G, (A, W) satisfying
conditions 1-3 of the previous exercise.

Show that there is a set A C R such that the game G(A) is not deter-
mined. (Hint: This exercise presupposes knowledge of set theory. List all
reals on the unit interval as {r, : o < 2%°}. List all strategies of player
Ias {o® : o < 2%}, List all strategies of player IT as {7% : o < 2%},
Define A by transfinite induction taking care that no ¢ can be a winning
strategy of player I, and no 7% can be a winning strategy of player II.)
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3.38 Suppose player IT has a winning strategy in G(A). Show that A contains
a non-empty perfect subset, i.e. a non-empty subset B such that B is
closed and if 0.dod; ... € B and n € N, then there is O.coc1 ... #
0.dody ... 1in B such that ¢; = d; for i < n.



Graphs

4.1 Introduction

Graphs are among the simplest binary structures and yet they still present
formidable challenges to combinatorists, computer scientists, and logicians
alike. We introduce the basic concepts of logic, such as the Semantic Game,
the Model Existence Game, and the Ehrenfeucht—Fraissé Game, first in the
context of graphs, and then in the next chapter for arbitrary structures.

4.2 First-Order Language of Graphs

A graph is a pair G = (V, E) where V is a set of elements called vertices and
E is an anti-reflexive symmetric binary relation on V' called the edge relation.
We write V' = Vg and E = Eg when it is necessary to distinguish which
graph is in question. The first-order language of graphs is built from equations
x = y and edge statements x Ey, both called atomic formulas, by means of
the propositional operations —, A, V, and the quantifiers 3z and Vx, where x
ranges over vertices. (An exact definition of the term “first-order language”
will be given later.) Assignments give values to variables. Thus an assignment
in G is a function s the domain of which is a finite set of variables and the
values of which are elements of G. We write

GEse

if the formula ¢ is true in the graph G when the free variables occurring in ¢
are interpreted according to s, i.e. a variable x is interpreted as s(z) € V. The
assignment s[a/x] is defined as follows:

sla/z)(y) = {

a ify=ux
s(y) ify # .
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With this concept the truth condition of quantified formulas can be given easily:
G =s Jrp <= thereis a vertex v such that G |=,, /2 ¢-

We can think of the truth of a sentence in a graph as the existence of a
winning strategy of player II in the following Semantic Game: In the beginning
player IT holds a pair (¢, s) consisting of a formula ¢ and an assignment s of
the free variables of (.

1. If o is atomic, and s satisfies it in G, then the player who holds (¢, s) wins
the game, otherwise the other player wins.

2. If p = ), then the player who holds (¢, s), gives (¢, s) to the other player.

3. If ¢ = ¢ A 6, then the player who holds (¢, s), switches to hold (¢, s) or
(0, s), and the other player decides which.

4. If o = ¢ V 0, then the player who holds (¢, s), switches to hold (¢, s) or
(0, s), and can himself or herself decide which.

5. If ¢ = V), then the player who holds (¢, s), switches to hold (1, s[v/x])
for some v, and the other player decides for which.

6. If ¢ = Javp, then the player who holds (¢, s), switches to hold (¢, s[v/z])
for some v, and can himself or herself decide for which.

Now G = ¢ if and only if player IT has a winning strategy in the above game,
starting with (¢, s). Why? If G |=, ¢, then the winning strategy of player IT
is to play so that if she holds (¢’, s’), then G =, ', and if player I holds
(¢, s"), then G }~g . Conversely, we use induction on ¢ to prove for all
s that if player IT has a winning strategy starting with (¢, s), then G =, o,
and if IT has a winning strategy starting with (-, s), then G [, ¢. Jaakko
Hintikka has advocated this approach to first-order logic, and recently also a
variant in which the winning strategy of player IT may be required to depend
only on some specific moves of player I, rather than on all moves.

Example 4.1 A typical property of a vertex of a graph that is first-order (i.e.
can be written in the first-order language of graphs) is the degree of a vertex
(but only if the degree is finite). The degree of a vertex v is the number of
vertices that are connected by a (single) edge to v. Thus it is the number of
“neighbors” of v. This number can be infinite. If the degree is zero the vertex
is called isolated. A graph where every vertex is isolated is called an empty
graph (even though the graph is non-empty in the sense that there are vertices).
We call a vertex anti-isolated if it has an edge to every other vertex. A graph
where every vertex is anti-isolated is called a complete graph. Consider the
formulas:

NL,(21,...,&p) = @1 =22 A ... ATy =T Ao g = Ty,
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Figure 4.1 A graph.

DEG>,(z) =3y1 ... 3yn(NLy(y1, .-y yn) AxEy1 A ... AxEyy)
DEG,, (z) = DEG s, (2) A = DEGs 41 ().

Clearly, NI,,(vy,...,v,) is satisfied by vertices x1, ..., x, of a graph if and
only if these vertices are all different from each other. Equally clear is that
DEG>, (v) is satisfied by a vertex v of a graph if and only if the degree of v is
at least n. Therefore, DEG,, (v) is satisfied by a vertex v of a graph if and only
if the degree of v is exactly n.

It is important to note here that all quantifiers range over just vertices of
the graph. So the truth or falsity of DEG,,(v) for a particular vertex v can be
checked by merely going through the vertices of the graph several times.

Definition 4.2 The quantifier rank, denoted by QR(y), of a formula ¢ is
defined as follows: QR(z = y) = QR(zEy) = 0, QR(—¢) = QR(yp),
QR(pAY) = QR(p V1)) = max{QR(¢), QR(¥)}, QR(Fzp) = QR(Vayp) =
QR(p) + 1.

Example 4.3 NI, (x1,...,2,) has quantifier rank 0. DEG>,,(z) has quan-
tifier rank n, and while DEG,, (z) has n + 1.

A formula that has quantifier rank n may very well be equivalent to a for-
mula of lower rank. For example, DEG,,(x) A " DEG,,(x) is equivalent to a
formula of quantifier rank 1 (or 0 if we have constants or a symbol for falsity).
On the other hand, we will develop in the next section a method for proving
that, for example, DEG,,(z) is not logically equivalent to a formula of lower
quantifier rank.

Definition 4.4 The number of variables of a formula ¢ is defined to be the
total number of distinct variables occurring (one or several times) in the for-
mula.



38 Graphs

Example 4.5 JaVyVz((—yEx A —zEx A =(y = z)) — Jz(yEx A zEx))
is true in a graph if and only if the graph has a vertex such that outside its
neighbors any two distinct vertices have a common neighbor. The number of
variables in this formula is 3. Note that x is used in two different roles.

As it turns out, the number of variables of a formula is an important property
of the formula. For example it has been proved that if the number of variables
of a consistent sentence is 2, the sentence has a finite model (Mortimer (1975)),
something which is certainly not true of sentences with three variables.

4.3 The Ehrenfeucht-Fraissé Game on Graphs

The Ehrenfeucht-Fraissé Game is played on two graphs. Player I tries to
demonstrate a difference between the graphs, while player II tries to defend
the claim that there is no difference. The challenge to player I is that even
if there really is a difference between the graphs, he has to demonstrate this
during a game which may have a very limited number of rounds. During each
round player I may exhibit one vertex only (there are versions of this game
where player I can exhibit more vertices during each round). Typical prop-
erties of graphs that player I will keep an eye on are “local” properties such
as

e Isolated vertices.
e Cycles, e.g. triangles.
e Complete subgraphs.

Suppose G = (V,E) and G’ = (V', E’) are graphs. They could be the
two graphs of Figure 4.2. Let us fix a natural number n. We shall now define
the game EF,,(G,G’), which is called the Ehrenfeucht—Fraissé Game on G
and G’. The number 7 is the number of rounds of the game. During the game
player I picks n vertices xg,...,x,—1 from the graphs. At the same time,
alternating with player I , player IT also picks n vertices yq, ..., Yyn—1 from
the two graphs. The position in the game is as in Figure 4.3. Note that player
I has played his first two elements in G, the third in G’, and the last in G.
Respectively, player IT has played the first two moves in G’, the third G, and
the last in G’. Player II plays always in the other model than where player I
has played, as her role is to try to imitate the moves of player I. If n = 4,
the game EF,,(G, G’) ends here, and we can check who won. It appears from
Figure 4.3 that there is an edge between two chosen vertices in G if and only
if the there is an edge between the corresponding edges in G’. This means that
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Figure 4.2 A play of EF2(G,G").

Figure 4.3 EF4(G, G’) underway.

player IT has won. She has been able to imitate the edge structure of the two
graphs to the extent that player I has challenged her.

In the mathematical definition of the game EF,, (G, G’) below we use special
notation to facilitate reference to the chosen elements. In our special notation
we use v; to denote an element picked by either player in graph G. Respec-
tively, we use v} to denote an element picked by either player in graph G’. This
makes it easier to write down the winning condition for player II. It is simply
the condition that there is an edge between v; and v; if and only there is an
edge between v} and v; A different kind of simplification is the assumption
below that the two graphs have no vertices together, that is, the graphs are dis-
joint. This is a completely harmless assumption as we can always swap, e.g.
G’ with an isomorphic copy which satisfies the disjointness condition. The ad-
vantage of this convention is that when a player chooses an element we know
immediately whether we should interpret it as a move in model G or in G’.
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We now give the definition of the Ehrenfeucht—Fraissé Game EF,, (G, G'):

Definition 4.6 Suppose G = (V,E) and G’ = (V',E’) are graphs with
VNV =0, and n € N. The Ehrenfeucht—Fraissé Game EF,,(G,G’) is the
game G, (V UV’ W), where W is the set of (xo, Yo, .-, Zn-1,Yn—1) such
that:

(G1) Foralli <n:z; € V < y; € V'.
(G2) If we denote

v — x;, ifx, €V and v/ — z;, ifx; € %4
ol ify eV Ly ify eV,
then

(G2.1) v; = v; if and only if v; = v
(G22) v; Bv; if and only if v}E'v.

/.
i

We call v; and v} above corresponding vertices.

The game EF5(G,G’) could proceed as follows (see Figure 4.2): Player I
chooses a vertex vo = z from G, and then Player IT chooses a vertex v}, = yg
from G’. After this player I chooses a vertex v; = x1 from G, and then Player
IT chooses a vertex v; = y; from G'. The game ends and player IT is the
winner if

D y1=yo & 11 =129
2) y1E'yo < x1FExg

as is indeed the case in Figure 4.2.

We can immediately observe: If one graph has just one vertex while the other
has more, player I has an obvious winning strategy. Namely, he lets zy and z;
be two different vertices in the other graph. Then II cannot force the final play
(0, Yo, 1, 1) to satisfy condition (G2.1). If one graph has an isolated vertex
v, while the other has none, player I can let xy = v and after player II has
chosen y (which cannot be isolated), player I chooses x; to be connected by
an edge to yo. Player IT is at a loss as to which to choose as she cannot choose
1 to be connected to v, the latter being an isolated vertex. Thus player I wins.
The same happens if one graph has an anti-isolated vertex but the other does
not. On the other hand, if neither graph has isolated or anti-isolated vertices,
player IT has the following winning strategy in EF2(G, G’): She chooses g in
an arbitrary way. For y; she chooses a vertex which has an edge to x( or yq if
and only if 21 has an edge to, respectively, yo or zq. Since xg and yg are neither
isolated nor anti-isolated, player IT can make the choice. We have proved:



4.3 The Ehrenfeucht—Fraissé Game on Graphs 41

Figure 4.4 Player I wins.

Figure 4.5 Player IT wins.

Proposition 4.7 Suppose G = (V,E) and G' = (V', E’) are graphs with
V NV’ = 0. Player II has a winning strategy in EF2(G, G') if and only if the
following conditions hold:

(1) G has an isolated vertex if and only if G' has an isolated vertex.

(2) G has an anti-isolated vertex if and only if G' has an anti-isolated vertex.

(3) G has a vertex which is neither isolated nor anti-isolated if and only if G'
does.

Example 4.8 Player I has a winning strategy in EF5(G,G’) if G and G’ are
the two graphs of Figure 4.4. Player IT has a winning strategy in EFy(G, G') if
G and G’ are the two graphs of Figure 4.5.

Example 4.9 Player I has a winning strategy in EF5(G, G’) if G and G’ are
the two graphs of Figure 4.6. Player IT has a winning strategy in EF5(G, ') if
G and G’ are the two graphs of Figure 4.7.

Example 4.10 Suppose G and G’ are empty graphs, both with at least n
vertices. Then player II has a winning strategy in EF,,(G,G’). She need not
worry about condition (G2.2) at all. To satisfy condition (G2.1) she just needs
to know that there are enough elements to choose from in both graphs. During
n rounds it is necessary to pick at most n elements, so as both graphs have at



42 Graphs

Figure 4.6 Player I wins.

Figure 4.7 Player IT wins.

least that many elements, player IT can always win. The situation is exactly
the same in complete graphs: If G and G’ are complete graphs with at least n
vertices, then player IT has a winning strategy in EF,, (G, G’). So in a game on
graphs with fewer rounds than vertices player I cannot distinguish whether the
number of vertices is, e.g. even or not.

Example 4.11 Suppose G and G’ are graphs, both with at least 2n vertices,
and both with every vertex of degree exactly 1. Then player II has a winning
strategy in EF,,(G, G’). All she has to make sure of is that if player I chooses
a vertex with an edge to a previously chosen vertex, she does the same. So in a
game on graphs with fewer rounds than the number of edges, player I cannot
distinguish whether the number of edges is, e.g. even or not.

Example 4.12 Suppose G and G’ are graphs, both with at least n vertices,
and both with every vertex of degree exactly 1 except one vertex (the “center”)
which has an edge to every other element. These graphs look like stars, with
one center vertex and all edges emerging from this center. Player II has a
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winning strategy in EF,,(G, G’). All she has to make sure of is that if player I
chooses the center of one graph, she also chooses the center of the other graph.
So in a game on graphs with fewer rounds than the number of edges, player
I cannot distinguish whether the degree of some vertex is, e.g. even, odd, or
infinite.

Example 4.13  Suppose G and G’ are finite graphs, both with at least 271
vertices, and both with every vertex of degree exactly 2. These graphs look like
collections of cycles. Let us further assume that G is just one cycle, while G’
consists of two cycles of size 2™. Player IT has a winning strategy in EF,, (G, G’).
Her strategy is the following. Suppose player I has just played a vertex v; in
G. Let v; and v; be the closest neighbors of v; played so far. We define the
distance of two vertices of a graph to be the number of edges on the shortest
path connecting the vertices, and oo if no such path exists. Player IT chooses
her vertex v} so that if the distance d from v; to v, (or v;) is at most on—t,
then the distance from v} to v}, (or v;) is exactly d. On the other hand, if the
distance from v; to vy, (or v;) is > 2", then the distance from v} to v}, (or v;)
is also > 2", Is this possible to do? Yes, if player IT is systematic about it.
She has to play so that when round m of the game starts, for any two vertices
v; and v; played in G so far, and the corresponding vertices v; and v’; in G’, the
following holds: If the distance d from v; to v (or v;) is at most 2 *, then the
distance from v} to vy, (or v}) is exactly d, but if the distance from v; to vy, (or
vy) is > 2"7*, then the distance from v/ to v}, (or v]) is also > 2"~%. Starting
with our graphs of size at least 2”1 it is possible for player II to maintain this
strategy. So in a game on graphs with fewer rounds than the one half of the
number of vertices, player I cannot distinguish whether the graph is connected
or not, i.e. whether any two distinct vertices can be connected by a finite chain
(apFay ...an—1Fa,) of edges.

4.4 Ehrenfeucht-Fraissé Games and Elementary
Equivalence

In this section we prove a theorem which is the motivation for introducing the
Ehrenfeucht—Fraissé Game in the first place. This theorem relates the game
with logic. We prove that if player IT has a winning strategy in the game
EF,(G,G"), then the graphs G and G’ are so similar that the same sentences of
quantifier rank at most n are true in them. In other words, the graphs cannot be
distinguished by a first-order sentence without using quantifier rank > n. This
is a very useful theorem. We then prove the converse, too.
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A position in an Ehrenfeucht-Fraissé Game EF,,(G,G’) is defined as for
general games. However, because of the special character of the Ehrenfeucht—
Fraissé Game we can define a more useful concept of position. Suppose p =
(2o, Yo, - -+, Ti—1,Yi—1) is a position of the game EF,, (G, G’). We call the cor-
responding set of pairs

fp = {(U()vvé))v R (Ui—lavg—l)}

the map of the position p, or a position map of the game EF,,(G, G’). Note that
unless player IT has already lost the game, f;, is a function with dom(f,) C Vg
and rng(f,) C Vg-. Such functions are called partial mappings Vg — Vg.

If s is an assignment of G and f is a partial mapping Vg — Vg such that
rng(s) C dom(f), then the equation

(fos)(z) = f(s(x))

defines an assignment f o s of G'.
Now we are ready to prove the main theorem about Ehrenfeucht—Fraissé
Games on graphs and logic:

Theorem 4.14  Suppose G and G’ are two graphs. If player 11 has a winning
strategy in EF,, (G, G"), then the graphs G and G’ satisfy the same sentences of
quantifier rank < n.

Proof Before giving a detailed proof it is perhaps helpful to consider a special
case. So let us suppose player IT has a winning strategy 7 in EF3(G,G’) and
we have the simple sentence 32Vz3y(x EyAzEy). Note that this sentence says
that there is a special “popular” vertex a such that every vertex has a neighbor
which is a neighbor of a. We show that if G satisfies 32VaxIy(x Ey A 2Ey) then
so does G'. For this, let G indeed satisfy 32VzIy(zEy A zEy). Thus G has a
“popular” vertex a:

To prove that G’ satisfies 3zVaTJy(xEy A zEy) we let player I start the game
EF5(G,3’) by playing o = a. Player II responds according to her winning
strategy 7 with an element a’ of G:
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We need to show that a’ is a “popular” vertex in G’. So let us take an element
b’ from G’ and try to find it a neighbor that is also a neighbor of a':

The trick is that we continue the game EF3(G,G’) by letting player I play
x1 = b in G'. Player II responds according to her winning strategy 7 with an
element b of G:

Since a is “popular” in G, the vertex b has a neighbor ¢ which is also a neighbor
of a:

We finish the game EF3(G, G’) by letting player I play 25 = cin G. Player I1
responds according to her winning strategy 7 with an element ¢’ of G':
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Since 7 is a winning strategy, and ¢ is a neighbor of both ¢ and b, ¢ is a
neighbor of both a’ and v':

To prove the theorem we actually prove a more general claim from which the
theorem follows: If player IT has a winning strategy in EF,, (G, G’) in position
p = (Z0,Y0, -+ Tn—k—1,Yn—k—1) then G =4 @ if and only if G’ =y o5
for all formulas ¢ of quantifier rank < k and all assignments s of G such that
mg(s) C dom(f,).

The proof is by induction on k. For k& = 0 there is nothing to prove. Let us
assume the claim for £ as an induction hypothesis and prove it for & + 1. Let
T = (70,...,7r) be a winning strategy of player IT in EF,, (G, G’) in position
D= (Z0, Y0y -+ s Tn—k—2, Yn—k—2). Suppose ¢ is a formula of quantifier rank
< k + 1 and s is an assignment of G such that rng(s) C dom(f,). We show:
G s pifand only if G’ = 05 .

Case 1 ¢ is atomic. The claim follows from the fact that player II has not lost
yet.

Case 2 ¢ = dzv, where 1 is of quantifier rank < k. The induction hy-
pothesis applies to 1. We assume that G |=, Ja¢) and show that G’ = o,
Ja1p. Let therefore a € Vg be such that G |=,,/4 9. Our goal is to find
b € Vgr such that G’ |=(y 0s)[b/2) ¥- Let us play EF,,(G,G’) in position p
so that player I first chooses z,_r_1 = a € Vg and then player II uses
her winning strategy 7 to pick y,_x—1 = b € Vg. We have a new position
P = (Zo,Yos -+ Tnk—1,Yn—k—1) and player IT still has a winning strat-
egy in the position p’. By the Induction Hypothesis, G |[=4[q/2) % implies
g = f,)0(s[a/z]) ¥ Now comes a crucial but simple observation: (fpr) o
(sla/x]) = (fp o s)[b/z]. Thus G' [=(1,0s)[b/) ¥ as Was wanted.
Similarly we could start from G’ |= o, 3x1) and derive G =, 3.
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Case 3 p is one of =1, ) A0, YV 0 of V). Now the claim follows from cases
1 and 2. O

Corollary There is no sentence o of the first-order language of graphs such
that the following are equivalent for all graphs G:

(1) G has an even number of vertices.

2) GFEe
We can replace condition (1) by any of

(1.1) G has an even number of edges.
(1.2) G has a vertex of infinite degree.
(1.3) G is connected.

Proof Suppose such a ¢ exists and it has quantifier rank n. In Example 4.10
we observed that if G is an empty graph of size n and G’ an empty graph of size
n + 1, then player IT wins the game EF,,(G,G’). By Theorem 4.14 we have
G | pifandonly if G’ |= ¢. This contradicts the choice of . In the remaining
cases we appeal to Example 4.11, Example 4.12, and Example 4.13. O

In the next proposition we estimate roughly the number of formulas of a
given quantifier rank. We count this number only up to logical equivalence, for
otherwise there would always be infinitely many, as we can repeat the same
formula: @, o A @, @ A p A @, etc.

Proposition 4.15  For every n and for every set {x1,...,x,} of variables,
there are only finitely many logically non-equivalent formulas of the first-order
language of graphs of quantifier rank < n with the free variables {x1, . . .,z }.

Proof We use induction on n. For n = 0 the number of formulas is also 0.
Assume then that there are only finitely many logically non-equivalent formu-
las of the first-order language of graphs of quantifier rank < n with the free
variables {x1,...,x,}. We prove the same for n + 1. We have formulas of
the form 3z and Vap, where the quantifier rank of ¢ is < n. They are only
finitely many, up to logical equivalence — say k£ many. Then we have Boolean
combinations of such formulas. A truth table for k£ propositional symbols has
2% rows. Each row can have a value of 0 or 1. Thus there are at most 22"
such truth tables. Therefore there can be at most 22° logically non-equivalent
formulas of quantifier rank < n + 1. O

Theorem 4.16 Suppose G and G' are two graphs. If G and G’ satisfy the
same sentences of quantifier rank < n, then player I1 has a winning strategy

inEF,(G,3G").
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Proof Assume G and G’ satisfy the same sentences of quantifier rank < n.
Player IT then has the following winning strategy in EF,,(G,G’): She makes
sure that after she has played, the position p = (xo, Yo, ..., Zi—1,Yi—1) sat-
isfies G |=; ¢ if and only if G’ }=; o5  for all formulas ¢ of quantifier
rank < n — i with free variables zy,...,2;_1 and all assignments s of G
such that s(z;) = v; for j = 0,...,7 — 1. This condition holds in the be-
ginning of the game by assumption. Let us suppose we are in a position p =
(zo,¥0,---,Ti—1,Yyi—1) and player IT has so far been able to follow her strat-
egy. Now player I plays z; = a. We assume x; € Vj, as the two cases are sym-
metrical. Let s be an assignment of G such that s(z;) = vj forj =0,...,1—1.
Let ® be the conjunction of all formulas ¢ of quantifier rank < n —¢ — 1
with free variables in the set {20,...,2;_1,2;} such that G |=[,/.,] ©. Now
G s Jz;®. Since the quantifier rank of ® is < n — i, by the induction hy-
pothesis G’ [=y,05 32;®. Let y; = b € Vgr such that G =, osyp/z,) ©- Let
p' = (zo,vo0,---,%i,yi). Clearly, G = ¢ if and only if G’ ’pr,os ¢ for all
¢ of quantifier rank < n — ¢ — 1. So player II has been able to maintain her
strategy in the new position p’. [

Corollary (Ehrenfeucht, Fraissé) Suppose G and G' are two graphs. The fol-
lowing are equivalent:

(1) G and G’ satisfy the same sentences of quantifier rank < n.
(2) Player 11 has a winning strategy in EF,, (G, G").

This corollary has numerous applications. We can immediately conclude
that for each n there are only finitely many graphs such that player I has a win-
ning strategy in EF,, (G, G’) for any distinct G and G’ of them. Why? Because
there are, up to logical equivalence, only finitely many sets .S of sentences of
quantifier rank < n. If two graphs G and G’ satisfy the same such set S, then
by the above Corollary player IT has a winning strategy in EF,, (G, G’).

4.5 Historical Remarks and References

The Ehrenfeucht—Fraissé Game was introduced in Ehrenfeucht (1957) and
Ehrenfeucht (1960/1961). The idea of Extension Axioms (see Exercise 4.16)
was introduced in Gaifman (1964) and used effectively in Fagin (1976) and
later, e.g. in Kolaitis and Vardi (1992). Distributive Normal Forms (See Ex-
ercise 4.19) were introduced in Hintikka (1953). There is a rich literature on
Ehrenfeucht-Fraissé Games on graphs. See Gridel et al. (2007) for a recent
handbook. See Spencer (2001) for applications of Ehrenfeucht—Fraissé Games
to random graphs.
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n  Has a winning strategy

1 11
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Figure 4.8 Who wins?

Exercises
A path in a graph G is a finite sequence vy, . . ., v, such that for every
1 =0,...,n — 1 there is an edge from v; to v;41. The number n is the

length of the path. The path is said to start from vy and end in v,, (or vice
versa). Write for each n > 0 a first-order formula PTH,, (z, y) such that
an assignment s satisfies the formula in a graph if and only if there is a
path of length n starting from s(x) and ending in s(y).

Solve the previous problem so that the number of variables of the for-
mula is three irrespective of n.

Show that if G =, ¢, then player II has the following winning strategy
in the Semantic Game starting with (her holding) (¢, s): she plays so
that if she holds (¢, s’), then G =4 ', and if player I holds (¢, s'),
then G }£y .

Use induction on ¢ to prove for all s that if player IT has a winning
strategy in the Semantic Game starting with (¢, s), then G |=¢ ¢, and if
IT has a winning strategy starting with (-, s), then G =, .

Suppose G and G’ are chains, i.e. connected graphs in which every vertex
has degree 2 except two (the endpoints) which have degree 1. Suppose G
has five vertices and G’ has six. Complete the table of Figure 4.8 which
indicates for 1 < n < 6 which of the two players has a winning strategy
inEF,(G,G).

Solve Exercise 1 in the case that G has six vertices and G’ has seven.
Show that if player IT has a winning strategy in EF,,(G, G’) and also in
EF,,(G’,G"), then she has one in EF,,(G,G").

Show that if player I has a winning strategy in EF,,(G,G’) and player
IT has a winning strategy in EF,,(G’,G"), then player I has a winning
strategy in EF,, (G, G").

Let us consider graphs G whose set of vertices is {1,...,n}. There are
n(n — 1)/2 possible edges and therefore 2("~1)/2 possible graphs with
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these vertices. How many such graphs G are there such that player I has
a winning strategy in EF5(G, G’) for any two distinct G and G’ of them?
Show that the property “Vg is finite” of a graph G is not expressible in
the first-order language of graphs, i.e. there is no sentence ¢ of the first-
order language of graphs such that the following are equivalent for all
graphs G:

(1) Vg is finite.

2 GEe

Show that the property “G has a Hamiltonian path” (i.e. a sequence of
connected edges which pass through every vertex exactly once) of a
graph G is not expressible in the first-order language of graphs.

Show that the property “G has an infinite clique” (i.e. a complete sub-
graph, or still in other words, a subset any two vertices of which are
connected by an edge) of a graph G is not expressible in the first-order
language of graphs.

Show that the property “G has a cycle path” (i.e. a sequence of connected
edges which starts and ends with the same vertex) of a graph G is not
expressible in the first-order language of graphs.

Show that for every n > 3 there are at least 2"~ ' graphs with at most 2n
vertices such that no two of them satisfy exactly the same sentences of
quantifier rank < n + 1.

Let n be a natural number. Define an equivalence relation among all
graphs as follows: G ~ G’ if G and G’ satisfy the same sentences of quan-
tifier rank < n. Show that ~ has but finitely many equivalence classes
and each equivalence class C is definable’ by a sentence of quantifier
rank < n (i.e. there is a sentence of quantifier rank < n such that for all
graphs G we have: G € C if and only if G |= ).

A graph @G is said to satisfy the extension axiom E,, if for any two disjoint
sets W and U of vertices, with W U U of size < n, there is a vertex, not
in W U U, which is connected by an edge to every element of W but to
none of U. Show that if G and G’ both satisfy the extension axiom F,,,
then player II has a winning strategy in the game EF,,(G,G’). (Note:
if we take a set of m vertices and toss a coin to decide about each pair
of different vertices whether we put and edge between them or not, then
with a probability which tends to 1 as m tends to infinity, we get a graph
which satisfies the extension axioms F,,.)

The k-Pebble Game on two graphs G and G’ is defined as follows. There
are k pairs of pebbles. Each pair is numbered with numbers 1, ..., k.

1 The concepts “definable” and “expressible” are synonymous.
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The two pebbles in a pair are said to correspond to each other. During the
game player I takes a pebble and places it on a vertex of G (or G'). Then
player I places the corresponding pebble on a vertex of G’ (or G). This
is repeated ad infinitum. When player I takes a pebble, he can take one
that has not been played yet or one that has been played already. In the
end player IT wins if there is an edge in G between two pebbled vertices
if and only if there is an edge in G’ between the corresponding vertices.
Show that if the graphs G and G’ both satisfy the extension axiom Ej
of Exercise 4.16, then player II has a winning strategy in the k-Pebble
Game.

Suppose G is a graph. Let o¢ , . (%o, ...,Tm—1) be the conjunc-
tion of
1. i = Ty, 1f(17 = aj.
2. Xy = Ty, 1fa1 # Qj.
3. ZL’iE(L'j, if (LiEg(Lj.
4. _h’EiEiCj, if not aiEgaj.
Let
n+1 o n
9G,a0, - stm—1 (IO7 T "T"”_l) =Vam \/ 0G.a0,....am (1‘0, s 7'Im)
am€Vg
n
A /\ Eixmag,ao,...,am (an s 737m)-
am€Vg

Note that even if the graph G may be infinite, the disjunction \/ am Vg
and the conjunction A\ ameVvy above is over a finite set. Prove that the
following are equivalent for all graphs G and G':

1. ¢ = og.

2. Player IT has a winning strategy in EF,, (G, G").

Suppose G is a graph. Let 0 ,. . (%0,...,Zm—1) be defined as
in the previous problem. Let SY (zo,...,%m,m_1) be the set of all sen-
tences 04 . o (%0,...,Zm—1) where G runs through all graphs
and ay, . . . , a;,—1 through all sequences of elements of each G. Note that
this is a finite set. Suppose S}, | (zo, ..., Zm) = {07 (%0, ..., Tm) 1 i €
I} has been defined and is finite. Let for J C I:

0’?+1([L‘0, ey Tme1) = VX, \/ ol (zg, ... ,xm)/\/\ Fzmol (T, ... Tm)

ied ied
and

Srtt = Lo (20, ..y wpme1) 1 J C T}
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Prove that the following are equivalent for all formulas ¢ with free vari-
ables g, ..., Tm_1:

1. ¢ is equivalent to a formula of quantifier rank < n.
2. There are unique 1, ..., 1, in S, such that = ¢ <> 1 V- - V ),.

This is called the Distributive Normal Form of .
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5.1 Introduction

The concept of a model (or structure) is one of the most fundamental in logic.
In brief, while the meaning of logical symbols A,V,3,... is always fixed,
models give meaning to non-logical symbols such as constant, predicate, and
function symbols. When we have agreed about the meaning of the logical and
non-logical symbols of logic, we can then define the meaning of arbitrary for-
mulas.

Depending on context and preference, models appear in logic in two roles.
They can serve the auxiliary role of clarifying logical derivation. For example,
one quick way to tell what it means for ¢ to be a logical consequence of 1 is
to say that in every model where v is true also ¢ is true. It is then an almost
trivial matter to understand why for example Yzdy is a logical consequence
of JyVap but Vy3xp is in general not.

Alternatively models can be the prime objects of investigation and it is the
logical derivation that is in an auxiliary role of throwing light on properties of
models. This is manifestly demonstrated by the Completeness Theorem which
says that any set 7" of first-order sentences has a model unless a contradiction
can be logically derived from 7', which entails that the two alternative perspec-
tives of models are really equivalent. Since derivations are finite, this implies
the important Compactness Theorem: If a set of first-order sentences is such
that each of its finite subsets has a model it itself has a model. The Compact-
ness Theorem has led to an abundance of non-isomorphic models of first-order
theories, and constitutes the origin of the whole subject of Model Theory. In
this chapter models are indeed the prime objects of investigation and we in-
troduce auxiliary concepts such as the Ehrenfeucht—Fraissé Game that help us
understand models.

We use the words “model” and “structure” as synonyms. We have a slight
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preference for the word “structure” in a context where absolute generality pre-
vails and the structures are not assumed to satisfy any particular axioms. Re-
spectively, our preference is to call a structure that satisfies some given axioms
a model, so a structure satisfying a theory is called a model of the theory.

5.2 Basic Concepts

A vocabulary is any set L of predicate symbols P, Q, R, ..., function sym-
bols f, g, h, ..., and constant symbols ¢, d, e, . . .. Each vocabulary has an arity-
function

#LIL—>N

which tells the arity of each symbol. Thus if P € L, then P is a #,(P)-ary
predicate symbol. If f € L, then f is a #(f)-ary function symbol. Finally,
#1(c) is assumed to be 0 for constants ¢ € L. Predicate or function symbols
of arity 1 are called unary or monadic, and those of arity 2 are called binary.
A vocabulary is called unary (or binary) if it contains only unary (respectively,
binary) symbols. A vocabulary is called relational if it contains no function or
constant symbols.

Definition 5.1 An L-structure (or L-model) is a pair M = (M, Val),
where M is a non-empty set called the universe (or the domain) of M, and
Val \ is a function defined on L with the following properties:

1. If R € L is arelation symbol and #,(R) = n, then Valy(R) C M™.
2. If f € L is afunction symbol and #1,(f) = n, then Valy(f) : M™ — M.
3. If ¢ € L is a constant symbol, then Valr(c) € M.

We use Str(L) to denote the class of all L-structures.

We usually shorten Val v (R) to RM, Valv(f) to fM, and Valpg(c) to M.
If no confusion arises, we use the notation

M= (M,RM,...,RM M MM e
for an L-structure M, where L = {R1,..., Ry, f1,. -+, fm,C1 .-, Ck }.

Example 5.2 Graphs are L-structures for the relational vocabulary L = {E},
where E is a predicate symbol with #,(E) = 2. Groups are L-structures for
L = {o}, where o is a binary function symbol. Fields are L-structures for
L = {+,-,0,1}, where +, - are binary function symbols and 0, 1 are constant
symbols. Ordered sets (i.e. linear orders) are L-structures for the relational
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vocabulary I = {<}, where < is a binary predicate symbol. If L = {), an
L-structure (M) is a structure with just the universe and no structure in it.

If M is a structure and m maps M bijectively onto another set M’, we can
use 7 to copy the relations, functions, and constants of M on M’. In this way
we get a perfect copy M’ of M which differs from M only in the respect that
the underlying elements are different. We then say that M’ is an isomorphic
copy of M. For all practical purposes we consider the structures M and M’
as one and the same structure. However, they are not the same structure, just
isomorphic. This may sound as if isomorphism was a rather trivial matter, but
this is not true. In many cases it is a highly non-trivial enterprise to investigate
whether two structures are isomorphic or not. In the realm of finite structures
the question of deciding whether two given structures are isomorphic or not is
a famous case of a complexity question which is between P (polynomial time)
and NP (non-deterministic polynomial time) and about which we do not know
whether it is NP-complete. In the light of present knowledge it is conceivable
that this question is strictly between P and NP.

Definition 5.3  L-structures M and M’ are isomorphic if there is a bijection

7 M — M
such that
1. Forall ay,...,ay, (r) € M:
(a1,...,a4,(r)) € RM <= (r(a1),...,m(ay,(r))) € RM'

2. Forall ay,...,au,y) € M:
P (@), wlag, n)) = 7(FM @ ag, )
3. Forallc € L: w(cM) = M.
In this case we say that 7 is an isomorphism M — M’, denoted
T M2M.
If also M = M’, we say that 7 is an automorphism of M.

Example 5.4 Unary (or monadic) structures, i.e. L-structures for unary L, are
particularly simple and easy to deal with. Figure 5.1 depicts a unary structure.
Suppose L consists of unary predicate symbols Ry, ..., R, and A is an L-
structure. If X C Aandd € {0,1},let X¢ = X ifd = 0and X% = A\ X
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Figure 5.1 A unary structure.

otherwise. Suppose € : {1,...,n} — {0, 1}. The e-constituent of A is the set

n

Ce(A) = ((RA)O.

=1

A priori, the 2" sets C(.A) can each have any cardinality whatsoever. It is the
nature of unary structures that the constituents are totally independent of each
other. If A 2 BB, then

for every e. Conversely, if two L-structures A and B satisfy Equation (5.1) for
every €, then A = B (see Exercise 5.6). We can say that the function € +—
|C(A)| characterizes completely (i.e. up to isomorphism) the unary structure
A. There is nothing more we can say about .4 but this function.

Example 5.5 Equivalence relations, i.e. L-structures M for L = {~} such
that ~M is a symmetric (z ~ y = y ~ ), transitive (x ~ y ~ 2 = = ~ 2),
and reflexive (x ~ x) relation on M can be characterized almost as easily
as unary structures. Let for every cardinal number x < |M]| the number of
equivalence classes of ~* of cardinality « be denoted by EC,.(M).If A = B,
then

EC,.(A) = EC,.(B) (5.2)

for every K < |AJ|. Conversely, if two L-structures A and B satisfy Equa-
tion (5.2) for every k < |A U B, then A = B (see Exercise 5.12). We can say
that the function x — FEC,(A) characterizes completely (i.e. up to isomor-
phism) the equivalence relation .A. There is nothing more we can say about A
but this function. For equivalence relations on a finite universe of size n this
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function is a function f : {1,...,n} — {0,...,n} such that

n

> if(i) =

i=1
The so-called Hardy—Ramanujan asymptotic formula says that the number of
equivalence relations on a fixed set of n elements is asymptotically

1 -
e‘nw/?/d\/ﬁ.
4v/3n

So this is also an asymptotic upper bound for the number of non-isomorphic
equivalence relations on a universe of n elements.

Example 5.6 The ordered sets (i.e. linear orders)

MZ(( 2:3)+<)
= (R, <)

are isomorphic, as the mapping x — tan(Z) demonstrates. The ordered sets

M’ and
v (| 11

are not isomorphic as is easily seen by considering what would be mapped
onto the endpoints —= and 1 . These were easy examples, but it is in general
very difficult to tell in 31mple terms when two linear orders are isomorphic.
For finite linear orders the answer is trivial, but already countable linear orders
present great problems. There are special cases that are easier to deal with, for
example the case of countable dense linear orders. A linear order is dense if it
has at least two elements and between any two distinct elements there is always
a third element. Examples of such are

(@, <)

({reR 0<r<1},<)
{g€Q:0<g<1},<)
{g€Q:0<qg<1},<).

For a linear order M, let SG(M) = (dy, d1), where dy is 1 if M has a smallest
element and otherwise 0, and d; is 1 if M has a largest element and otherwise
0. All four possibilities of SG(M) occur in the list (5.3). If M and N are
countable dense linear orders, then M = A if and only if SG(M) = SG(N)
(see Exercise 5.14 and Figure 5.2). Thus for countable dense linear orders SG
reveals everything. This is not at all true of non-dense linear orders or uncount-
able dense linear orders (see Exercise 5.14). A well-order is a linear order in

(5.3)
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Figure 5.2 The four types of countable dense linear orders.

which every non-empty subset has a smallest element (or equivalently, there
are no infinite descending sequences). Any well-order M can be assigned an
invariant, or ordinal as follows: If z € M, let

opm(x) = supfom(y) +1:y <M a},
o(M) = sup{om(z) : x € M}.

Now two well-orders M and A are isomorphic if and only if o(M) = o(N)
(see Exercise 5.15). The sum M + N of two linear orders M and N is the
linear order obtained by putting the linear orders one after the other, first M
and then . The more general sum X;c v M, where A and M, i € N, are
linear orders, is defined as follows. It is a linear order obtained by replacing in
N each element i by a copy of M; Thus it is the set {(¢,a) : i € N,a € M;}
ordered by (i,a) < (j,b) iff either i <ar jori = jand a <y, b.

Example 5.7 A partially ordered set is an L-structure M = (M, <M) for
the vocabulary L = {<}, where <M is assumed to be reflexive, transitive,
and anti-symmetric (v < y < x = x = y). We shorten (x <M y & 2 # y)
to x <M y. A predecessor of x is any y € M with y <™ z. An immediate
predecessor of x is any y such that y <™ z and there is no z with y <™
z <M x. A successor of x is any y € M with x <M y. An immediate
successor of x is any % such that z < 4 and there is no z with 2 <™
z <M y. Prime examples of partially ordered sets are the structures M =
(M, C), where M is a collection of subsets of a fixed set A. Here an immediate
successor of an element z is any set z U {a}, where a € A. If M happens to
be closed under intersection and union (i.e. x,y € M = x Ny, x Uy € M),
then M is a lattice, which means that for any two elements = and y of M
there is in M the smallest upper bound x V y (the “join”) and the largest lower
bound x A y (the “meet”). If a lattice satisfies the conditions = A (y V z) =
(xAy)V(zAz)and 2V (yAz) = (xVy)A(xVz), as (M, C) always does, then
it is called a distributive lattice. If M 1is even closed under complements and
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Figure 5.3 Two trees.

contains (), then M is a Boolean algebra, i.e. a distributive lattice with zero,
0, in which every element = has a complement —x defined by the equations
x A —x =0and x V —x = 1(= —0). The most well-known Boolean algebras
are the power-set Boolean algebras (P(A), C). For finite Boolean algebras
these are the only examples (up to isomorphism). An infinite Boolean algebra
need not be isomorphic to a power-set Boolean algebra. An example of this is
the Boolean algebra of finite or co-finite subsets of an infinite set. A subset F'
of a Boolean algebra M is a filter if (x € Fandz <M 3) = y € F and
(x € Fandy € F) = x Ay € F. Afilter F is an ultrafilter if x € F or
—x € F forall x € M. An ultrafilter F' is non-trivial if 0 ¢ F. An easy
example of an ultrafilter is {x € M : a < x} where a is a fixed element
of M. Such an F'is called a principal ultrafilter and a the generator of F'. For
every z € M \ {0}, M infinite, there is a non-trivial ultrafilter containing z.'

Example 5.8 A rree is a partially ordered set M such that the set {x € M :
x <M t} of predecessors of any t € M is well-ordered by < and there
is a unique smallest element in M, called the root of the tree. Thus for any
t <M sin M there is an immediate successor 7 of ¢ such that ¢t <M r <M g,
Figure 5.3 depicts two trees. Let us denote the set of immediate successors of
t by ImSucp,(t). The height ht(t) of an element ¢ of a tree M is defined as
follows: ht(t) = 0 if ¢ is the root, and otherwise

ht(t) = sup{ht(s) +1: s <M ¢}.

Thus the height of an element of a tree is the order type of the set of predeces-
sors of the element. The height ht(M) of the tree M is now sup{ht(¢) : ¢ €
M}. The a-th level of a tree T', T, is the set of elements of 7" of height a.
Good examples of trees are trees of sequences of elements of a fixed set: Let A
be asetand n € N. Let us denote the set of all sequences (ao, . ..,a;—1),7 < n,
of elements of A by A<™. For i = 0 the sequence (ayg, . ..,a;—_1) is the empty

1 The proof of this uses the Axiom of Choice. See e.g. Jech (1997).
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sequence. We can partially order this set by
(agy...,ai—1) < (aé,...,a}_l) (5.4)

ifi < jand a = aj, for k < i. The structure S(A,n) = (A<", <) is a tree of
height n in which the height of an element (aq, ..., a;—1) is always i. Let us
denote the set of all finite sequences (ag, . . ., a;—1) of any finite length i € N
of elements of A by A<¥. We can partially order this set by the relation (5.4).
The structure S(A4,w) = (A<¥, <) is a tree of height w in which the height of
an element (ao, ..., a;—1) is again ¢. The relation (5.4) defines a partial order
on any subset of A<™ (of A<¥ t00). In this way we identify a lot of new trees.
A chain of a tree is a subset of M which is linearly ordered by <™. A branch
of a tree is a chain which would not be a chain if even one element were added
to it (i.e. a branch is a maximal chain). Every branch in the tree S(A, n) looks
like:

0 < (ao) < (ag,a1) < ... < (ag,.--,an-1).
Branches of the tree S(A, w) are infinite:

@S (ao) < (ao,al) <...< (ao,...,an_l) <

A tree is well-founded if it has no infinite branches. Examples of well-founded
trees are, first of all, trees of finite height, such as S(A4, n). An example of a
well-founded tree of infinite height is the subtree M of S(N, w) consisting of
sequences (ag, - - . , Gy —1) such that

ag>ay > ...> Qp—1.- (5.5)
For example,
0 < (10) < (10,3) < (10,3,1) < (10,3,1,0).

The rank rkq(t) of an element ¢ of a well-founded tree M is defined as fol-
lows: rk(t) = 0 if ¢ is a maximal element (i.e. no element ¢’ of the tree satisfies
t < t'), and otherwise

tkaq(t) = sup{rkam(s) + 1 : s € ImSucay(¢)}.

The rank rk 4 of a well-founded tree M is the rank of the root of the tree. The
rank of an element (ay, ..., a,—1) of the above tree (defined by (5.5)) M, is
@rn—1, and the rank of the root () of this tree is the ordinal w. For elements ¢
of a well-founded tree M we can define a function stp Mt which we call the
successor type of t, as follows:

dom(stppy ;) = {stpass : 5 € ImSucp(t)},
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stP g (8t s) = [{s" € ImSucpq(t) = stpyy o = Stpger }-

The successor type has all the successor types of immediate successors of ¢
as its domain and the number of immediate successors of each successor type
stpy,s as its value. The successor type stp of the tree M is the successor
type of its root. It is not hard to prove that two well-founded trees M and N’
are isomorphic if and only if stp ,, = stp,, (see Exercise 5.16). An Aronszajn
tree is a tree of height wy in which every level is countable and there are no
uncountable branches. An antichain of a tree is a subset A of M which satisfies
neither x <M y nor y <M z for any x # y in A. A tree is special if it is
the union of countably many antichains, and otherwise non-special. Any well-
founded tree is special since every level of any tree is an antichain. For an
example of a non-special tree, see Example 9.56. For examples of Aronszajn
trees, see Jech (1997).

Example 5.9 A successor structure is an L-structure M = (M, SM, 0M)
for the vocabulary L = {S, 0}, where #,(S) = 1 and #,(0) = 0, satisfying
the three properties: SM(z) = SM(y) = = = y, SM(x) # 0M, and = #
0M = Fy(SM(y) = z). The canonical successor structure is (N, f,0),
where f1 (n) = n+1. Another example is obtained by taking the disjoint union
NUZ' of N and a copy of Z, disjoint from N. In the structure (NUZ/, f,0) we
let 0 be the zero of N and f, () be defined as the canonical successor in both
N and Z'. A slightly different successor structure is the union of N and a set of
cycles. On N the successor function is defined canonically and on the cycles
the successor function is defined also canonically by deciding an orientation.
Figure 5.4 is a picture of a successor structure. If M = (M, £, 0) is a successor
structure and a € M, we can define the forward and backward iterations of f
as follows:

fla)=a
frHa) = f(f"(a)
H(f(a)) = f(a)
—"=10) =0.

The component of a € M is the set
Cmppm(a) ={f*(a) : z € Z}.

It is easy to see that every successor structure contains an isomorphic copy of
(N, f4,0). We call it the standard component. The remaining components are
either n-cycles for some n, and we call them n-cycle components (or just cycle-
components), or isomorphic copies of (Z, f), which we call Z-components.
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Figure 5.4 A successor structure.

If M is a successor structure, let C'mp a4 be the set of components of M and

CCr(M) = [{C € Cmpp : C is an n-cycle component}|,

CCuo(M) = |{C € Cmpp : C is a Z-component }|.

Two successor structures M and A are isomorphic if and only if CC, (M) =
CC,(N) foralla € NU {oo}.

5.3 Substructures

The concept of a substructure is in principle a very simple one, especially for
relational vocabularies. There are however subtleties which deserve special
attention when function symbols are involved.

Definition 5.10 An L-structure M is a substructure of another L-structure
M, in symbols M C M’, if:

. MC M.

2. RM = RM' N M™if R e Lisan n-ary predicate symbol.
3. fM = M | M™if f € Lis an n-ary function symbol.
4. ¢M =M if ¢ € Lis a constant symbol.

Substructures are particularly easy to understand in the case that L is re-
lational. Then any subset M of an L-structure M’ determines a substruc-
ture M the universe of which is M. If L is not relational we have to worry
about the question whether M is closed under the functions f MI, felrL,
and whether the interpretations M of constant symbols ¢ € L are in M.
For example, if L = {f} where f is a unary function symbol, then any sub-
structure of an L-structure which contains an element a has to contain also
M (a), fM (M (a)), ete. A substructure of a group need not be a subgroup
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even when it is closed under the group operation. For example, (N, +) is a
substructure of (Z,+) but it is not a group. A substructure of a linear order is
again a linear order. Similarly, a substructure of a partial order is again a partial
order. A substructure of a tree is a tree if it has a smallest element.

Lemma 5.11 Suppose L is a vocabulary, M an L-structure, and X C M.
Suppose furthermore that either L contains constant symbols or X # (). There
is a unique L-structure N such that:

1. NCM.
2. X C N.
3 IfN' CMand X C N, then N C N.

Proof Let Xg = X U{c™ :c€ L} and inductively

Xn+1 =X,U {fM(al,...,a#L(f)) 11,508, () € Xn,f S L}

It is easy to see that the set N = [J, .y X, is the universe of the unique
structure AV claimed to exist in the lemma. O

We call the unique structure A/ of Lemma 5.11 the substructure of M gen-
erated by X and denote it by [X] . The following lemma is used repeatedly
in the sequel.

Lemma5.12 Suppose L is a vocabulary. Suppose M and N are L-structures
and m : M — N is a partial mapping. There is at most one isomorphism
7 : [dom(w)|pm — [rng(mw)]n extending .

5.4 Back-and-Forth Sets

One of the main themes of this book is the question: Given two structures M
and \V, how do we measure how close they are to being isomorphic? They may
be non-isomorphic for a totally obvious reason, e.g. two graphs one of which
has a triangle while the other does not. They may also be non-isomorphic for
an extremely subtle reason which involves the use of the Axiom of Choice (see
e.g. Lemma 9.9). One of the basic tools in trying to answer this question is the
concept of partial isomorphism.

Definition 5.13 Suppose L is a vocabulary and M, M’ are L-structures.
A partial mapping 7 : M — M’ is a partial isomorphism M — M’ if
there is an isomorphism 7* : [dom(7)|apq — [rng(w)|am extending 7. We
use Part(M, M’) to denote the set of partial isomorphisms M — M. If
M = M’ we call 7 a partial automorphism.
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Note that the extension 7* referred to in Definition 5.13 is by Lemma 5.12
necessarily unique.

The main topic of this section, the back-and-forth sets, are very useful weaker
versions of isomorphisms. To get a picture of this, suppose f : A = B. Then
f € Part(A, B) and we can go back and forth between A and BB with f in the
following sense:

Va € AJb € B(f(a) =b) (5.6)
Vb € BJa € A(f(a) =b). (5.7)
We now generalize this to a situation where we do not quite have an isomor-

phism but only a set P which reflects the back and forth conditions (5.8) and
(5.9) of an isomorphism.

Definition 5.14 Suppose A and B are L-structures. A back-and-forth set for
A and B is any non-empty set P C Part(.4, B) such that

Vf € PYa € A3g € P(f C gand a € dom(g)) (5.8)
Vf e PvYbe Big e P(f C gandb € rng(g)). (5.9)

The structures A and B are said to be partially isomorphic, in symbols A ~,
B, if there is a back-and-forth set for them.

Lemma 5.15 The relation ~,, is an equivalence relation on Str(L).

Proof The relation ~,, is reflexive, because {id 4} is a back-and-forth set for
A and B. If P is a back-and-forth set for A and B, then {f~!: f € P}isa
back-and-forth set for 3 and .A. Finally, if P; is a back-and-forth set for .A and
B and P is a back-and-forth set for B and C, then {fo o f1 : f1 € P1, f2 €
P,} is a back-and-forth set for A and C, where we stipulate dom(f2 o f1)

frH (dom(f2)). 0
Proposition 5.16 If A ~, B, where A and B are countable, then A = B.

Proof Let us enumerate A as (a,, : n < w) and B as (b, : n < w). Let P
be a back-and-forth set for A and B. Since P # (), there is some fo € P. We
define a sequence (f,, : n < w) of elements of P as follows: Suppose f, € P
is defined. If n is even, say n = 2m, let y € B and f,41 € P such that

foU{(am,v)} C foy1-Ifnisodd, sayn = 2m+1,letz € Aand f,41 € P
such that f,, U{(z,bn)} C fri1. Finally, let

[= U fn-
n=0

Clearly, f : A B. O
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This proposition is not true for uncountable structures. Indeed, let L = )
and let A and B be any infinite L-structures. Then there is a back-and-forth
set for A and B (Exercise 5.28). Thus A ~, B. But A % B if, for example,
A = Q and B = R. The failure of Proposition 5.16 to generalize is a major
topic in the sequel.

Proposition 5.17 Suppose A and B are dense linear orders without end-
points. Then A ~, B.

Proof Let P = {f € Part(A, B) : dom(f) is finite}. It turns out that this
straightforward choice works. Clearly, P # (). Suppose then f € Pand a € A.
Let us enumerate f as {(a1,b1),..., (an,by)} where a; < ... < ay. Since f
is a partial isomorphism, also b; < ... < b,. Now we consider different cases.
If a < a1, we choose b < by and then f U {(a,b)} € P.Ifa; < a < a;41, we
choose b € B sothatb; < b < b; 41 and then f U {(a,b)} € P.If a,, < a, we
choose b > b, and again fU{(a,b)} € P.Finally, if a = a;, weletb = b; and
then f U {(a,b)} = f € P. We have proved (5.8). Condition (5.9) is proved
similarly. O

Putting Proposition 5.16 and Proposition 5.17 together yields the famous
result of Cantor (1895): countable dense linear orders without endpoints are
isomorphic. See Exercise 6.29 for a more general result.

5.5 The Ehrenfeucht-Fraissé Game

In Section 4.3 we introduced the Ehrenfeucht—Fraissé Game played on two
graphs. This game was used to measure to what extent two graphs have sim-
ilar properties, especially properties expressible in the first-order language of
graphs limited to a fixed quantifier rank. In this section we extend this game to
the context of arbitrary structures, not just graphs.

Let us recall the basic idea behind the Ehrenfeucht—Fraissé Game. Suppose
A and B are L-structures for some relational L. We imagine a situation in
which two mathematicians argue about whether A and B are isomorphic or
not. The mathematician that we denote by II claims that they are isomorphic,
while the other mathematician whom we call I claims the models have an
intrinsic structural difference and they cannot possibly be isomorphic.

The matter would be quickly resolved if IT was required to show the claimed
isomorphism. But the rules of the game are different. The rules are such that
I1 is required to show only small pieces of the claimed isomorphism.

More exactly, I asks what is the image of an element a; of A that he chooses
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Figure 5.5 The Ehrenfeucht—Fraissé Game.

at will. Then IT is required to respond with some element b; of B so that
{(a1,b1)} € Part(A, B). (5.10)

Alternatively, I might have chosen an element b; of B and then IT would have
been required to produce an element a; of A such that (5.10) holds. The one-
element mapping {(a1,b;1)} is called the position in the game after the first
move.

Now the game goes on. Again I asks what is the image of an element as of
A (or alternatively he can ask what is the pre-image of an element by of B).
Then IT produces an element bs of B (or in the alternative case an element ao
of A). In either case the choice of IT has to satisfy

{((Zl,bl),(ag,bg)} € Part(.A, B) (511)

Again, {(a1, b1), (az, bs)} is called the position after the second move.
We continue until the position

{(a1,b1),...,(an,by)} € Part(A, B)

after the n'" move has been produced. If IT has been able to play all the
moves according to the rules she is declared the winner. Let us call this game
EF,, (A, B). Figure 5.5 pictures the situation after four moves. If IT can win
repeatedly whatever moves I plays, we say that IT has a winning strategy.

Example 5.18 Suppose A and B are two L-structures and L = (). Thus the
structures .4 and B consist merely of a universe with no structure on it. In
this singular case any one-to-one mapping is a partial isomorphism. The only
thing player IT has to worry about, say in (5.11), is that a; = ay if and only if
by = b. Thus II has a winning strategy in EF,, (A, B) if A and B both have
at least n elements. So IT can have a winning strategy even if A and B have
different cardinality and there could be no isomorphism between them for the
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trivial reason that there is no bijection. The intuition here is that by playing a
finite number of elements, or even Ny many, it is not possible to get hold of the
cardinality of the universe if it is infinite.

Example 5.19 Let A be a linear order of length 3 and B a linear order of
length 4. How many moves does I need to beat IT? Suppose A = {aq, az, a3}
in increasing order and B = {by, ba, b3, by} in increasing order. Clearly, if I
plays at any point the smallest element, also IT has to play the smallest element
or face defeat on the next move. Also, if I plays at any point the smallest but
one element, also IT has to play the smallest but one element or face defeat in
two moves. Now in A the smallest but one element is the same as the largest
but one element, while in 3 they are different. So if I starts with a9, IT has to
play b2 or bs, or else she loses in one move. Suppose she plays bo. Now I plays
b3 and IT has no good moves left. To obey the rules, she must play agz. That is
how long she can play, for now when I plays by, IT cannot make a legal move
anymore. In fact IT has a winning strategy in EF5(.A, B) but I has a winning
strategy in EF3(A, B).

We now proceed to a more exact definition of the Ehrenfeucht—Fraissé Game.

Definition 5.20 Suppose L is a vocabulary and M, M’ are L-structures such
that M N M’ = (). The Ehrenfeucht—Fraissé Game EF,,(M, M’) is the game
Gn(M UM, Wy (M, M), where W, (M, M') C (M U M’)*" is the set of
p=(Z0,Y0,- -, Tn—1,Yn—1) such that:
(G1) Foralli: <n:z;, € M < y;, € M.
(G2) If we denote
v — xz;, ifx,eM o = x; ifx,-eM’
T ly ifyieM U |y ify e M,
then
fp = {(Uo,’Ué), ceey (Un—laviz—l)}
is a partial isomorphism M — M’.

We call v; and v} corresponding elements. The infinite game EF,,(M, M)
is defined quite similarly, that is, it is the game G,,(M U M', W, (M, M")),
where W,(M, M) is the set of p = (x0,yo,21,¥1,-..) such that for all
n € N we have (29, Y0, - - Tn—1,Yn—1) € Wy (M, M").

Note that the game EF, is a closed game.

Proposition 5.21 Suppose L is a vocabulary and A and B are L-structures.
The following are equivalent:
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1. A~, B.
2. IT has a winning strategy in EF (A, B).

Proof Assume AN B = (). Let P be first a back-and-forth set for A and 5.
We define a winning strategy 7 = (7; : ¢ < w) for IL. Since P # () we can
fix an element f of P. Condition (5.8) tells us that if a; € A, then there are
b1 € B and g such that

fuf(a,b))} CgeP. (5.12)

Let 79(a1) be one such by. Likewise, if by € B, then there are a; € A such that
(5.12) holds and we can let 79(b1) be some such a;. We have defined 79(c;)
whatever ¢; is. To define 7 (c1, ¢2), let us assume I played ¢; = a1 € A. Thus
(5.12) holds with by = 19(ay). If ca = as € A we can use (5.8) again to find
by = 11(a1,a2) € B and h such that

fu{(ar,b1), (az,b2)} Ch € P.

The pattern should now be clear. The back-and-forth set P guides IT to always
find a valid move. Let us then write the proof in more detail: Suppose we have
defined 7; for ¢ < j and we want to define 7;. Suppose player I has played
Zo,...,xj—1 and player II has followed 7; during round ¢ < j. During the
inductive construction of 7; we took care to define also a partial isomorphism
fi € P such that {vg,...,v;—1} C dom(f;—1). Now player I plays z,. By
assumption there is f; € P extending f;_; such that if x; € A, then z; €
dom(f;) and if z; € B, then z; € rng(f;). We let 7;(zo, ..., z;) = f;(z;)
ifx; € Aand 75(x0,...,2;) = fj_l(x]) otherwise. This ends the construc-
tion of 7;. This is a winning strategy because every f, extends to a partial
isomorphism M — N

For the converse, suppose 7 = (7, : n < w) is a winning strategy of IT.
Let ) consist of all plays of EF, (A, B) in which player II has used 7. Let P
consist of all possible f,, where p is a position in the game EF, (A, B) with an
extension in . It is clear that P is non-void and has the properties (5.8) and
(5.9). O

To prove partial isomorphism of two structures we now have two alternative
methods:

1. Construct a back-and-forth set.
2. Show that player IT has a winning strategy in EF,,.

By Proposition 5.21 these methods are equivalent. In practice one uses the
game as a guide to intuition and then for a formal proof one usually uses a
back-and-forth set.
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5.6 Back-and-Forth Sequences

Back-and-forth sets and winning strategies of player II in the Ehrenfeucht—
Fraissé Game EF, correspond to each other. There is a more refined concept,
called a back-and-forth sequence, which corresponds to a winning strategy of
player II in the finite game EF,,.

Definition 5.22 A back-and-forth sequence (P; : i < n) is defined by the
conditions

0#P,C...C Py C Part(A4,B). (5.13)
Vf € PiyiVa € A3b € B3g € Pi(fU{(a,b)} C g) fori < n.(5.14)
Vf € Py1Vb e B3a € A3g € P,(fU{(a,b)} C g) fori < n.(5.15)

If P is a back-and-forth set, we can get back-and-forth sequences (P; : i <
n) of any length by choosing P; = P for all i < n. But the converse is not true:
the sets P; need by no means be themselves back-and-forth sets. Indeed, pairs
of countable models may have long back-and-forth sequences without having
any back-and-forth sets. Let us write

A~} B
if there is a back-and-forth sequence of length n for A and B.
Lemma 5.23  The relation =, is an equivalence relation on Str(L).
Proof Exactly as Lemma 5.15. O

Example 5.24 We use (N 4+ N, <) to denote the linear order obtained by
putting two copies of (N, <) one after the other. (The ordinal of this order is
w4 w.) Now (N, <) ~2 (N + N, <), for we may take

Py = {0}.
P ={{(a,b)}:0<a€N, 0<beN+N}U{(0,0)}UP.
Py = {{(ao,bo), (a1,01)} 1 ap < ay €N, by < by e N+ N} U Pr.

Note that (N, <) #3 (N + N, <).

Proposition 5.25 Suppose A and B are discrete linear orders (i.e. every el-
ement with a successor has an immediate successor and every element with
a predecessor has an immediate predecessor) with no endpoints, and n € N.
Then A ~7 B.
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Proof Let P; consist of f € Part(.A, B) with the following property: f =
{(ao, bo), ey (an_i_l, bn—i—l)} Where

ag <. S Api1,
bo < ... <bp_i1,

and forall 0 < j < n —i— 1if|(a;,a;41)| < 2° or |(b;,bj+1)| < 27, then

[(aj, aj41)] = |(bj, bj+1)l. O
Example 5.26 (Z, <) ~} (Z + Z, <) for all n € N, but note that (Z, <) #,
(Z+12Z,<).

Proposition 5.27 Suppose L is a vocabulary and A and B are L-structures.
The following are equivalent:

1. A~} B.
2. IT has a winning strategy in EF,, (A, B).

Proof Let us assume AN B = (. Let (P; : i« < n) be a back-and-forth
sequence for A and B. We define a winning strategy 7 = (7; : ¢ < n) for IL.
Since P, # () we can fix an element f of P,. Condition (5.14) tells us that if
a1 € A, then there are b; € B and g such that

fu{(a,b1)} C g€ P (5.16)

Let 79(a1) be one such b;. Likewise, if b; € B, then there are a; € A such that
(5.16) holds and we can let 7o(b1) be some such a;. We have defined 79(c1)
whatever ¢; is. To define 7 (¢1, ¢2), let us assume I played ¢; = a; € A. Thus
(5.16) holds with b; = 79(aq). If c2 = ay € A we can use (5.13) again to find
by = 11(a1,a2) € B and h such that

f U {(a17b1)7 (a27b2)} Che P,_s.

The pattern should be clear now. As before, the back-and-forth sequence guides
I1 to always find a valid move. Let us then write the proof in more detail: Sup-
pose we have defined 7; for ¢ < j and we want to define 7;. Suppose player
I has played xg, ..., x;_1 and player II has followed 7; during round 7 < j.
During the inductive construction of 7; we took care to define also a partial
isomorphism f; € P,_; such that {v,...,v;—1} C dom(f;). Now player
I plays z;. By assumption there is f; € F,_; extending f;_; such that if
x; € A, then z; € dom(f;) and if z; € B, then z; € rng(f;). We let
Ti(xo, ... xj) = fi(z;)ifx; € Aand 7j(x0,...,2;) = fj_l(a:j) otherwise.
This ends the construction of 7;. This is a winning strategy because every f,
extends to a partial isomorphism M — N/.
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For the converse, suppose 7 = (7; : @ < n) is a winning strategy of II. Let
Q consist of all plays of EF,,(.A, B) in which player IT has used 7. Let P,,_;
consist of all possible f, where p = (zo,%o,...,%i—1,¥;i—1) is a position in
the game EF,, (A, B) with an extension in Q. It is clear that (P; : ¢ < n) has
the properties (5.13) and (5.14). Note that:

P, = {0}

Pn—l = {(1’0,7’0(%0)) X € AU B}

P, = {(x0,10(x0), 1, T1(x0,21)) : To,z1 € AU B}

Py = {(.%‘0,7’0(1‘0)7 oo >xn7177—n71($07 cee 71'n—1)) 1X0y .., Tp—1 € AUB}.

O

5.7 Historical Remarks and References

Back-and-forth sets are due to Fraissé (1955). The Ehrenfeucht—Fraissé Game
was introduced in Ehrenfeucht (1957) and Ehrenfeucht (1960/1961). Back-
and-forth sequences were introduced in Karp (1965). Exercise 5.40 is from
Ellentuck (1976). Exercise 5.40 is from Ellentuck (1976). Exercise 5.54 is from
Barwise (1975). Exercise 5.71 is from Rosenstein (1982).

Exercises

5.1 Show that isomorphism of structures is an equivalence relation in the
sense that it is reflexive, symmetric, and transitive.

5.2 Suppose L is a finite vocabulary, B is a countable L-model, and {b,, :
n < w} is an enumeration of the domain B of B. Suppose A is a count-
able L-model. Show that the following are equivalent:

1) A=B.
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(2) There is an enumeration {a,, : n < w} of the domain of A so that
for all atomic L-formulas 6(x, . ..,z,) and all n < w we have

Alzﬁ(ao,...,an) — B|:9(b0,...,bn).

Suppose L is a vocabulary and M is an L-structure. Show that the set
Aut(M) of automorphisms of M forms a group under the operation of
composition of functions.

Give an example of M such that Aut(M) (see the previous exercise) is:

1. The trivial one-element group.
2. A non-trivial abelian group (e.g. the additive group of the integers).
3. A non-abelian group (e.g. the symmetric group S3).

How many automorphisms do the following structures have.

1. A linear order of n elements.

2. (N, <).

3. (Z,<).

4. (Q,<).

Show that if A and B are unary structures, then A = B if and only if for
alle: {1,...,n} — {0,1} we have |C.(A)| = |C(B)|. Easier version:
Show that if A and B are unary structures with a finite universe of size
n, then A = Bif and only if forall ¢ : {1,...,n} — {0,1} we have
[Ce(A)] = |Ce(B)].

Suppose M is a unary structure in which every e-constituent has exactly
three elements. How many elements does M have? How many automor-
phisms does M have?

L = {P,..., Py}, where each P; is unary. Show that the number of
non-isomorphic L-structures on the universe {1,...,n} is (";ﬁi;l)
Describe the group of automorphisms of a finite unary structure.
Suppose M is an equivalence relation with a finite universe such that
EC,(M) = 2foreachn = 1,...,5 and EC,(M) = 0 for other n.
How many elements are there in the universe of M? How many auto-
morphisms does M have?

Show that for any m € N there is m* € N such that if n > m* then there
are more than n" non-isomorphic equivalence relations on the universe
{1,...,n}. Conclude that for any m € N there is m* € N such that if
n > m* then there are more non-isomorphic equivalence relations on
the universe {1,...,n} than non-isomorphic {P;, ..., P, }-structures,
where each P; is unary.
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Show that if A and B are equivalence relations, then A =2 5 if and only if
forall kK < |AU B| we have EC,,(A) = EC(B). Easier version: Show
that if A and B are equivalence relations with a finite universe of size n,
then A 2 3 if and only if for all m < n we have EC,,,(A) = EC,,(B).
Describe the group of automorphisms of a finite equivalence relation.
Show that if M and N are countable dense linear orders, then M =2 A/
if and only if SG(M) = SG(N). Demonstrate that this is not true for
non-dense countable linear orders or for uncountable dense linear orders.
Show that two well-orders M and A are isomorphic if and only if
o(M) = o(N).

Prove that two well-founded trees M and N are isomorphic if and only
if stpyg = stpys-

Prove that two successor structures M and A\ are isomorphic if and only
if CCu(M) = CC,(N) for all @ € N U {oo}. Easier version: Prove
that two successor structures M and A both of which have only finitely
many components are isomorphic if and only if CCy,(M) = CC,(N)
forall a € NU {oo}.

Show that any uncountable collection of countable non-isomorphic suc-
cessor structures has to contain a successor structure with infinitely many
cycle components.

Describe the group of automorphisms of a successor structure with n
Z-components and m; i-cycle components fori = 1,... k.

Give an example of an infinite structure M with no substructures A #
M.

Consider M = (Z, +). What is [X] a4, if X is

1. {0},

2. {1},

3. {2,-2}.

Consider M = (Z,+, —). What is [X] 4, if X is {13,17}?

Suppose M is a successor structure consisting of the standard compo-
nent and two five-cycles. Show that there are exactly four possibilities
for the set [X ] .

Show that the universe of [X] is the intersection of all universes of
substructures N of M such that X C N.

Prove Lemma 5.12.

Show that every Boolean algebra M is isomorphic to a substructure of
(P(A),C), where A is the set of all ultrafilters of M. (This is the so-
called Stone’s Representation Theorem.)
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Show that every tree every element of which has height < w is isomor-
phic to a substructure of the tree (A<%, <) for some set A.

Suppose L = (). Show that any two infinite L-structures are partially
isomorphic.

Suppose L = {Py,...,P,} is a unary vocabulary. Suppose we have
two L-structures M and N satisfying the following condition: For all
e:{1,...,n} = {0,1} and all m € N it holds that

IC.(M)| =m <= [C.(N)| =m.

Show that this is a necessary and sufficient condition for the two struc-
tures to be partially isomorphic.

Suppose that two equivalence relations M and N satisfy the following
conditions for all n, m < w:

1. EC,(M)=m < EC,(N)=m.
2. If one has exactly m infinite classes, then so does the other. In sym-
bols:

Z EC,(M)=m <= Z EC.(N)=m.

Ro<w<| M| Ro<k<|N|

Show that these are a necessary and sufficient condition for the two struc-
tures to be partially isomorphic.
For elements ¢ of a well-founded tree M we can define

dom(stplyy ;) = {stpys s : s € ImSuc(t)}

stp/yg ¢ (8P ) = min(Ro, [{s" € ImSuc(t) : stpy , = stp/yg o })-

Suppose M and N are well-founded trees such that stp’y, = stpy.
Show that M and N are partially isomorphic. Give an example of two
well-founded partially isomorphic trees that are not isomorphic.
Suppose that M and N are successor structures, f € Part(M,N).
Show:

1. f maps elements of the standard component of M to elements of the
standard component of NV

2. f maps elements of a cycle component of M of size n to elements of
a cycle component of N of size n.

3. f maps elements of a Z-component of M to elements of a Z-compo-
nent of V.

Suppose that two successor structures M and N satisfy the following
conditions for all n, m < w:
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1. CC,(M)=m <= CC,(N)=m.

2. CCor (M) =m <= CC(N)=m.

Show that the successor structures are partially isomorphic.

Show that Part(M, ) is closed under unions of chains, i.e. if fo C
f1 C fo C...arein Part(M,N), thensois | J,— fn-

Suppose (R, <, f) ~, (R,<,g)), where f : R — R is continuous.
Show that g is also continuous.

If (M,d),d: MxM — R, is ametric space, we can think of (M, d) as a
an L-structure M = (M, d, R, <gr), where L contains a binary function
symbol, a unary predicate symbol, and a binary relation symbol. Show
that there are a separable metric space M = (M, d, R, <g) and a non-
separable metric space M’ = (M’, d’, R, <g) such that M ~, M’.
Show that there is a complete separable metric space (Polish space)
M = (M,d,R, <gr) and a non-complete separable metric space M’ =
(M',d', R, <g) such that M ~, M.

Suppose A and B are structures of the same relational vocabulary L and
AN B = (). The disjoint sum of A and B is the L-structure

(AUB,(R*U RP)per).

Show that partial isomorphism is preserved by disjoint sums of models.
Suppose A and B are structures of the same vocabulary L. The direct
product of A and B is the L-structure

(Ax B, (RA X RB)ReLa
(((@0,00) - -+ (@ny b)) = (FAa0, - -y an), fP(bos -, bn))) fers

((CA, CB))CGL)'

Show that partial isomorphism is preserved by direct products of models.
Show that if two structures are partially isomorphic, then they are po-
tentially isomorphic,” i.e. there is a forcing extension in which they are
isomorphic. Conversely, show that if two structures are potentially iso-
morphic, then they are partially isomorphic.

Consider EF2(M,N), where M = (R x {0}, f), f(x,0) = (22,0)
and ' = (R x {1}, 9), g(z,1) = (23, 1). Player I can win even without
looking at the moves of I1. How?

Consider EF,,(M,N), where M = (R x {0}, f), f(z,0) = (23,0)
and V' = (R x {1}, 9), g(x,1) = (2°,1). After a few moves player I
resigns. Can you explain why?

2 Some authors use the term potential isomorphism for partial isomorphism.
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Consider EFy (M, N'), where M = (Z,{(a,b) : a—b =10}) and N =
(Q,{(a,b) : a—b=2/3}). Suppose we are in position (—8, —1/4) (i.e.
xg = —8 and yo = —1/4). Then I plays 21 = 11/12. What would be a
good move for IT?

Consider EF, (M, N'), where M and N are as in the previous exercise.
Player I resigns before the game even starts. Can you explain why?
Suppose M and N are disjoint sets with 10 elements each. Let c € M
and d € N. Who has a winning strategy in EF,, (M, ) in the following
cases:

1. M= (M,{(a,b,c) :a=0}),N =(N,{(a,b,d) : a =b}),
2. M= (M,{(a,b,e) :a=0b}),N = (N,{(a,b,e) : b=e}).

Who has a winning strategy in EF, (M, ) in the following cases:

1. M = (Q,<,1855),N = (R, <, 1854),
2. M= (N, <,1855), N = (N, <, 1854).

Show that (P(X),C) ~, (P(Y),C), if X and Y are disjoint infi-
nite sets. (Hint: Consider the set of finite partial isomorphisms of the
form {(Ao, Bo),- .., (A4;—1,Bi_1)}, such that (X, Ap,..., A;—1) and
(Y, By, ..., B;_1) are partially isomorphic, and then use Exercise 5.29
of Section 5.4.)

Show that player IT has a winning strategy in the game EF,,(M, ) for
any two atomless (i.e. if 0 < x then there is y with 0 < y < z) Boolean
algebras M and V.

Show that player I has a winning strategy in EF2((Q, +, —), (R, +, —)).
Consider EF,, (R, +, —), (R x R, +, —)), where addition and substrac-
tion in R x R are defined componentwise. Show that player II has a
winning strategy.

Show that partially isomorphic linear orders are isomorphic, if one is a
well-order.

Show that infinite partially isomorphic structures have countably infinite
isomorphic substructures.

Show that if one of two partially isomorphic trees is well-founded, then
both are and the trees have the same rank. (Hint: For the second claim,
prove first that if M is a well-founded tree, t € M and o < rkaq(¢),
then there is ' € M such that o = rky(t') and t <M ¢'.)

Suppose T is an axiomatization of set theory, at least as strong as the
Kripke—Platek set theory KP (see Barwise (1975)). We say that a formula
o(21,...,xy,) of the language of set theory is absolute relative to T' if
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for all transitive models M and N of T" and for all a4, ...,a, € M we
have

M E p(ay,...,a,) <= M Eo(a,...,ay).

Show that “x is a vocabulary, y and z are z-structures, and y ~,, z” can
be defined with a formula ¢(x, y, z) which is absolute relative to T'.
Suppose A is a linear order of length three and B a linear order of length
four. Give a back-and-forth sequence of length two for A and B.
Suppose A is a cycle of four vertices and B a cycle of five vertices. Give
a back-and-forth sequence of length two for A and 5.

Suppose A is an equivalence relation of four classes each of size 3 and B
an equivalence relation of three classes each of size 4. Give a back-and-
forth sequence of length three for A and B.

Suppose A is an equivalence relation of four classes each of size 2 and B
an equivalence relation of three classes each of size 2. Give a back-and-
forth sequence of length three for A and B.

Suppose A is an equivalence relation of four classes each of size 2 plus
one class of size 3, and B an equivalence relation of three classes each of
size 2 plus one class of size 4. Give a back-and-forth sequence of length
three for A and 5.

Suppose A and B are successor structures, both consisting of the stan-
dard component plus some cycle components. Suppose A has three five-
cycles and B has four five-cycles. Give a back-and-forth sequence of
length three for .4 and B.

Show that (7, <) ~3 (8, <).

Show that (Z, <) f:’ (Q,<).
Show that (N, <) #2 (N+ N, <).
Show that (Z, <) #, (Z + Z,<).
Show that (N+ N, <) ~3 (N+ N+ N, <)

Finish the proof of Proposition 5.25.

Prove the claim of Example 5.26.

Let the game EF], (A, B) be like the game EF, (A, B) except that I has
to play o, € A and x2,41 € B for all n € N. Show that player IT has a
winning strategy in EF], (A, B) if and only if she has a winning strategy
in EF, (A, B).

Suppose B = {b,, : n € N}. Let the game EF"(A, B) be like the game
EF, (A, B) except that I has to play 2, € A and x2,41 = b, for all
n € N. Show that player IT has a winning strategy in EF}* (A, B) if and
only if she has a winning strategy in EF,, (A, B).
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Suppose Ay = (Ag, <p) and A; = (A1, <) are linearly ordered sets.
Show that if player IT has a winning strategy both in EF,, (Ao, By) and
in EF,, (A1, By), then she has one in EF,,(Ay + A1, By + B1).

If A = (A, <) is a linearly ordered set and a € A, then A< is the
substructure of A generated by the set {x € A : © < a}. Thus A<“is the
initial segment of A determined by a. Likewise, A~ is the substructure
of A generated by the set {x € A : > a}. Thus A~ is the final
segment of A determined by a. Show that if .4 and B are ordered sets,
then player IT has a winning strategy in EF,, 1 (A, B) if and only if

1. For every a € A there is b € B such that player IT has a winning
strategy in EF,,(A<% B<%) and in EF,,(A>%, B>?).

2. For every b € B there is a € A such that player IT has a winning
strategy in EF,, (A<, B<%) and in EF,,(A>%, B>?).

Suppose n > 0. Show that player IT has a winning strategy in EF,, (A, B),

where A4 and B are linear orders with at least 2" — 1 elements.

Suppose n. > 0. Show that player I has a winning strategy in EF,, (A, B),

where A and B are linear orders such that A has at least 2" — 1 elements

and B has fewer than 2" — 1 elements.

Show that player IT has a winning strategy in EF,, (N, <), (N+ Z, <))

for every n € N.

An ordered set is scattered if it contains no substructure isomorphic to

(Q, <). Show that if M ~, N, where N is scattered, then M is scat-

tered.

Suppose 7T is the tree of finite increasing sequences of rationals, and 7’

is the tree of finite increasing sequences of reals. Prove 7 =, T".

Suppose T is the tree of finite sequences of rationals, and 7~ is the tree

of finite sequences of reals. Prove T =, T".

Suppose T is the tree of increasing sequences of length < n of rationals,

and 7" is the tree of increasing sequences of length < n of reals. Prove

T, T

Suppose T is the tree of sequences of length < n of rationals, and 7 is

the tree of sequences of length < n of reals. Prove 7 ~,, T".

Suppose 7 is the tree of sequences of length < n of elements of the set

{1,...,m}, and T is the tree of sequences of length < n of elements

of {1,...,m+1}. Prove T >~ T".
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First-Order Logic

6.1 Introduction

We have already discussed the first-order language of graphs. We now de-
fine the basic concepts of a more general first-order language, denoted FO,
one which applies to any vocabulary, not just the vocabulary of graphs. First-
order logic fits the Strategic Balance of Logic better than any other logic. It is
arguably the most important of all logics. It has enough power to express inter-
esting and important concept and facts, and still it is weak and flexible enough
to permit powerful constructions as demonstrated, e.g. by the Model Existence
Theorem below.

6.2 Basic Concepts

Suppose L is a vocabulary. The logical symbols of the first-order language (or
logic) of the vocabulary L are ~,—,A,V,V,3,(,), xo, x1, . ... Terms are de-
fined as follows: Constant symbols ¢ € L are L-terms. Variables zq, x1, . .. are
L-terms. If f € L, #(f) =n,and ¢4, ..., t, are L-terms, then sois ft1 ...¢,.
L-equations are of the form ~tt’ where ¢t and ¢’ are L-terms. L-atomic formu-
las are either L-equations or of the form Rty ...t,, where R € L, #(R) =n
and tq,...,t, are L-terms. A basic formula is an atomic formula or the nega-
tion of an atomic formula. L-formulas are of the form

~tt!

Rtq...t,

i

(@A), (V)
Vr,p, 3x,p
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where ¢,t' t1,...,t, are L-terms, R € L with #(R) = n, and ¢ and v are
L-formulas.

Definition 6.1 An assignment for a set M is any function s with dom(s) a set
of variables and rng(s) C M. The value ™ (s) of an L-term t in M under the
assignment s is defined as follows: ¢™(s) = Valy(c), z3(s) = s(z,,) and

(fty...t,)M(s) = Valy (f) (M (s), ..., tM(s)). The truth of L-formulas in
M under s is defined as follows:

MEg Rty ... t, iff  (tM(s),...,t)(s)) € Valp(R)
M E, ~tits iff M (s) = t21(s)
ME; —p iff MF;p
ME; (e AY) iff ME;pand M Eg Y
ME; (V) iff MEgpor MEg
ME Ve, iff M Fgq/q,) ¢ foralla e M
ME, Jz,0 iff M F,q/z,] @ for some a € M,
a ify ==,
where sla/an](y) = { s(y) otherwise.

We assume the reader is familiar with such basic concepts as free variable,
sentence, substitution of terms for variables, etc. A standard property of first-
order (or any other) logic is that M = ¢ depends only on M and the values
of s on the variables that are free in . A sentence is a formula ¢ without free

variables. Then M = ¢ means M =gy ¢. In this case we say that ¢ is true in
M.

Convention: If ¢ is an L-formula with the free variables =1, ..., z,, we in-
dicate this by writing ¢ as ¢(z1,...,2,). If M is an L-structure and s is an
assignment for M such that M =, ¢, we write M = (a4, ..., a,), where
a; = s(x;) fori=1,...,n.

Definition 6.2 The quantifier rank of a formula ¢, denoted QR (), is defined
as follows: QR(=tt') = QR(Rt1...t,) = 0, QR(—¢) = QR(p), QR((p A
V) = QR((¢ vV ¢)) = max{QR(¢), QR(4)}. QR(Fzp) = QR(Vzy) =
QR(p) + 1. A formula ¢ is quantifier free if QR(p) = 0.

The quantifier rank is a measure of the longest sequence of “nested”” quan-
tifiers. In the first three of the following formulas the quantifiers Vz,, and Jx,,
are nested but in the last unnested:

Vao(P(xo) V 1 R(x0, 1)) 6.1)
Jzo(P(x0) AVr1R(20,71)) (6.2)
Vo (P(zo) V 321Q(x1)) (6.3)
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Note that formula (6.3) of quantifier rank 2 is logically equivalent to the for-
mula (6.4) which has quantifier rank 1. So the nesting can sometimes be elim-
inated. In formulas (6.1) and (6.2) nesting cannot be so eliminated.

Proposition 6.3 Suppose L is a finite vocabulary without function symbols.
For every n and for every set {x1,...,x,} of variables, there are only finitely
many logically non-equivalent first-order L-formulas of quantifier rank < n
with the free variables {1, ..., x,}.

Proof The proof is exactly like that of Proposition 4.15. O

Note that Proposition 6.3 is not true for infinite vocabularies, as there would
be infinitely many logically non-equivalent atomic formulas, and also not true
for vocabularies with function symbols, as there would be infinitely many log-
ically non-equivalent equations obtained by iterating the function symbols.

6.3 Characterizing Elementary Equivalence

We now show that the concept of a back-and-forth sequence provides an alter-
native characterization of elementary equivalence

A=B ie. YVpe FO(AE ¢ < BEy).

This is the original motivation for the concepts of a back-and-forth set, back-
and-forth sequence, and Ehrenfeucht—Fraissé Game. To this end, let

A=, B

mean that A and B satisfy the same sentences of FO of quantifier rank < n.
We now prove an important leg of the Strategic Balance of Logic, namely
the marriage of truth and separation:

Proposition 6.4 Suppose L is an arbitrary vocabulary. Suppose A and B are
L-structures and n € N. Consider the conditions:

i A=, B.
(ii) Al =~ B[, for all finite L' C L.

We have always (ii) — (i) and if L has no function symbols, then (ii) <> (3).

Proof (i))—(). If A #,, B, then there is a sentence ¢ of quantifier rank < n
such that A = ¢ and B [~ . Since ¢ has only finitely many symbols, there
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is a finite L' C L such that A, #, Bl . Suppose (P; : i < n) is a back-
and-forth sequence for A[;, and B[;,. We use induction on ¢ < n to prove the
following

Claim If f € P;and ay,...,a; € dom(f), then

(ArL’7a/17"'7ak) = (BrLHfalw"»fak:)'

If i = 0, the claim follows from Py C Part(A[ ., B[..). Suppose then
f € Piy1and aq,...,a; € dom(f). Let o(xo,21,...,x) be an L'-formula
of FO of quantifier rank < 7 such that

Al | 3xop(zo, a1, ..., ax).

Leta € Asothat Al;, = ¢(a,as,...,a;) and g € P; such that @ € dom(g)
and f C g. By the induction hypothesis, B|;, = ¢(ga, ga1, ..., gay). Hence

BrL’ ': Ell‘o(p(xo, fa17 DRI fak?)'

The claim is proved. Putting ¢ = n and using the assumption P,, # (), gives a
contradiction with A[;, #,, Bl

(i)— (ii). Assume L has no function symbols. Fix L' C L finite. Let P;
consist of f : A — B such that dom(f) = {ag,...,an—;—1} and

(ArL'7a/07 cee 7an—i—1) =; (BFLH fa/Oa .. '7fa'n—i—1)-

We show that (P; : ¢ < n) is a back-and-forth sequence for A[;, and BJ,.
By (i), ) € P, so P, # (). Suppose f € P;,i > 0, as above, and a € A.
By Proposition 6.3 there are only finitely many pairwise non-equivalent L'-
formulas of quantifier rank ¢ — 1 of the form o(z, zo, ..., Z,—;—1) in FO. Let
them be ¢ (x, zo, ..., Tn—i—1), j € J. Let

Jo={jeJ: Al F ¢jla,a0,...,an—i1)}

Let
(T, 20, Tn—im1) = /\ (T, 20, ...  Tpoi—1) A
Jj€Jo
/\ =0 (T, 20, - - s Tn—i—1)-
Jj€JI\Jo
Now Al;, | Jzv(z,aq,...,an—i—1), so as we have assumed f € P;, we

have B[, = Jzy(z, fag,..., fan—;—1). Thus there is some b € B with
Bl E ¥, fao, ..., fan—i—1). Now fU{(a,b)} € P,_1. The other condi-
tion (5.15) is proved similarly. O



6.3 Characterizing Elementary Equivalence 83

The above proposition is the standard method for proving models elemen-
tary equivalent in FO. For example, Proposition 6.4 and Example 5.26 together
give (Z,<) = (Z + Z,<). The exercises give more examples of partially iso-
morphic pairs — and hence elementary equivalent — structures. The restriction
on function symbols can be circumvented by first using quantifiers to elim-
inate nesting of function symbols and then replacing the unnested equations
flx1,...,2y—1) = x,, by new predicate symbols R(x1,...,x,).

Let Str(L) denote the class of all L-structures. We can draw the following
important conclusion from Proposition 6.4 (see Figure 6.1):

Corollary Suppose L is a vocabulary without function symbols. Then for all
n € N the equivalence relation

AEnB

divides Str(L) into finitely many equivalence classes CI', i = 1, ..., my,, such
that for each C}' there is a sentence ) of FO with the properties:

1. Forall L-structures A: A € C' <= A= ¢}.
2. If p is an L-sentence of quantifier rank < n, then there are i1, . .., 1} such
that |= ¢ < (o7 V...V f ).

Proof Let ¢} be the conjunction of all the finitely many L-sentences of quan-
tifier rank < n that are true in some (every) model in C7* (to make the con-
junction finite we do not repeat logically equivalent formulas). For the second
claim, let 7., ..., ¢} be the finite set of all L-sentences of quantifier rank
< n that are consistent with ¢. If now A = ¢, and A € C7, then A = 7.
On the other hand, if A |= ¢} and there is B |= ¢! such that B = ¢, then
A =,, B, whence A = ¢. O

We can actually read from the proof of Proposition 6.4 a more accurate
description for the sentences ;. This leads to the theory of so-called Scort
formulas (see Section 7.4).

Theorem 6.5 Suppose K is a class of L-structures. Then the following are
equivalent (see Figure 6.2):

1. K is FO-definable, i.e. there is an L-sentence ¢ of FO such that for all
L-structures M we have M € K <— M = .
2. There is n € N such that K is closed under ~).

As in the case of graphs, Theorem 6.5 can be used to demonstrate that certain
properties of models are not definable in FO:
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Figure 6.1 First-order definable model class K.

Figure 6.2 Not first-order definable model class K.

Example 6.6 Let L = (). The following properties of L-structures M are not
expressible in FO:

1. M is infinite.
2. M is finite and even.

In both cases it is easy to find, for each n € N, two models M,, and N,, such
that M,, ~ N,,, M has the property, but A" does not.

Example 6.7 Let L = {P} be a unary vocabulary. The following properties
of L-structures (M, A) are not expressible in FO:

1. |A] = |M]|.

2. |[Al=|M\ A
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3. 1Al < M\ 4.

This is demonstrated by the models (N, {1,...,n}), (N,N\ {1,...,n}), and
({1,...,2n}{1,...,n}).

Example 6.8 Let L = {<} be a binary vocabulary. The following properties
of L-structures M = (M, <) are not expressible in FO:

1. M=(Z,<).
2. All closed intervals of M are finite.
3. Every bounded subset of M has a supremum.

This is demonstrated in the first two cases by the models M,, = (Z, <) and
N, = (Z + Z,<) (see Example 5.26), and in the third case by the partially
isomorphic models: M = (R, <) and V' = (R \ {0}, <).

6.4 The Lowenheim—Skolem Theorem

In this section we show that if a first-order sentence ¢ is true in a structure M,
it is true in a countable substructure of M, and even more, there are count-
able substructures of M in a sense “everywhere” satistying . To make this
statement precise we introduce a new game from Kueker (1977) called the Cub
Game.

Definition 6.9 Suppose A is an arbitrary set. P,,(A) is defined as the set of
all countable subsets of A.

The set P,,(A) is an auxiliary concept useful for the general investigation of
countable substructures of a model with universe A. One should note that if A
is infinite, the set P,,(A) is uncountable.' For example, |P,,(N)| = |R|. The set
P.,(A) is closed under intersections and countable unions but not necessarily
under complements, so it is a (distributive) lattice under the partial order C,
but not a Boolean algebra. The sets in P, (A) cover the set A entirely, but so
do many proper subsets of P,,(A) such as the set of all singletons in P, (A)
and the set of all finite sets in P,,(A).

Definition 6.10 Suppose A is an arbitrary set and C a subset of P,,(A). The
Cub Game of C is the game G.,,(C) = G, (A, W), where W consists of se-
quences (ay, ag, . . .) with the property that {a1, as,...} € C.

L Tts cardinality is |A|“.
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I 1II
ao
ai
a2
as

Figure 6.3 The game G, (C).

In other words, during the game G.,,(C) the players pick elements of the set
A, player I being the one who starts. After all the infinitely many moves a set
X = {a1,as, ...} has been formed. Player II tries to make sure that X € C
while player I tries to prevent this. If C = ), player IT has no chance. On the
other hand, if C = P, (A), player I has no chance. When () # C # P, (A),
there is a challenge for both players.

Example 6.11 Suppose B € P,(A)and C = {X € P,(4) : B C X}.
Then player II has a winning strategy in G.,,(C). Respectively, player I has a
winning strategy in G, (P, (A) \ C)

Lemma 6.12 Suppose F is a countable set of functions f : A™f — A and
C={X € P,(A) : X is closed under each f € F}.
Then player 11 has a winning strategy in the game G.,,(C).

Proof We use the notation of Figure 6.3 for G,,,(C), The strategy of player
IT is to make sure that the images of the elements a,, under the functions in
JF are eventually played. She cannot control player I's moves, so she has to
do it herself. On the other hand, she has nothing else to do in the game. Let
F={fi:ieN} Letbe A If

k
_ m;+1
m=][p""
i=0

where pg, p1,. .. is the sequence of consecutive primes, and k is the arity of
fmg s then player 11 plays

A2m+1 = f’rno (arrL17 ce. 7afmk)-

Otherwise IT plays ag,,+1 = b. After all ag, a1, ... have been played, the set
X = {ap,a,...} is closed under each f;. Why? Suppose f.,, € F is k-ary
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I 1
ag

b
af

b

Figure 6.4 The game Gew ([, ey Cn)-

and ap,, ..., 0m, € X. Let

k
_ mi+1
w= T
1=0

Then aom+1 = fing(@mys - - -5 am,, ). Therefore X € C. For example, if fo €
F is binary, then

A2.23.36.57 41 = f2(a57 a6)-

O

In a countable vocabulary there are only countably many function symbols.
On the other hand, the functions are the main concern in checking whether a
subset of a structure is the universe of a substructure. This leads to the follow-
ing application of Lemma 6.12:

Proposition 6.13 Suppose L is a countable vocabulary and M is an L-
structure. Let C be the set of domains of countable submodels of M. Then
player 11 has a winning strategy in G.,,(C).

Intuitively this means that the countable submodels of M extend every-
where in M. We will improve this observation considerably below.

Let 7 : N x N — N be the bijection 7(z,y) = $((z + y)* + 3z + y) with
the inverses p and o such that p(7(z,y)) = = and o (7w (z,y)) = y.

Lemma 6.14  Suppose player 11 has a winning strategy in G.,(C,), where
Cn € P, (A), for each n € N. Then she has one in G.,([,,cy Cn)-

Proof We use the notation of Figure 6.4 for G.,((,—; Cr), and the nota-
tion of Figure 6.5 for G.,,(Cy,). The idea is that while we play G..((,,cn Cn)s
player IT is playing the infinitely many games G.,,(C,,), using there her win-
ning strategy. The strategy of player II is to choose

b?r(n,k) = bz+la
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I I1
ag
bo
ay
by

Figure 6.5 The game G (Cy).

I II
ao
bo
ai
b1

Figure 6.6 The game G (AaeaCy).

where bZH is obtained from the the Cub Game of C,, 1, where player I plays

n+l _ 0 n+l _ 30
as; —aj,azjﬂ—bj.

O

Lemma 6.15 Suppose player 11 has a winning strategy in G,,,(C,), where
Ca C P,(A) for each a € A. Then she has one in the Cub Game of the
diagonal intersection AgeaCq = {X € Py(4) : Va € X(X €C,)}

Proof We use the notation of Figure 6.6 for G.,,(Asc4C,), the notation of
Figure 6.7 for G,,,(C,, ), and the notation of Figure 6.8 for G,,,(Cp, ). The idea
is that while we play G..,(A.caCq), player II is playing the induced games

I 1II
xh
Y
] v
Y1

Figure 6.7 The game G (Ca;)-
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T 11
uj

v
ul

vi

Figure 6.8 The game G, (Cs, ).

I 11
ao
bo
ai
b1

Figure 6.9 The game Gew(VacaCa).

Go(Cq,) and G, (Cp, ), using there her winning strategy. The strategy of player
I1 is to choose

b27r(n,k) = y;g, b27r(n,k)+1 = 1;27
where b} " ! is obtained from G.,,(C,,), where player I plays

7+17 1+1 .
Taj = 5, a5 = bj,

and from G.,,(Cyp, ), where player I plays

i+1
Usy; a],u2j+1 =b;.

O

Lemma 6.16 Suppose player 11 has a winning strategy in G.,,(C,), where
Co C P,(A), for some a € A. Then she has one in the Cub Game of the
diagonal union /4ec4C, = {X € P,(A): Ja € X (X €C,)}.

Proof We use the notation of Figure 6.9 for G.,,(VaecACa ), and the notation
of Figure 6.10 for G, (Ca)-

The idea is that while we play G.,(VacaCa), player IT is playing the game
G.(C,) using there her winning strategy. The strategy of player IT is to choose

bO = a7b’n+1 = y’n7
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I 1II
Zo

Yo
Z1

Y1

Figure 6.10 The game G (Ca).

where y,, is obtained from G.,,,(C,), where player I plays
o = Ay Ti4+1 = Q4.
O

The following new concept gives an alternative characterization of the Cub
Game:

Definition 6.17 A subset C of P,,(A) is unbounded if for every X € P, (A)
there is X’ € C with X C X'. A subset C of P,,(A) is closed if the union of
any increasing sequence Xy C X7 C ... of elements of C is again an element
of C. A subset C of P,,(A) is cub if it is closed and unbounded.

A cub set of countable subsets of A covers A completely and permits the
taking of unions of increasing sequences of sets.

Lemma 6.18 Suppose F is a countable set of functions f : A™f — A. Then
the set

C={X C A: X isclosed under each f € F}
is a cub set in P, (A).
Proof Let us first prove that C is unbounded. Suppose B € P, (A). Let

B’ =B,

B"" = B"U{f(a,.. Q) a1, ..., Gn, € B"}
B =] B"
neN

As a countable union of countable sets, B* is countable. Since clearly B* €
C, we have proved the unboundedness of C. To prove that C is closed, let
Xo € X; € ...beelements of C and X = J,cyXpn. If f € F and
ai,...,an, € X, then there is n € N such that a1,...,a,, € X,. Since
Xn €C, flai,...,an,) € X;, € X. Thus C is indeed closed. O
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Now we can prove a characterization of the Cub Game in terms of cub sets:

Proposition 6.19 Suppose A is an arbitrary set and C C P(A). Player 11
has a winning strategy in G,,,(C) if and only if C contains a cub set.

Proof Suppose first player IT has a winning strategy (79, 71, . ..) in G, (C).
Let D be the family of subsets of A that are closed under each 7,,, n € N.
By Lemma 6.18 the set D is a cub set. To prove that D C C, let X € D.
Let X = {ag,a1,...}. Suppose player I plays G,,(C) by playing the ele-
ments ag, aj, ... one at a time. If player IT uses her strategy (9,71, . ..), her
responses are all in X, the set X being closed under the functions 7,,. Thus at
the end of the game we have the set X and since player IT wins, X € C.

For the converse, suppose C contains a cub set D. We need to show that
player IT has a winning strategy in G,,,(C). She plays as follows: Suppose
ag,bo, - --,0n_1,bp_1,a, have been played so far. Player II has as a part of
her strategy produced elements Xy C ... C X,,_1 of D such that a; € X; for
eachi < n. Let

X; = {xf, 2, ..}
The choice of player IT for her next move is now

p(n)

b, = T (n):

In the end, player IT has listed all sets X,,, as after all, x; = b,r(m-). Thus the
set X that the players produce has to contain each set X,,, n € N. On the other
hand, the players only play elements of A which are members of some of the

sets X,,. Thus X = UneN X,,.Since Disclosed, X € D CC. O]

If player I does not have a winning strategy in G.,,(C), we call C a stationary
subset of P, (A). It is a non-trivial task to construct stationary sets which are
not stationary for the trivial reason that they contain a cub (see Exercise 6.46).

Endowed with the powerful methods of the Cub Game and the cub sets, we
can now return to the original problem of this section: how to find countable
submodels satisfying a given sentence? We attack this problem by associating
every first-order sentence ¢ with a family C, of countable sets and showing
that this set necessarily contains a cub set. Let us say that a formula of first
order logic is in negation normal form, NNF in symbols, if it has negation
symbols in front of atomic formulas only. Well-known equivalences show that
every first-order formula is logically equivalent to a formula in NNF.

Definition 6.20 Suppose L is a vocabulary and M an L-structure. Suppose
@ is a first-order formula in NNF and s is an assignment for the set M the
domain of which includes the free variables of . We define the set C,, s of
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countable subsets of M as follows: If ¢ is atomic, C,_; contains as an element
the domain A of a countable submodel A of M such that rng(s) C A and:

If  is ~tt/, then tA(s) = t'2(s).

If ¢ is —~tt’, then tA(s) # ' (s).

If pis Rty ...t,, then (t{'(s),...,t,"(s)) € RA.
If pis =Rty ...t,, then (t{'(s),...,t,"(s)) ¢ RA.

For non-basic ¢ we define

. CW/\MS = C%S n Cd,,s.
. CWVU%S = C%S U ijs.
® Caips = VaeMCo s(a/z)-
® Cvap,s = DacMCoy sfa/a]-

If ¢ is a sentence, we denote C,, ; by C,. If ¢ is not in NNF, we define C, ,
and C,, by first translating ¢ into a logically equivalent NNF formula.

The sets C,, were defined with the following fact in mind:

Proposition 6.21 Suppose A is an L-structure such that A € C, 5. Then
AEs o

Proof This is trivial for atomic . The induction step is clear for ¢ A 1 and
© V1. Suppose A € Cp - Thus A € VuenmCy s(a/a)- By the definition of
diagonal union A € C,, 4[4/ for some a € A. By the induction hypothesis,
A FEsja/a) ¢ for some a € A. Thus A =, Jxep. Finally, suppose A € Cyazyp s
Thus A € AuenmCy s[a/a)- By the definition of diagonal intersection A €
Cy.sla/z) Tor all a € A. By the induction hypothesis, A =4/ ¢ for all
a € A . Thus A =, V. O

Proposition 6.22 Suppose L is countable and M an L-structure such that
M = @. Then player 11 has a winning strategy in G.,,(Cy).

Proof We use induction on ¢ to prove that if M |, ¢, then II has a
winning strategy in G.,(C,). For atomic formulas the claim follows from
Proposition 6.13. The induction step is clear for ¢ V 1. The induction step
for ¢ A 1 follows from Lemma 6.14. The induction step for Vxp and Jzp
follows from Lemma 6.16. Finally, the induction step for Vzy follows from
Lemma 6.15. O

Theorem 6.23 (Lowenheim—Skolem Theorem) Suppose L is a countable
vocabulary and T is a set of L-sentences. If M is a model of T, then player 11
has a winning strategy in

Gmb({X € Pw(M) : [X]M ': T})
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In particular, for every countable X C M there is a countable submodel N of
M suchthat X C N and N =T.

Proof LetT = {0, ¥1,...}. By Proposition 6.22 player II has a winning
strategy in G.,,(C,, ). By Lemma 6.14, player IT has a winning strategy in
Gun(NoeCo)- X € (N0, Cp,. then [ X pq = T O

6.5 The Semantic Game

The truth of a first-order sentence in a structure can be defined by means of a
simple game called the Semantic Game. We examine this game in detail and
give some applications of it.

Definition 6.24 Suppose L is a vocabulary, M is an L-structure, ¢* is an
L-formula, and s* is an assignment for M. The game SG*" (M, ¢™*) is defined
as follows. In the beginning player IT holds (¢*, s*). The rules of the game are
as follows:

1. If  is atomic, and s satisfies it in M, then the player who holds (¢, s) wins
the game, otherwise the other player wins.

2. If ¢ = —w), then the player who holds (¢, s), gives (1, s) to the other player.

3. If ¢ = 1 A 0, then the player who holds (¢, s), switches to hold (1), s) or
(0, s), and the other player decides which.

4. If ¢ = ¢ V 0, then the player who holds (¢, s), switches to hold (v, s) or
(0, s), and can himself or herself decide which.

5. If ¢ = Vat), then the player who holds (¢, s), switches to hold (1, s[a/z])
for some a, and the other player decides for which.

6. If ¢ = Ja), then the player who holds (¢, s), switches to hold (1, s[a/z])
for some a, and can himself or herself decide for which.

As was pointed out in Section 4.2, M =, ¢ if and only if player II has a
winning strategy in the above game, starting with (¢, s). Why? If M =, o,
then the winning strategy of player IT is to play so that if she holds (¢’, s'),
then M =, ¢/, and if player I holds (¢’, s'), then M =, .

For practical purposes it is useful to consider a simpler game which pre-
supposes that the formula is in negation normal form. In this game, as in the
Ehrenfeucht—Fraissé Game, player I assumes the role of a doubter and player
IT the role of confirmer. This makes the game easier to use than the full game
SG”™(M, ).
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I 1II

Zo
X1 Yo
Y1

Figure 6.11 The game G, (W).

T UYn Explanation Rule
(p,0) I enquires about ¢ € T
(4,07 @) II confirms. Axiom rule
(i, s) I tests a played (po A 1, 8)

by choosing ¢ € {0, 1}.

(i, 8) IT confirms. A-rule

(po V1,s) I enquires about
a played disjunction.

(i, 9) IT makes a choice of ¢ € {0, 1}. V-rule

(¢, sla/x]) I tests a played (Vzyp, s)
by choosing a € M.

(¢, sla/x]) IT confirms. V-rule

3z, s) I enquires about
a played existential statement.

(¢, sla/x]) IT makes a choice of a € M. J-rule

Figure 6.12 The game SG(M, T).

Definition 6.25 The Semantic Game SG(M, T) of the set T' of L-sentences
in NNF is the game (see Figure 6.11) G, (W), where W consists of sequences
(zo, Yo, 1, Y1, - . .) where player IT has followed the rules of Figure 6.12 and
if player IT plays the pair (¢, s), where ¢ is a basic formula, then M =, .

In the game SG(M, T') player II claims that every sentence of T is true in
M. Player I doubts this and challenges player II. He may doubt whether a
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certain ¢ € T is true in M, so he plays zg = (i, (). In this round, as in some
other rounds too, player IT just confirms and plays the same pair as player I.
This may seem odd and unnecessary, but it is for book-keeping purposes only.
Player I in a sense gathers a finite set of formulas confirmed by player II and
tries to end up with a basic formula which cannot be true.

Theorem 6.26 Suppose L is a vocabulary, T is a set of L-sentences, and M
is an L-structure. Then the following are equivalent:

1. MET.
2. Player 11 has a winning strategy in SG(M,T).

Proof Suppose M = T. The winning strategy of player IT in SG(M, T) is
to maintain the condition M |=,, ; for all y; = (¢, s;), i € N, played by
her. It is easy to see that this is possible. On the other hand, suppose M - T,
say M £ o, where ¢ € T. The winning strategy of player I in SG(M,T) is
to start with zo = (¢, ?), and then maintain the condition M =, 1; for all
yi = (4, 8i), 1 € N, played by II:

1. Ify; = (¢4, s;), where 1); is basic, then player I has won the game, because
M %si ’(/Ji~

2. Ify; = (14, s;), where ¥; = 0y A 61, then player I can use the assumption
M s, 9 to find k& < 2 such that M &, 0. Then he plays z; 11 =
(O, s3)-

3. If y; = (¢4, s8;), where 1b; = 6y V 01, then player I knows from the as-
sumption M =, 1); that whether IT plays (0, s;) for k = 0 or k = 1, the
condition M £, 0 still holds. So player I can play x;11 = (1, s;) and
keep his winning criterion in force.

4. If y; = (¢, s;), where ¥; = Vap, then player I can use the assumption
M [, i to find a € M such that M |~ 14/4) ©. Then he plays ;1 =
(¢, s:la/a).

5. Ify; = (14, 8;), where ¢; = Jx¢, then player I knows from the assumption
M s, ; that whatever (i, s;[a/z]) player IT chooses to play, the condi-
tion M [~ (4/4) @ still holds. So player I can play (3z, s;) and keep his
winning criterion in force.

O
Example 6.27 Let L = {f} and M = (N, fM), where f(n) =n + 1. Let
p =Vaedy=fry.

Clearly, M [= . Thus player IT has, by Theorem 6.26, a winning strategy in
the game SG(M, {¢}). Figure 6.13 shows how the game might proceed. On
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I 11 Rule

(VoIy=fay, D)
(By=fzy, {(z,25)})
(By=fzy, {(=,25)})

(VazIy=fxy, D) Axiom rule
By~ fzy, {(=,25)}) V-rule
(= fry, {(x,25), (y,26)}) J-rule

Figure 6.13 Player II has a winning strategy in SG(M, {¢}).

I II Rule

(VaIy=fyz,0)
(By=fyz,{(2,0)})
(By=fyz, {(z,0)})

(VzIy= fyz, D) Axiom rule
(Ely%fy$7 {(LU, O)}) V-rule

(Q‘J.fym7 {(.’L’, 0)7 (y7 2)}) J-rule
(IT has no good move)

Figure 6.14 Player I wins the game SG(M, {¢}).

the other hand, suppose
¥ = Vedy= fyx.

Clearly, M }£~ . Thus player I has, by Theorem 6.26 and Theorem 3.12, a
winning strategy in the game SG(M, {¢}). Figure 6.14 shows how the game
might proceed.

Example 6.28 Let M be the graph of Figure 6.15.
and
¢ =Va(Jy-xEy A JyzEy).
Clearly, M = . Thus player II has, by Theorem 6.26, a winning strategy in

the game SG(M, {¢}). Figure 6.16 shows how the game might proceed. On
the other hand, suppose

Y = Jx(Vy—axEy V VyzEy).

Clearly, M (£~ ¢. Thus player I has, by Theorem 6.26 and Theorem 3.12, a
winning strategy in the game SG(M, {¢}). Figure 6.17 shows how the game
might proceed.
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Figure 6.15 The graph M.

I II Rule

(Vx(Jy—zEy A JyxEy), D)
(Vz(Jy—zEy A JyxzFEy),0)  Axiom rule
(By—zEy A JyzEy, {(z,d)})
(FyzEy,{(z,d)})

(ﬂy:vEy, {(xv d)})

(By—zEy A JyzEy, {(z,d)}) V-rule
(FyzEy, {(z,d)}) A-rule

(zEy, {(z,d), (y,c)}) F-rule

Figure 6.16 Player II has a winning strategy in SG(M, {¢}).

I 11 Rule

(Fz(Yy—zEy V VyzEy),0)
(Bz(Vy—zEy V VyzEy), D) Axiom rule
(Fz(Vy—zEy vV VyzEy),0)
(Vy—xzEy VVyzEy),{(z,a)}) F-rule
(Vy—aEy V VyzEy, {(z,a)})

(ﬁxEyv {(xv a)7 (ya d)})

(Vy_‘mE:% {(1‘7 a)}) V-rule

(mzPEy, {(z,a), (y,d)}) V-rule

Figure 6.17 Player I wins the game SG(M, {¢}).
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6.6 The Model Existence Game

In this section we learn a new game associated with trying to construct a model
for a sentence or a set of sentences. This is of fundamental importance in the
sequel.

Let us first recall the game SG(M, T'): The winning condition for IT in the
game SG(M,T) is the only place where the model M (rather than the set
M) appears. If we do not start with a model M we can replace the winning
condition with a slightly weaker one and get a very useful criterion for the
existence of some M such that M |= T

Definition 6.29 The Model Existence Game MEG(T, L) of the set T of L-
sentences in NNF is defined as follows. Let C be a countably infinite set of new
constant symbols. MEG(T', L) is the game G, (W) (see Figure 6.11), where
W consists of sequences (o, Yo, 1, Y1, - - -) where player IT has followed the
rules of Figure 6.18 and for no atomic L U C'-sentence ¢ both ¢ and -y are in

{vo, 1, -}

The idea of the game MEG(T, L) is that player I does not doubt the truth
of T (as there is no model around) but rather the mere consistency of 7T'. So
he picks those ¢ € T that he thinks constitute a contradiction and offers them
to player II for confirmation. Then he runs through the subformulas of these
sentences as if there was a model around in which they cannot all be true. He
wins if he has made player II play contradictory basic sentences. It turns out
it did not matter that we had no model around, as two contradictory sentences
cannot hold in any model anyway.

Definition 6.30 Let L be a vocabulary with at least one constant symbol. A
Hintikka set (for first-order logic) is a set H of L-sentences in NNF such that:

~tt € H for every constant L-term ¢.

If p(z) is basic, p(c) € H and ~tc € H, then p(t) € H.
IfoAy e H thenp € Handvy € H.

IfovyeH thenpe Hory € H.

If Veo(x) € H, then ¢(c) € H forallc € L

If 3zp(x) € H, then ¢(c) € H for some ¢ € L.

For every constant L-term ¢ there is ¢ € L such that ~ct € H.

ol A A i

There is no atomic sentence ¢ such that p € H and ~p € H.

Lemma 6.31 Suppose L is a vocabulary and T is a set of L-sentences. If T’
has a model, then T can be extended to a Hintikka set.
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Tn Yn Explanation
%) I enquires about p € T'.
%) IT confirms.
~tt I enquires about an equation.
~~tt IT confirms.
ot T chooses played o(t) and ~tt" with ¢ basic
and enquires about substituting ¢’ for ¢ in ¢.
o(t) IT confirms.
Vi I tests a played o A @1 by choosing i € {0, 1}.
©i IT confirms.
wo V p1 I enquires about a played disjunction.
i IT makes a choice of 7 € {0,1}
w(c) I tests a played Vzp(x) by choosing ¢ € C.
o(c) II confirms.
Jze(x) I enquires about a played existential statement.
o(c) IT makes a choice of ¢ € C
t I enquires about a constant L U C-term ¢.
~ct IT makes a choice of ¢ € C

Figure 6.18 The game MEG(T, L).

Proof Let us assume M = T. Let L’ DO L such that L’ has a constant
symbol ¢, ¢ L for each a € M. Let M* be an expansion of M obtained by
interpreting ¢, by a for each a € M. Let H be the set of all L’-sentences true
in M. It is easy to verify that H is a Hintikka set.

O
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Lemma 6.32 Suppose L is a countable vocabulary and T is a set of L-
sentences. If player 11 has a winning strategy in MEG(T, L), then the set T
can be extended to a Hintikka set in a countable vocabulary extending L by
constant symbols.

Proof Suppose player IT has a winning strategy in MEG (T, L). We first run
through one carefully planned play of MEG(T, L). This will give rise to a
model M. Then we play again, this time providing a proof that M = T To
this end, let T'rm be the set of all constant L U C-terms. Let

T ={pn:n €N},
C={cy,:neN},
Trm ={t, :n € N}.

Let (xo,Y0,1,Y1,...) be a play in which player II has used her winning
strategy and player I has maintained the following conditions:

If n = 3¢, then x,, = ;.

If n = 2- 3% then z,, is ~c;c;.

Ifn=4-3.5 .7 .11, y,; is ~t;ty, and y; is p(t;), then z, is p(ty).
Ifn=8-3"-57,y;is 0y A6y, and j < 2, then x,, is 6;.

If n =16 - 3%, and y; is 6 V 61, then ,, is Oy V 6.

If n =323 5, y; is Vap(z), then z,, is ¢(c;).

If n = 64 - 37, and y; is Jzp(z), then z,, is Fzp(z).

If n = 128 - 37, then z,, is t;.

® NN AL

The idea of these conditions is that player I challenges player II in a maximal
way. To guarantee this he makes a plan. The plan is, for example, that on round
3 he always plays ¢; from the set T'. Thus in an infinite game every element
of T" will be played. Also the plan involves the rule that if player IT happens
to play a conjunction 6y A 67 on round ¢, then player I will necessarily play
6o on round 8 - 3¢ and 61 on round 8 - 3 - 5, etc. It is all just book-keeping —
making sure that all possibilities will be scanned. This strategy of I is called
the enumeration strategy. It is now routine to show that H = {yo,41,...} isa
Hintikka set. O

Lemma 6.33 Every Hintikka set has a model in which every element is the
interpretation of a constant symbol.

Proof Letc ~ ¢ if =c’¢c € H. The relation ~ is an equivalence relation
on C (see Exercise 6.77). Let us define an L U C-structure M as follows.
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Welet M = {[c] : c € C}.Forc € C weletc™ = [c]. If f € L and

#(f) = nwelet f([ci,],...,[ci,]) = [c] for some (any — see Exercise 6.78)
¢ € C such that =cfc;, ...c;, € H. For any constant term ¢ thereisac € C
such that ~ct € H. It is easy to see that t* = [c]. For the atomic sentence

@ = Rty...t, welet M = ¢ if and only if ¢ is in H. An easy induction
on ¢ shows that if ¢(z1, ..., x,) is an L-formula and ¢(dy, ..., d,) € H for
some dj . ..,d,, then M |= ¢(dy,...,d,) (see Exercise 6.79). In particular,
MET. O

Lemma 6.34 Suppose L is a countable vocabulary and T is a set of L-
sentences. If T' can be extended to a Hintikka set in a countable vocabulary
extending L, then player I has a winning strategy in MEG(T, L)

Proof Suppose L* is a countable vocabulary extending L such that some
Hintikka set H in the vocabulary L* extends T. Let C' = {¢,, : n € N} be
a new countable set of constant symbols to be used in MEG(T', L). Suppose
D = {t, : n € N} is the set of constant terms of the vocabulary L*. The
winning strategy of player IT in MEG(T', L) is to maintain the condition that
ify; is p(cr,...,cn), then p(ty, ..., t,) € H. O

We can now prove the basic element of the Strategic Balance of Logic,
namely the following equivalence between the Semantic Game and the Model
Existence Game:

Theorem 6.35 (Model Existence Theorem) Suppose L is a countable vocab-
ulary and T is a set of L-sentences. The following are equivalent:

1. There is an L-structure M such that M |=T.
2. Player I1 has a winning strategy in MEG(T, L).

Proof 1If there is an L-structure M such that M |= T, then by Lemma 6.31
there is a Hintikka set H O T'. Then by Lemma 6.34 player IT has a winning
strategy in MEG(T', L). Suppose conversely that player I has a winning strat-
egy in MEG(T, L). By Lemma 6.32 there is a Hintikka set H 2O T. Finally,
this implies by Lemma 6.33 that 7" has a model. O

Corollary Suppose L is a countable vocabulary, T a set of L-sentences and
@ an L-sentence. Then the following conditions are equivalent:

1. T =
2. Player I has a winning strategy in MEG(T U {—¢}, L).

Proof By Theorem 3.12 the game MEG(T U {—¢}, L) is determined. So
by Theorem 6.35, condition 2 is equivalent to 7" U {—¢} not having a model,
which is exactly what condition 1 says. O
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Condition 1 of the above Corollary is equivalent to ¢ having a formal proof
from 7T'. (See Enderton (2001), or any standard textbook in logic for a definition
of formal proof.) We can think of a winning strategy of player I in MEG(T U
{—¢}, L) as a semantic proof. In the literature this concept occurs under the
names semantic tree or Beth tableaux.

6.7 Applications

The Model Existence Theorem is extremely useful in logic. Our first applica-
tion — The Compactness Theorem — is a kind of model existence theorem itself
and very useful throughout model theory.

Theorem 6.36 (Compactness Theorem) Suppose L is a countable vocabu-
lary and T is a set of L-sentences such that every finite subset of T' has a
model. Then T has a model.

Proof Let C be a countably infinite set of new constant symbols as needed in
MEG(T, L). The winning strategy of player I in MEG(T', L) is the follow-
ing. Suppose

(-T07y07 cee 7xn717yn71)

has been played up to now, and then player I plays z,,. Player II has made
sure that 7' U {yo, ..., Yn—1} is finitely consistent, i.e. each of its finite sub-
sets has a model. Now she makes such a move y,, that U {yo, . . . , Y, } is still
finitely consistent. Suppose this is the case and player I asks a confirmation for
o, where ¢ € T.Now T'U {yo, ..., Yn—1,p} is finitely consistent as it is the
same set as T'U {yo, . . ., Yn—1}. Suppose then player I asks a confirmation for
6o, where Oy A0, = y; for some i < n. If ToU{yo, - - ., Yn—1, B0 } has no model,
where T is a finite subset of T, then surely ToU{%o, - . . , Yn—1 } has no models
either, a contradiction. Suppose then player I asks for a decision about 6, V 61,
where 0y V 01 = y; for some ¢ < n. If To U{yo, ..., Yn—1, 00} has no models,
where Ty is a finite subset of T, and also 77 U {yo, - . ., Yn—1, 01 } has no mod-
els, where T7 is another finite subset of 7', then ToUT; U{yo, . . . , Yn—1 } has no
models, a contradiction. Suppose then player I asks for a confirmation for (c),
where Vzp(z) = y; forsome i < nandc € C.If To U {yo, ..., Yn—1,9(c)}
has no models, where Tj is a finite subset of T', then Ty U {yo, ..., yn—1} has
no models either, a contradiction. Suppose then player I asks a decision about
Jxp(x), where Jzp(x) = y; for some i < n. Let ¢ € C so that ¢ does not
occur in {yo, ..., Yn—1}. We claim that T U {yo, ..., yn—1,9(c)} is finitely
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consistent. Suppose the contrary. Then there is a finite conjunction v of sen-
tences in 7" such that

{y07 s 7yn717¢} }Z ﬁSD(C)
Hence
{y07 s Yn—1, Q/J} ': Vil?"QO((E)

But this contradicts the fact that {yo, . . ., yn—1, ¥} has amodel in which Jzp(z)
is true. Finally, if ¢ is a constant term, it follows as above that there is a constant
¢ € Csuchthat TU {yo, ..., Yn—1,~ct} is finitely consistent. O

It is a consequence of the Compactness Theorem that a theory in a countable
vocabulary is consistent in the sense that every finite subset has a model if and
only if it is consistent in the sense that 7 itself has a model. Therefore the word
“consistent” is used in both meanings.

As an application of the Compactness Theorem consider the vocabulary L =
{+,-,0,1} of number theory. An example of an L-structure is the so-called
standard model of number theory N' = (N, +,-,0,1). L-structures may be
elementary equivalent to A/ and still be non-standard in the sense that they are
not isomorphic to V. Let ¢ be a new constant symbol. It is easy to see that the
theory

{p: NEotU{l<c¢+ll<c+t+11l<g,...}

is finitely consistent. By the Compactness Theorem it has a model M. Clearly

M=Nand M Z£N.

Example 6.37 Suppose T is a theory in a countable vocabulary L, and 7" has
for each n > 0 a model M., such that (M,,, E*~) is a graph with a cycle of
length > n. We show that 7" has a model A such that (N, EV) is a graph with
an infinite cycle (i.e. an infinite connected subgraph in which every node has
degree 2). To this end, let ¢, z € Z, be new constant symbols. Let 7" be the
theory

TU{c,Ec,11: 2 €Z}.
Any finite subset of 7" mentions only finitely constants c., so it can be satisfied
in the model M,, for a sufficiently large n. By the Compactness Theorem 7"

has a model M. Now M | L = T and the elements cﬁ/‘, z € 7, constitute an
infinite cycle in M.

As another application of the Model Existence Game we prove the so-called
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Omitting Types Theorem. Suppose we have a countable vocabulary L and T’ is
a set of L-sentences. A type of T' is a countable sequence

’(/)0(I),¢)1(Z‘)7 [N

of formulas with just one free variable x (therefore we write ;()) such that
for all n:

TU{Fz(o(x) A... ANp(2))}

is consistent. A good example is

tpr(a) = {¢(x) : M = 4(a)},
where M |= T and a € M. This is called the type of a in M.

A model M of T realizes a type p if some element a of M satisfies M =
¥(a) for all Y(z) € p. A model M of T' omits the type p if no element of
M satisfies p. For example, the standard model (N, +,-, 0,1, <) of number
theory realizes the type

{r <tz <l,++zax<l1,...}
but omits the type

{1<z,+ll<z,++111 < 2,...}.
A type p of T is principal if there is a formula 6(z) such that

o T 0(x) — ¢(x) for all Yp(x) € p.
o T'U {3z6(x)} is consistent.

It is clear that a principal type cannot always be omitted, e.g. if 7" is complete.
But every other type can:

Theorem 6.38 (Omitting Types Theorem) If L is a countable vocabulary, T
a consistent set of L-sentences, and p a non-principal type of T, then T has a
countable model which omits p.

Proof Letp = {pn(z) : n € N}. Since T is consistent, player IT has a
winning strategy in MEG(T', L). Moreover, the proof of the Model Existence
Theorem tells us that if the game MEG(T', L) is played, II playing her winning
strategy and I playing his enumeration strategy, a model of T is generated
in which every element is an interpretation of one of the new constants c,,.
We now show that player IT actually has a winning strategy satisfying the
following extra condition: during round n = 256 - 3 of the game player I is



6.7 Applications 105

allowed to ask player II to provide a natural number f () and play the sentence
=@ (iy(ci). The winning strategy of II is to make sure that after round n the
set

TU{y; :i<n}

is (finitely) consistent. If she can play this strategy against the enumeration
strategy of player I, a model of T is generated in which every element is the
interpretation of a constant ¢,, and thus p is omitted, as the model constructed
in the proof of the Model Existence Theorem now satisfies also = ¢, (cn)
for each n.

Suppose IT has been able to keep 7' U {y; : ¢ < n} consistent and now
n = 256 - 3. If IT can find no suitable f(n), then for all m € N

TU{y; : i <n} = pm(cn).
Let us write the sentences {y; : ¢ < n} as

{0:(¢cjy, - cj cn) i < n}.
Thus

Tl (Gaj, ... 3y, )\ Oy, 25, 7) = om(2)

<n

for all m € N. Note that since IT has been following her strategy up to now,
the set

TU{3z3xy, ... 3z,, /\ Oi(zjy,. s Tjp, )}

1<2n
is consistent, contrary to the non-principality of p. O
As an application of the Omitting Types Theorem consider a language L

which extends the language Lo = {+,-,0,1} of number theory by a unary
predicate P. Some examples of L-structures are

NA: (N7+7',071a‘4)7 (65)
where A C N can be, for example,

o 0.
o N.
o the set of all prime numbers.

o the set of all even numbers.
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L-structures may also be non-standard in the sense that they are not isomorphic
to any structure of the form (6.5). In fact for every A C N there is

M = (M, +M, M oM AM PM) = (N, +,-,0,1, A) (6.6)

such that M has “infinitely large” elements. This is an easy consequence of the
Compactness Theorem.
Conversely, we may ask whether for every non-standard

(M, +M M oM 1My = (N, +,-,0,1)
there is A C N such that
(M, +M M oMM pMy = (N, +,.,0,1, A).
Suppose M is an L-structure with the following properties:

o If M E Jzp(x), then there is n € N such that M E ¢(n), where 0 = 0
andn+1=n+1.
e M | Lyp=(N,+,-,0,1).

Claim There is A C N such that
(N,+,-,0,1, 4) = M.
Proof Let T = {p : M E p}. Let p be the type
—~lr, "~2r, =3, ...

The type p is non-principal, for if T U {Jzp(z)} is consistent, then M E
Jxp(x) whence M E op(n) for some n € N, so it is not possible that

T+ p(x) = ~~mx

for all m € N (e.g. for m = n). By the Omitting Types Theorem there is a
model M’ of T' which omits p. Thus every element of M’ is equal to some
ﬁM,. Let

f:M —N
be defined by
f(n) =n™.
Since M | Lo = (N, +,-,0, 1), this function f is a bijection. Let
A={neN: M EPn)}.

Then
fi(N,+,-,0,1,4) 2 M.
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Thus
(N, +,-,0,1,A) =M =M.
O

In general, the significance of the Omitting Types Theorem is the fact that it
can be used — as above — to get “standard” models.

6.8 Interpolation

The Craig Interpolation Theorem says the following: Suppose = ¢ — ¥,
where @ is an L;-sentence and ) is an Lo-sentence. Then there is an Ly N Lo-
sentence 6 such that = ¢ — 6 and |= 6 — 4. Here is an example:

Example 6.39 L, ={P,Q,R},L, ={P,Q,S}. Let

¢ =Va(Pr — Rx) AVz(Rz — Qx)
and

Y =Vr(Sx — Px) = Vo (Sz — Q).
Now

Ee =,
and indeed, if
0 =Vz(Px — Qux),

then 6 is an L1 N Ly-sentence such that

Ee—6and =60 — .

The Craig Interpolation Theorem is a consequence of the following remark-
able subformula property of the Model Existence Game MEG(T, L): Player
IT never has to play anything but subformulas of sentences of T up to a substi-
tution of terms for free variables.

Theorem 6.40 (Craig Interpolation Theorem) Suppose = ¢ — 1, where ¢
is an Ly -sentence and 1) is an Lo-sentence. Then there is an L1 N Lo-sentence
0 such that |= ¢ — 0 and |= 6 — 1.

Proof We assume, for simplicity, that ; and Lo are relational. This re-
striction can be avoided (see Exercise 6.97). Let us assume that the claim
of the theorem is false and derive a contradiction. Since = ¢ — 1), player
I has a winning strategy in MEG({¢, ~%}, L1 U Lg). Therefore to reach
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a contradiction it suffices to construct a winning strategy for player IT in
MEG({g, 7}, L1 U La). If ¢ alone is inconsistent, we can take any incon-
sistent L-sentence as 6. Likewise if —1) alone is inconsistent, we can take any
valid L-sentence as 6. Let L = Ly N Ls. Let us consider the following strategy
of player II. Suppose C' = {¢,, : n € N} is a set of new constant symbols.
We denote L U C-sentences by 0(co, . . ., ¢m—1) Where 0(zo, ..., z;m—1) is as-
sumed to be an L-formula. Suppose player IT has played Y = {yo,...,Yn—1}
so far. While she plays, she maintains two subsets ST and S% of Y such that
ST U Sy = Y. The set ST consists of all L; U C-sentences in Y, and S
consists of all L, U C-sentences in Y. Let us say that an L U C-sentence 6
separates ST and ST if ST |= 6 and S} | —6. Player II plays so that the
following condition holds at all times:

() There is no L U C-sentence 6 that separates ST and S3.

Let us check that she can maintain this strategy: (There is no harm in assuming
that player I plays ¢ and —) first.)

Case 1. Player I plays . We let SY = {¢} and S9 = (). Condition (%) holds,
as ST is consistent.

Case 2. Player I plays —1) having already played . We let S; = {¢} and
S3 = {—}. Suppose O(cg, ..., cm—1) separates S; and Si. Then = ¢ —
VZQ .. .VZm_le(Zo, ey Zm—l) and ': VZQ .. .VZm_la(Zo, ey Zm—l) — 1/1
contrary to assumption.

Case 3. Player I plays ~cc, where, for example, ¢ € L; U C. We let ST =

Sp U {~cc} and S5t = S7 U {~cc}. Suppose O(co, ..., Cm_1) separates
S7F1 and S7T. Then clearly also 6(cq, ..., ¢, _1) separates S} and S, a
contradiction.

Case 4. Player I plays g (c1), where, for example, po(co), =coer € ST We
let ST = 87 U {¢po(c1)} and S5 = 2. Suppose O(co, . . . , ¢ ) separates
S1! and S5t Then as ST |= @o(c1) clearly 6(co, . . ., cm_1) separates ST
and S%, a contradiction.

Case 5. Player I plays ;, where, for example, ¢1 A @1 € ST. We let S?H =
S U {p;} and S5 = S%. Suppose O(cq, ..., Cm_1) separates ST and
SoF! Then, as S?* |= o, clearly (co,...,cm_1) separates S and S, a
contradiction.

Case 6. Player I plays oo V @1, where, for example, ¢o V ¢1 € ST. We claim
that for one of ¢ € {0,1} the sets ST U {;} and S¥ satisfy (x). Otherwise
there is for both ¢ € {0,1} some 6;(co, ..., cn—1) that separates ST U {p;}
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and S%. Let
0(co,- - cm—1) =bo(co,--.,cm—1) Vbi(co,-.. Cm—1).

Then, as ST = ¢ V @1, clearly 6(co, ..., cmn—1) separates ST and ST, a
contradiction.

Case 7. Player I plays ¢(cy), where, for example, Vap(z) € S7'. We claim that
the sets ST U {e(co)} and S¥ satisfy (x). Otherwise there is 0(cg, . .., Cm—1)
that separates ST U {¢(co)} and S%. Let

0 (cry...yem_1) =Vr0(z,C1,. ..\ Cme1)-

Then, as ST = Vap(x), we have ST = ¢(cg), and hence 6’ (co, c1, - . ., C—1)
separates ST and 53, a contradiction.

Case 8. Player I plays 3z¢(z), where, for example, xp(z) € ST. Letc € C
be such that ¢ does not occur in Y yet. We claim that the sets ST U {¢(c)}
and ST satisfy (x). Otherwise there is some 6(c, co, . .., ¢ny,—1) that separates
ST U{p(c)} and S§. Let

0 (cry... em_1) =320(x,Co\. .., Cm_1)-

Then, as ST = Jzp(x) and ST = o(c) — (¢, co, - - ., Cm—1) We clearly have
that @' (cy, . .., cm—1) separates ST and S%, a contradiction. O

Example 6.41 The Craig Interpolation Theorem is false in finite models. To
see this, let L1 = {R} and Ly = {P} where R and P are distinct binary
predicates. Let ¢ say that R is an equivalence relation with all classes of size 2
and let ¢ say P is not an equivalence relation with all classes of size 2 except
one of size 1. Then M |= ¢ — 1 holds for finite M. If there were a sentence
6 of the empty vocabulary such that M = ¢ — 6 and M = 6 — ¢ for all
finite M, then 6 would characterize even cardinality in finite models. It is easy
to see with Ehrenfeucht—Fraissé Games that this is impossible.

Theorem 6.42 (Beth Definability Theorem) Suppose L is a vocabulary and
P is a predicate symbol not in L. Let p be an L U {P}-sentence. Then the
following are equivalent:

1. If (M, A) &= pand (M, B) = ¢, where M is an L-structure, then A = B.
2. There is an L-formula 0 such that

© ': Vl‘o . ..Z‘n_l(e(.’lfo, - ,xn_l) 4 P(.%‘Q7 .. -;xn—l))-

If condition 1 holds we say that ¢ defines P implicitly. If condition 2 holds,
we say that 6 defines P explicitly relative to .
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Proof Let ¢’ be obtained from ¢ by replacing everywhere P by P’ (another
new predicate symbol). Then condition 1 implies

E(@eAPcy...cno1) = (¢ — Plcy...cn).

By the Craig Interpolation Theorem there is an L-formula 6(zo, ..., Z,—1)
such that

E(eAPcy...cn—1) = 0(co,...,cn-1)
and
E0(co,...,cn 1) = (¢ = Plco...cn1).
It follows easily that 6 is the formula we are looking for. O

Example 6.43 The Beth Definability Theorem is false in finite models. Let
 be the conjunction of

1. “<is a linear order”.
2. Jz(Px AVy(=zy Vo < y)).
3. VaVy(“y immediate successor of 7 — (Px <> —Py)).

Every finite linear order has a unique P with ¢, but there is no {<}-formula
6(x) which defines P in models of ¢. For then the sentence

Jz(0(z) ANVy(=zy Vy < x))

would characterize ordered sets of odd length among finite ordered sets, and
it is easy to see with Ehrenfeucht—Fraissé Games that no such sentence can
exist. There are infinite linear orders (e.g. (N + Z, <)) where several different
P satisfy .

Recall that the reduct of an L-structure M to a smaller vocabulary K is the
structure N' = M | K which has M as its universe and the same interpreta-
tions of all symbols of K as M. In such a case we call M an expansion of N
from vocabulary K to vocabulary L. Another useful operation on structures is
the following. The relativization of an L-structure M to a set N is the structure
N = M®) which has N as its universe, R N N#(F) as the interpretation of
any predicate symbol R € L, fM | N#(/) as the interpretation of any func-
tion symbol f € L, and ¢™ as the interpretation of any constant symbol ¢ € L.
Relativization is only possible when the result actually is an L-structure. There
is a corresponding operation on formulas: The relativization of an L-formula
 to a predicate P € L is defined by replacing every quantifier Vy . .. in ¢ by
Vy(Py — ...) and every quantifier 3y ... in ¢ by Jy(Py A ...). We denote
the relativization by ("),
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Lemma 6.44 Suppose L is a relational vocabulary and P € L is a unary
predicate symbol. The following are equivalent for all L-formulas @ and all
L-structures M such that PM # ():

1. M = P,
2. MM = o,
Proof Exercise 6.101. O

Definition 6.45 Suppose L is a vocabulary. A class K of L-structures is an
EC'-class if there is an L-sentence ¢ such that

K={MeStr(L): M = ¢}
and a PC-class if there is an L’'-sentence  for some L’ O L such that
K={M|L: MeStr(L')and M = ¢}.

Example 6.46 Let L = (. The class of infinite L-structures is a PC-class
which is not an EC class. (Exercise 6.102.)

Example 6.47 Let L = (). The class of finite L-structures is not a PC-class.
(Exercise 6.103.)

Example 6.48 Let L = {<}. The class of non-well-ordered L-structures is
a PC-class which is not an EC-class. (Exercise 6.104.)

Suppose = ¢ — 1), where ¢ is an L;-sentence and ¢ is an Lo-sentence. Let
Ky ={MT](LiNLz): ME ¢}
and
Ky ={M 7 (LiNL3): M | -}
Now K; and K5 are disjoint PC-classes. If there is an L; N Lo-sentence 6
such that = ¢ — 6 and |= 6 — 1, then the EC-class
K={M: M0}

separates K and K> in the sense that K; C K and K3 N K = (). On the
other hand, if an FC-class K separates in this sense K7 and K, then there
is an Ly N Lo-sentence 6 such that = ¢ — 6 and = 6 — . Thus the Craig
Interpolation Theorem can be stated as: disjoint PC-classes can always be
separated by an FC-class.

Theorem 6.49 (Separation Theorem) Suppose Ky and Ko are disjoint PC-
classes of models. Then there is an EC-class K that separates K1 and Ko, i.e.
K, CKand KN K = 0.
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Proof The claim has already been proved in Theorem 6.40, but we give here a
different — model-theoretic — proof. This proof is of independent interest, being
as it is, in effect, the proof of the so-called Lindstrom’s Theorem (Lindstrom
(1973)), which gives a model theoretic characterization of first order logic.

Case 1: There is an n € N such that some union K of ~-equivalence classes
of models separates K; and K5. By Theorem 6.5 the model class K is an
EC-class, so the claim is proved.

Case 2: There are, for any n € N, L; N Ly-models M,, and N,, such that
M, € Ki, N,, € K, and there is a back-and-forth sequence (I; : i < n)
for M,, and NV,,. Suppose K is the class of reducts of models of ¢, and K5
respectively the class of reducts of models of 1. Let T be the following set of
sentences:

1. ),

2. (P2,

3. (R, <) is anon-empty linear order in which every element with a predeces-
sor has an immediate predecessor.

4. Vz(Rz — Qoz).

5. V2Vuy .. VU, Vo1 oo Vo ((Rz A Qrztg . Uy . .. V) —

(O(ur,...,um) <> 0(vy,...,vy))) for all atomic Ly N Ly-formulas 6.

6. V2Vuy ... Yu, Vo1 .. Vo, (R2AQn2uq - . . UV - . . Uy) — V2V ((RZ'A
< zAVww < z = (w < 2ZVw=2))APzx) - Jy(Py A
Qna12'u1 .. Uy . VRY))).

7. V2Vuy .. NuVor . Vo, (R2AQn2uq - . . Uy - . . Up) — V2'Vy((R2'A
Z < zAVww < z = (w < 2 Vw =2))A Py) = Jx(Px A

Qni12'U1 .o Uy XVT .. URY)))-

For all n € N there is a model A,, of T with (R, <) of length n. The model
A, is obtained as follows. The universe A,, is the (disjoint) union of M,,, N,,,
and {1,...,n}. The L-structure (A, | L1)7 " is chosen to be a copy of the
model M,, of ¢. The Lo-structure (A, | L2)P2A" is chosen to be a copy of
the model V,, of 1. The 2i + 1-ary predicate Q) is interpreted in A,, as the set

{(’rL—i7U1,... ,ui,vl,...,vi) : {(uhvl),...,(ui,vi)} € Infz}

By the Compactness Theorem, there is a countable model M of T with (R, <)
non-well-founded (see Exercise 6.107). That is, there are a,,, n € N, in M such
that a,,41 is an immediate predecessor of a,, in M for all n € N. Let M; be
the L; N Lo-structure (M [ (L1 N Lg))(PlM). Let M be the L1 N Ly-structure
(M (LN Lg))(P2M). Now M ~, My, for we have the back-and-forth set:

P={{(ur,v1),..., (un,vn)} : M = Quanuy ... upvy...05,n € N}
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Since M and M are countable, they are isomorphic. But M; € K; and
My € Ks, a contradiction. O

6.9 Uncountable Vocabularies

So far we have concentrated on methods based on the assumption that vocab-
ularies are countable. Several key methods work also for uncountable vocabu-
laries. A typical application of uncountable vocabularies is the task of finding
an elementary extension of an uncountable structure. In this case a new con-
stant symbol is added to the vocabulary for each element of the model, and the
vocabulary may become uncountable.

Strictly speaking, handling uncountable vocabularies does not require deal-
ing with ordinals, but since we use the Axiom of Choice anyway, it is more
natural to assume our vocabularies are well-ordered as in

L={R,:a<B}U{fa:a<y}tU{ca:a<d}.

We then allow also variable symbols x, o < €.
An important method throughout logic is the method of Skolem functions.

Definition 6.50 Suppose L is a vocabulary, M is an L-structure, and we

have an L-formula ¢(zg,...,,) of first-order logic. A Skolem function for
¢(zo, ..., xy,) in M is any function f,, : M™ — M such that for all elements
aQy ..., p_1 of M:

M E3zn,0(ag, ..., an—1,2n) = ©(@0,- -, 0n-1, fo(ao, ..., an-1)).

The following simple but fundamental fact is very helpful in the applications
of Skolem functions:

Proposition 6.51 (Tarski—Vaught criterion) Suppose L is a vocabulary, M
an L-structure, and N' C M such that for all L-formulas ¢(zo, ..., x,) the
following holds:

Ifag,...,an—1 € Nand M |= v(ag, ..., an—1,ay) for some

6.7

an € M, then M = p(ag, . ..,an—_1,al,) for some al, € N. ©.D
Then N' < M.

Proof Exercise 6.110. O

Proposition 6.52 Suppose L is a vocabulary, M an L-structure, and F a
Sfamily of functions such that every L-formula has a Skolem function € F in
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M. Suppose My C M is closed under all functions in F. Then My is the
universe of an elementary submodel Mg of M.

Proof The claim follows immediately from the Tarski—Vaught criterion. [

Theorem 6.53 (Downward Lowenheim—Skolem Theorem) Suppose L is a
vocabulary of cardinality < rk, M an L-structure, and X C M such that
| X| < k. Then there is M < M such that X C M’ and |M'| < k.

Proof Apply Proposition 6.52 to a family & which has a Skolem function in
M for each L-formula of first-order logic. We may assume | F| < k. Let M
be the smallest set containing X which is closed under all the functions in F.
Clearly, | My| < k. By the above Proposition, M is the universe of a submodel
Mg of M such that My < M. O

Definition 6.54 Suppose L is a vocabulary. The Skolem expansion of L is the
extension L* of L which has a function symbol

f3$0<ﬂ(5170~~~,xn)

for each formula v = Jxgp(xg,...,x,) of the vocabulary L. The Skolem
expansion T of an L-theory T is the extension of 7" by the axioms

S Yy .. Vo, 3zoe(xo, ... 2n) = @(fy(x1,. . xn), 21, ..., Tp))

for each L-formula ¢ = Jzgp(zo,..., o). A Skolem expansion of an L-
model M is any expansion of M to an L*-model M* such that M* = (5).

Lemma 6.55 [. Every model has a Skolem expansion.
2. f M ET, then M* |=T*.
3. Ile ': T*,NQ ': T andN1 - NQ, thenN1 [ L=< NQ [ L.

Proof Exercise 6.111. O

The Skolem Hull SH(X) of X C N in N = T* is the smallest submodel
of N which satisfies (S). Thus SH(X) = T.

Lemma 6.56 |SH(X)| <|X|+ |L|+ No.

Proof Exercise 6.112. O
Note that every element a of SH(X) is of the form 7 (ay,...,a,) for
some term 7(z1,...,T,) and some ay, ..., a, € X.

Definition 6.57 Suppose L is a vocabulary, |L| < &, and C is a set of new
constant symbols such that |C| = . The Model Existence Game MEG,, (T, L)
of a set T of first-order L-sentences in NNF is defined as MEG(T, L) (in
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Definition 6.29) except that there are « rounds in the game. The rounds are as
in MEG(T, L).
Example 6.58 Let L = {P,:a < k},#(Py) =1,and C = {¢4 : @ < K}.
Let T" be the set of L-sentences

Jx(Pax A —Pgzx)

Va(—Pgx V Pyx)

where o < < k. The game could proceed as follows:

I 11
Hx(Pox A _‘P1.CL‘)

P()C() AN —\Plco
Jz(Prxz A —Pox)

: Picy N =Py
Fz(Ppx A —Pyy12)

P,cy NP qcy

-P,c1V Pyeq :
ﬁchl
-P,co V Pico

. _‘PwCQ
Jx(Pox A —P,x)
Pye, N —P,c,

It is clear that IT has a winning strategy.

Theorem 6.59 (Model Existence Theorem) Suppose L is a vocabulary of
cardinality < k and T is a set of L-sentences of first-order logic. The following
conditions are equivalent:

1. There is an L-structure M such that M = T.
2. Player I1 has a winning strategy in MEG (T, L).

Proof If M = T, then II has a winning strategy by just maintaining the
condition that every played sentence is true in M. This requires her to keep
interpreting the constants ¢ € C in M as they appear in the game. For the
other direction, assume IT has a winning strategy 7 in MEG (T, L). We now
define an “enumeration strategy” for I. Let Trm be the set of all constant terms
of LUC. Let
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T={ps:a<rk}
C={cy:a<k}
Trm = {t, : a < K}.

The strategy of I is the following: Suppose xg and yg have been played on
round § < «a. We describe z,. Let 7 : w X kK X kK X K X kK — K be a bijection.

1. If o =7(0,,0,0,0) then z, = pg.

2. fa=m(1,3,0,0,0) then z, = ~cgcg.

3. fa=m(2,8,7,6,¢),ys = =cycs and y = (c,), then o = (cs).
4 Ifa=mn(3,5,7,0,0),ys = 0g A 01 and v < 2, then zo = 6,,.

5. fa=m(4,75,0,0,0) and yg = 0y V 61, then z, = 0y V 0.

6. If « =7(5,5,7,0,0) and yg = Vap(x), then x4 = @(cy).

7. Ifa =m(6,5,0,0,0) and yg = Jxp(x), then z, = Jzp(z).

8. Ifa=n(7,5,0,0,0) then z,, = tg.

As before, the idea of the enumeration strategy is that I tries all possible moves
in a systematic way. Thus, if IT plays her winning strategy against this enumer-
ation strategy of I, and H is the set of all responses of IT, then H is a Hintikka
set for the vocabulary L U C'in the sense that

~tt € H for every constant L U C-term t.

If p(t) € H and ~ct € H then ¢(c) € H.
IfpAyeH,thenp € Handy € H.
IfovyeH thenpe Hory € H.

If Vap € H, then ¢(c) € H forall ¢ € C.

If xp € H, then ¢(c) € H for some ¢ € C.

For every constant L U C-term ¢ there is ¢ € C' such that ~ct € H.
Forno ¢ both ¢ € H and ~¢ € H.

Sl A o

Now H gives rise, as before, to a model M such that the universe of M consists
of equivalence classes [c] under the equivalence relation

c~d <= =~cde H
and for all L U C-sentences ¢
peEH= MEp.
In particular, M | L = T. O

Theorem 6.60 (Compactness Theorem) Suppose L is a vocabulary and T is
a set of first-order L-sentences. If every finite subset of T' has a model, then T
itself has a model.
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MEG(T, L) MEG(Tb, Lo)
Jzp(x) ~—— Jzp()
o(Ca) —— p(cn)
Jzp(z) — Fz(z)
plep) —— : pl(cm)

Figure 6.19 Transfer of plays.

Proof Let k = |L| + Xo. We show that Player IT has a winning strategy
in MEG, (T, L). The strategy is as follows: Suppose xg and yg were played
during round 8 < o and then I plays z,. Player IT has made sure that TU{yz :
B < a} is finitely consistent. Now she plays y, so that T U {yg : § < a}
remains finitely consistent. Checking that this is possible for Player IT involves
no new tricks over and above the case that L is countable (Theorem 6.36). [

We can now note that the game MEG,, (7T, L) is always determined: If T
has a model, Player IT has a winning strategy. If 7" has no models, there is a
finite subset 7y C T which has no models. Let Ly be the (finite) vocabulary
of Tp. Now I has a winning strategy in MEG(Tp, Lo). If T uses this strategy
in MEG (T, L), he wins after a finite number of moves. To transfer moves of
MEG (T, L) to moves of MEG(Tp, Lo), Player I has to rewrite constants c,,
played by II as constants ¢, with n < w, as in Figure 6.19. As he is going to
win after a finite number of moves, there is no difficulty in finding unused c,,.

Corollary (Upward Lowenheim—Skolem Theorem) Suppose L is a vocabu-
lary, M an infinite L-structure, and k > |L| + |M|. There is an L-structure
M such that M < M’ and |M'| = k.

Proof Let M = {an : o < A}, where A < k. Let L' = LU {c, : @ < K}.
Let T be the theory

—RCqCg, Where o < 3 < kK,
©(Cays---sCan), Whereag < -+ < oy < dand M = p(aq,,-- -, 0a,)-

Clearly, |T'| < &, and T is finitely consistent. By the Compactness Theorem
T has a model M. Since My = —=~cqcp for a < f < k,|Mp| > k. The
mapping

flaa) = Ctjx\/to
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is an isomorphism from M onto an elementary substructure of M. Thus there
is My = M, such that M < M;. By the Downward Léwenheim—Skolem
Theorem there is M’ < M, such that M C M’ and |M’| = k. Thus M <
M. O

Thus the standard model of arithmetic (N, +, -, 0, 1) has elementary exten-
sions of all infinite cardinalities, and more generally for any model M of
countable vocabulary models M’ = M of all infinite cardinalities exist. This
is a strong absoluteness phenomenon in first-order logic. The so-called Lind-
strom’s Theorem (see Barwise and Feferman (1985)) asserts that no proper
extension of first-order logic enjoys this property.

Theorem 6.61 (Omitting Types Theorem) Suppose k is an infinite cardinal,
L is a vocabulary of cardinality < k, T is a consistent first-order L-theory,
and for each § < k, T'¢ is a set of formulas p(x) of vocabulary L such that
if X(z) is any set of formulas (x) such that |X(x)| < k and T U X(x) is
consistent, then T'U X(x) U {—~p(x)} is consistent for some p(x) € I'¢. Then
there is a model M of T of cardinality < k which omits each I'¢, £ < K, i.e.
no element a € M satisfies in M all formulas of I'.

Proof LetT¢ = {¢5(x) : @ < k}. We know that Player II can win the
game MEG, (T, L) with the strategy of keeping the set of played sentences
finitely consistent with 7'. This is simply because 7' itself is consistent. But
now we show that II can win also if player I is allowed to make the following
additional move: if the round is a« = (8 + &, 3,0, 0, 0), then I can ask II to
produce an ordinal f¢(3) < & and play

~#e(s)(€8)-

In this way eventually functions f¢ : k — & are constructed. The strategy
of IT is again to make sure that after round «, the set of played sentences is
consistent. Let us see how this is possible. Suppose o = 7(8+¢, 3,0,0,0) and
IT tries to define f¢(«v). Suppose the played sentences are 15, 3 < . Thus we
know at this stage that

T'=TU{ys: B <a}
is finitely consistent. Let us write g as
Yg = ¢/3(Ca7 C[%Ci)ielg

where I3 C £ is finite. We want to find v < & such that 7" U {—¢ (ca)} is
finitely consistent. If such a + can be found, we let f¢(a) = ~. Otherwise we
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can find for each v < & a finite J, C « such that

TU{yg: B € Ty} U {~¢5(ca)} (6.8)

is inconsistent. Let

Z(]I) - 355,83(%)2‘615,66‘]7 /\ wﬁ('r7xﬂ7mi)i61g e <K
ged,
Clearly, |X(z)| < k, as each J, is a finite subset of o, and T' U X(z) is consis-
tent. By assumption, 7' U X(x) U {—¢f ()} is consistent for some v < x. But
this contradicts the fact that (6.8) is inconsistent. O]

The problem with this Omitting Types Theorem is that it is rather difficult
to satisfy the assumption on I' involving as it does infinite sets of formulas
Y (z), seriously limiting the applicability of the result. In particular, I cannot
be countable unless Kk = Ng.

Theorem 6.62 Assume k is an infinite cardinal. Let L be a vocabulary of
cardinality < , T an L-theory, and for each £ < k, T'¢ is a set {5, (z) 1 a <
K} of formulas in the vocabulary L. Assume that

1. Ifa <B <k thenT F- @%(m) - ¢5,(2).
2. Forevery L-formula 1 (x), for which TU{v(z)} is consistent, and for every
& < K, there is an o < k such that T U {1(z)} U {=¢5 ()} is consistent.

Then T’ has a model which omits T".

Proof We show that the assumption of Theorem 6.61 is valid. Suppose there-
fore that ¥(z) is a set of formulas such that [X(x)| < x and T U X(x) is
consistent. We claim that T'U () U {—5 (s)} is consistent for some « < k.
Otherwise there is for every o < & some finite ¥, (x) C 3(x) such that
T U X, (z) U {~¢5(s)} has no models. Since |S(z)| < , there is a fixed
finite ¥*(x) C () such that T U X*(z) U {—¢5 (s)} has no models for x
different «v. Because of our assumption 1 above, T'U X* () U {—¢5,(s) } has no
models for any o < x whatsoever. Let ¢)(z) = A X*(x). Now ¢ contradicts
assumption 2 above. O

6.10 Ultraproducts

In this section we introduce a new operation on models: the ultraproduct. An
ultraproduct is a way to combine a set A of models into one single model in
such a way that the new model has all the first-order properties that “most”
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of the models in A have. A variety of results in model theory can be obtained
by means of ultraproducts. We give a few examples below. Ultraproducts can
be used to get new examples of partially isomorphic structures, as they are
particularly suitable for the method of Ehrenfeucht-Fraissé Games.

The basic idea of ultraproducts is the following. Suppose we consider infi-
nite sequences

fe]]M,

where My, M, ... are some fixed sets. Suppose we wish to study the “limit
behavior” of such sequences and therefore identify two sequences f and g if
they agree from some m onwards:

f~g < Im¥n>m(f(n)=gn)). (6.9)

This makes a lot of sense and leads us to the study of so-called reduced prod-
ucts. However, suppose we want to make the identification (6.9) in such a way
that if two sequences f and g are not identified, then they differ from some m
onwards. But this is impossible! For example, the sequences

a, neven

f(”):{ b, nodd

g(n) = aforalln

where a # b neither eventually agree nor eventually disagree. We have to
change our identification (6.9). Let us fix ' C P(N) and define

f~g << {neN:f(n)=gn)}eF. (6.10)

Suppose f o g. Then {n € N : f(n) = g(n)} ¢ F. We want {n € N :
f(n) # g(n)} € F, so we assume that F has the property

VXCNX¢gF < N\XeF). (6.11)
Naturally we want that if f ~ g and g ~ h, then f ~ h. This follows if
VX eFVY e F(XNY eF). (6.12)

Finally, if the intuition behind f ~ g is that f(n) = g(n) for a large number
of n € N, then it makes sense to assume

VX e FYWCNXCY =Y € F), (6.13)

i.e. that F'is a filter. Now the question arises, whether there are any such won-
derful sets F'.
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Figure 6.20 Cartesian product.

Lemma 6.63  For any infinite set I there is F C P(I) satisfying (6.11),
(6.12), and (6.13), and not containing any finite sets.

Proof Let D be the set of all cofinite subsets of Z. Clearly, D satisfies (6.12)
and (6.13), i.e. D is a filter. By Zorn’s Lemma there is a maximal filter F'
containing D but not containing () as an element. We show that F' satisfies
(6.11). Suppose X* C I is not in F. Let F” be the set of X C I containing
some Y N X* where Y € F. Now F” satisfies (6.12) and (6.13). If § & F’,
then F/ C F and X* € F, contrary to assumption. Thus ) € F’ whence
Y CI\X*forsomeY € F.Thus I \ X* € F as desired. O

Note that we did not construct a set F' C P(I) satisfying (6.11), (6.12), and
(6.13), but merely proved the existence of such. This is an essential feature of
such F.

A set F C P(I) satisfying (6.12) and (6.13) is called a filter on I. A filter
F C P(I) satisfying (6.11) is called an ultrafilter on I. An ultrafilter F' C
P(I) which is not of the form {X C I : ¢ € X} for any ¢ € I is called a non-
principal ultrafilter on I. These concepts were introduced in Example 5.7.

Definition 6.64 Suppose M;, i € I, are sets and F' is a filter on /. Let
fr~g = {iel:fi)=9gl)}eF (6.14)
for f,g € [[, M;. The set
[T/ F = {11 f e ] M}
is called a reduced product of the sets M;, + € 1. If F' is an ultrafilter, it is
called an ultraproduct of the sets M;, i € 1.

We can picture the Cartesian product [], M; as in Figure 6.20. It is more
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difficult to picture the ultraproduct, but Figure 6.20 is useful for it too.
Let L be a vocabulary, F' a filter on I, and M,, ¢ € I a collection of L-
structures. We can define a new L-structure M with

M= HMi/F (6.15)
as universe as follows. For R € L, #(R) = m, we define
(LA [fm]) € BM = {i€ T (A0, () € R} € F.
(6.16)

It should be checked that (6.16) is independent of the choice of f1, ..., f,, (see
Exercise 6.115). For h € L, #(h) = m, we define

hM([f1]7 cey [fm]) = [f]7 where f(l) = hMl(fl(Z)a .- -7f7n(i))' (6.17)

Again, (6.17) is independent of the choice of f1,..., f., but this is easy (see
Exercise 6.116). Finally, for ¢ € L we define

M = [f], where f(i) = M. (6.18)

Definition 6.65 The reduced product [], M;/F of the L-structures M; (i €
I) with respect to the filter F' is the L-structure M defined by (6.15), (6.16),
(6.17), and (6.18) above. If the filter is an ultrafilter, it is called the ultraproduct
of the L-structures M, (i € I) with respect to the filter F'.

Ultraproducts have many interesting properties and they are invariably based
on the following lemma. First some notation: If s is an assignment into the set
[I, M;/F then s(x;) = [f;] for some function f;. We then denote by s,, the
induced assignment s,,(z;) = f;(n) into M,, (see Figure 6.21).

Lemma 6.66 (L.os Lemma) If F' is an ultrafilter and o is a first-order for-
mula, then

[[Mi/Flese < {icl: M=, ¢} €F. (6.19)

Proof We use induction on ¢. For atomic ¢ (6.19) is true by definition.
For negation (6.19) follows from (6.11), for conjunction from (6.12). Let us
then consider ¢ = Jz,, 0. If [[, M,,/F =5 ¢, then there is f such that
II; Mi/F =q1f1/2.,] ¥- By the induction hypothesis {i € I : M; =g, [£() /2]
Y} € F.Thus {i € I : M; =5, ¢} € F by (6.13). Conversely, suppose
X={iel: M, ¢} € F.Letfori € X avalue f(i) be chosen such
that M; =g, 1#(:)/am) ¥ Fori ¢ X we can let f(i) be anything and still the
induction hypothesis gives [[, M;/F =q51/2,. - Now [[, Mi/F =5 ¢
follows. O
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Figure 6.21

Among the many corollaries of the £.os Lemma the simplest is: For all M
and all ultrafilters F:

HM/FEM.

This is remarkable as [ [, M /F may be quite unlike M. For example,

TN, +,-,0,1)/F 2 (N, +,-,0,1)
(see Exercise 6.117). Note thatalso [ [, (R, <,+,-,0,1)/F = (R, <,+,-,0,1),
when F' is an ultrafilter, whence [], (R, <,+,-,0,1)/F is an ordered field.
This field is the basis of non-standard analysis.
We can also use the £.o§ Lemma to give a new proof of the Compactness
Theorem in any vocabulary, countable or uncountable:

Theorem 6.67 (Compactness Theorem) Suppose L is a vocabulary (of any
cardinality) and T is a set of first-order L-sentences. If every finite subset of T
has a model, then T itself has a model.

Proof Suppose T is a set of first-order sentences. Let A be the set of finite
subsets of 7. The assumption is that each S € A has a model Mg. Let =
{S €A : ¢ e S} Let F be anon-principal ultrafilter on A extending the set

(¢ :peT}
Let M = [[geq Ms/F.Forp € T

(SEA:MskEptDPeF
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Hence M |= ¢ forall p € T. O

A filter is countably incomplete if it contains an infinite descending sequence
with an empty intersection.

Theorem 6.68 Suppose D is a countably incomplete filter on I. Suppose M;
and N;, © € I, are structures of a countable vocabulary L. If M; = N; for
each i € I, then I1 has a winning strategy in EF,, (][], M;/D, 1], N;/D).

Proof Let M = [[,M;/D and N' = [[, N;/D.Let Ey D E; D --- be
a sequence of elements of D such that ", E,, = 0. Let L = J,, L,, where
Lo C Ly C --- are all finite. If ¢ € I, there is a largest n such that i € F,; let
us denote it by n;. Let 7; be a winning strategy of IL in EF,,,(M; | Ly, N; |
L,,,). We describe the winning strategy of IT in EF,,(M, ). Player IT makes
sure that the following condition is maintained: Suppose the position in the
game EF,(M,N)is

M N
[ao] [bo] (6.20)
[an—l] [bn—l]
and ¢ € E,,. Then
M; N;
ao(7) bo(7) 6.21)
Gn—1 (7') brn—1 (Z)

is a position in the game EF,,,(M;[L,,,N;|Ly,) while II uses ;. Suppose
in such a position I makes a move [a,] and waits for II’s move. To spec-
ify IT’s move [b,,] we need only define b, (¢) for ¢ in a set which is in the
filter. So consider ¢ € FE, ;. Then necessarily n; > n + 1. So the game
EF,,(M;| Ly, ,N;ILy,) has at least n + 1 moves and (6.21) is an initial seg-
ment of one play where IT uses 7;. We now submit a,,(7) as the next move of
I in this game. The strategy 7; gives a move b,,(7) for II. This is how by, ()
is defined for ¢+ € E, ;. This concludes the description of the strategy of II.
To see that this is a winning strategy, suppose (6.20) is the position while IT
plays the above strategy. Let p(xo, . . ., ,—1) be an atomic formula such that
M E o(ag,...,an—1). Let us choose m > n so that p(xg,...,2z,—1) is a
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formula of the vocabulary L,,,. By definition,
J={i €T MiE p(aoli),. . an ()} € D.

Suppose i € J N E,,. Again, n; > m. Now

M = plao(i), ., an1(2))

and (6.21) is a position in the game EF,,, (M| Ly, N;| Ly,) while IT uses 7;.
Since 7; is a winning strategy of II and ¢(xg,...,2,—1) is a formula of the
vocabulary L,,,,

Ni | @(bo(i), - - - bn-1(7)).
Thus
{iel NiEpbo(i),...,bp_1(1)} 2 JNE,, €D,
whence N = ¢(bo, - ., bp_1). O

Theorem 6.68 is by no means the best in this direction (see Benda (1969)).
A particularly beautiful stronger result is the following result of Shelah (1971):
M = N if and only if there are I and an ultrafilter D on I such that [[, M /D =
[1,N/D.

6.11 Historical Remarks and References

Basic texts in model theory are Chang and Keisler (1990) and Hodges (1993).
For the history of model theory, see Vaught (1974). Characterization of ele-
mentary equivalence in terms of back-and-forth sequences (Theorem 6.5 and
its Corollary) is due to Fraissé (1955).

The concepts and results of Section 6.4 are due to Kueker (1972, 1977).
Theorem 6.23 goes back to Lowenheim (1915) and Skolem (1923, 1970).

The idea of interpreting the quantifiers in terms of moves in a game, as in
the Semantic Game, is due to Henkin (1961). Hintikka (1968) extended this
from quantifiers to propositional connectives and emphasized its role in se-
mantics in general. The roots of interpreting logic as a game go back, arguably,
to Wittgenstein’s language games. Lorenzen (1961) used a similar game in
proof theory. For the close general connection between inductive definitions
and games see Aczel (1977).

Our Model Existence Game is a game-theoretic rendering of the method
of semantic tableaux of Beth (1955a,b), model sets of Hintikka (1955), and
consistency properties of Smullyan (1963, 1968). Its roots are in the proof-
theoretic method of natural deduction of Gentzen (1934, 1969). A good source
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for more advanced applications of the Model Existence Game is Hodges (1985).
Theorem 6.42 is due to Beth (1953) and the stronger but related Theorem 6.40
to Craig (1957a). For the background of Theorem 6.40 see Craig (2008), and
for its early applications Craig (1957b). The failure of Graig Interpolation in fi-
nite models was observed in Hajek (1976), see also Gurevich (1984), which has
this and Example 6.43. The proof of Theorem 6.49 is modeled according to the
proof in Barwise and Feferman (1985) of the main result of Lindstrom (1973),
the so-called Lindstrém’s Theorem, which characterizes first-order logic as a
maximal logic which satisfies the Compactness Theorem and the Lowenheim—
Skolem Theorem in the form: every sentence of the logic which has an infinite
model has a countable model. The connection to Theorem 6.49 is the follow-
ing: Suppose L* were such a logic and ¢ € L*. We could treat the class of
models of ¢ and the class of models of = as we treat the disjoint PC-classes
K7 and K5 in Theorem 6.49. The proof then shows that a first-order sentence
f can separate the class of models of ¢ and the class of models of —¢. This
would clearly mean that ¢ would be logically equivalent to 6, hence first-order
definable. Theorem 6.62 is from Keisler and Morley (1968).

Ultraproducts were introduced by L.o$ (1955). For a survey of the use of
them in model theory see Bell and Slomson (1969). Theorem 6.68 is from
Benda (1969).

Exercise 6.9 is from Brown and Hoshino (2007), where more information
about Ehrenfeucht-Fraissé games for paths and cycles can be found. See also
Bissell-Siders (2007). Exercise 6.114 is from Morley (1968).

Exercises

6.1 A finite connected graph is a cycle if every vertex has degree 2. Write
a sentence of quantifier rank 2 which holds in a cycle if and only if the
cycle has length 3. Show that no such sentence of quantifier rank 1 exists.

6.2 Write a sentence of quantifier rank 3 which holds in a cycle if and only
if the cycle has length 4. Show that no such sentence of quantifier rank 2
exists. Do the same for the cycle of length 5.

6.3 Do the previous Exercise for the cycle of length 6.

6.4 Write a sentence of quantifier rank 4 which holds in a graph if and only
if the cycle has length 7. Show that no such sentence of quantifier rank 3
exists. Do the same for the cycle of length 8.

6.5 Write a sentence of quantifier rank 4 which holds in a graph if and only
if the cycle has length 9. Show that no such sentence of quantifier rank 3
exists.
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Construct a sentence of quantifier rank 2 which is true in an ordered set
M if and only if M has length 2.

Construct a sentence (,, of quantifier rank 3 which is true in an ordered
set M if and only if M has length n, where n is 3, 4, 5, or 6.

Show that there is a sentence of quantifier rank 4 which is true in a graph
if and only if the graph is a cycle, but no such sentence of quantifier rank
3 exists.

Show that if n > 3 and M and A are cycles of length > 2"~1 + 3, then
M= N.

Suppose L = ) and n € N. Into how many classes does =,, divide
Str(L)?

Suppose L = {c} and n € N. Into how many classes does =,, divide
Str(L)?

Suppose L = {P},#(P) = 1, and n € N. Into how many classes does

=, divide Str(L)?

Suppose L = {R},#(R) = 2. Into how many classes does =; divide
Str(L)?

Suppose L = {R}, #(R) = 2. Show that =, divides Str(L) into at least
11 classes.

Construct for each n > 0 trees 7 and 7" of height 2 such that 7"~ T”
but 7 71 T,

Consider EF3(7,7") where 7 and T’ are the trees below. Show that

player I has a winning strategy. Then write a sentence of quantifier rank
3 which is true in 7 but false in 7.

Suppose M is an equivalence relation with n classes of size 1 and n + 1
classes of size 2. Suppose, on the other hand, that A/ is an equivalence
relation with n 4 1 classes of size 1 and n classes of size 2. Show that IT
has a winning strategy in EF,, 1 (M, M’) but I has a winning strategy
in EF,, 1o(M, M").

Suppose M is an equivalence relation with n classes of size k and n + 1
classes of size k+1. Suppose, on the other hand, that V' is an equivalence
relation with n + 1 classes of size k£ and n classes of size k£ + 1. Show
that IT has a winning strategy in EF,, (M, M’) but I has a winning
strategy in EF,, 4 11 (M, M’).
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6.19

6.20

6.21

6.22

6.23

6.24

6.25
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Suppose L = {c,d}. Which of the following properties of L-structures
M can be expressed in FO with a sentence of quantifier rank < 1:

(@) M # {cM, dM}.

(b) |M] = 2.

© |M\{M} > 1.

@ |M|=2.

Like Exercise 6.19 but L = { R}, #(R) = 2, and the cases are:

(a) There is a € M such that (b,a) € R forallb € M \ {a}.

(b) RM is symmetric.

(¢) RM is reflexive.

Suppose L = {R}, #(R) = 2. Which of the following properties of L-

structures M can be expressed in FO with a sentence of quantifier rank
<2

(a) M is an ordered set.

(b) M is a partially ordered set.

(¢) M is an equivalence relation.

(d) M is a graph.

Suppose L = {<}, #(<) = 2. Which of the following properties of L-

structures M can be expressed in FO with a sentence of quantifier rank
< 3:

(a) M is a dense linear order.

(b) M is an ordered set with at least eight elements.

(¢) M is a linear order with at least two limit points. (a is a limit point
if a has predecessors but no immediate predecessor.)

Which of the following sentences are logically equivalent to a sentence
of quantifier rank < 1:

(a) Vl’oaxl(ﬁR{Eo V P{E1)

(b) 31?03$1(R.131 A Rl‘o)

(¢) JzoIz1(—=x021 A Po).

(d) onﬂxlﬂ%moxl.

Which of the following sentences are logically equivalent to a sentence
of quantifier rank < 2:

(a) V.]?()E%lVJ?Q(RJJol‘Q vV S.l?ol‘l).

(b) onaxlv"ﬂQ(RZL’ol‘g \Y lel'g).

Suppose we are told of an ordered set M that M =5 (N, <). Can we
conclude that
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(a) M is infinite?
(b) M has a smallest element?
(c) Every element has finitely many predecessors?

Show that if M =3 (Q, <), then M = (Q, <).

Show that if M =3 (Z, <), then M = (Z, <).

Show that for all n. there are M and AV such that M =,, A" but M #,, .
N.

Suppose L is a vocabulary and A an L-structure. A is w-saturated if
every type of the expanded structure (A, ag, ..., a,—1), where the ele-
ments ag, . .., a,—1 are from A, is realized in (A, ag,...,an—1). Sup-
pose A and B are w-saturated structures such that A = B. Show that
A~, B.

LetC = {X € P,(R) : sup(X) = 1000}. What is a good starting move
for player I in Gy (C)? Let ¢’ = {X € P,(R) : inf(X) < 1000}.
What is a good starting move for player IT in G.y,(C’)?

LetC = {X € P,(R) : X is dense (meets every non-empty open set) in
R}. What is a good strategy for player IT in G.,,;(C)?

LetC = {X € P,(R) : every point in X is a limit point of X }. What is
a good strategy for player IT in Gy, (C)?

LetC ={X CN:Vm € N3n e N(XN[n,n+m] =0)}. Whatis a
good strategy for player Iin G.,(C)?

Decide which player has a winning strategy in the Cub Game of the
following sets:

):a € X}, where a € A.

. A{X € Pu(A) : BN X is finite}, where B € P(A).
) : BN X is countable}, where B € P(A).
) : X is bounded}.

. AX € Pu(R) : X is closed}.

Compute AgeaC, if C, = {X € P,(A) : a € A}.

Letf:A— A LetC, ={X € P,(A): f(a) € X}and () = {X €
Pu(A) : f(a) & X}. Compute AyeaCq and Ve aCl.

Suppose M is an ordered set. For a € M let C, be the set of X C M
which have an element above a in M and let C/, be the set of X C M
which are bounded by a in M. Describe the sets A ;e p/Cq and /e pCo.-
Let L be a relational vocabulary. Suppose f : M = N, where M and
N and L-structures such that M = N.If A C M, there is a unique
submodel M | A of M with domain A. Show that player IT has a
winning strategy in G.,,({X € P, (M) : M | A= N | A}).

DN AW N =
=
m
&

A~ N~~~
S
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Suppose G is a connected graph. Describe a winning strategy for player
ITin G,,,(C), where C = {X € P, (G) : [X]g is connected}.

Suppose (A, <) is an ordered set and X has a last element for a station-
ary set of countable X C A. Show that (A, <) itself has a last element.
Show that the set CL{B4 of sets C C P, (A) which contain a cub is a
countably closed filter (i.e. (1) If C € CUB 4 and C C D C P,,(A), then
D € CUBA. (2)IfC,, € CUB4 foralln € N, then (), . Cry € CUB ).
In fact, CUUBB 4 is a normal filter (i.e. if C, € CUB 4 for all a € A, then
AaeACa S CUBA).

Show that if D is stationary and C cub, then D N C is stationary.

Show that if D = UHGN D,, is stationary, then there is n € N such that
D,, is stationary.

Show that if D = y,c4D, is stationary, then there is a € A such that
D, is stationary.

(Fodor’s Lemma) Suppose D is stationary and f(X) € X for every
X € C. Show that there is a stationary D C C such that f is constant on
D. (Hint: Let C, = {X : f(X) = a}. Assume no C,, is stationary and
use Lemma 6.15 to derive a contradiction.)

Show that if A is an uncountable set, then there is a stationary set C C
P.(A) such that also P,,(A) \ C is stationary. Such sets are called bis-
tationary. Note that then C ¢ CUB 4. (Hint: Write X = {a;X : n € N}
whenever X € P, (A). Apply the above Fodor’s Lemma to the func-
tions f,,(X) = a;X to find for each n a stationary D,, on which f,, is
constant. If each P,,(A) \ D,, is non-stationary, there is for each n a cub
set C, € D,,. Let C =) C,, and show that C can have only one element,
which contradicts the fact that C is cub.)

Use the previous exercise to conclude that CU 5 4 is not an ultrafilter (i.e.
a maximal filter) if A is infinite.

Show that the set NS* of sets C C P,,(A) which are non-stationary is a
o-ideal (i.e. (1) If D € NS? and C € D C P, (A), then C € NS*. (2)
If D,, € NS* foralln € N, then |, .y Dn € NS™). In fact, NS? is a
normal ideal (i.e. if D, € NS“ forall a € A, then /44D, € NS™).
Show that if a sentence is true in a stationary set of countable submodels
of a model then it is true in the model itself. More exactly: Let L be a
countable vocabulary, M an L-model, and ¢ an L-sentence. Suppose
{X € P,(M) : [X]m E o} is stationary. Show that M |= .

In this and the following exercises we develop the theory of cub and
stationary subsets of a regular cardinal k > w. A set C' C & is closed if it
contains every non-zero limit ordinal § < & such that C'NJ is unbounded
in 6, and unbounded if it is unbounded as a subset of k. We call C' C &
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a closed unbounded (cub) set if C'is both closed and unbounded. Show
that the following sets are cub

(
(i) {a < K : «is alimit ordinal}.

(iii) {a < K :a = w? for some B}.

(iv) {a<k:iff<aandy < a,then f+v < a}.
(v) H{a<k:ifa=p -y, thena=Fora=r~}.

Show that the following sets are not cub:

(i 0.

(i) {a<wi:a=p+1forsome [}

(iii) {a < wi:a=w’ + w for some 3}.

(iv) {a<wy:cf(a)=w}.

Show that a set C' contains a cub subset of w; if and only if player IT
wins the game G, (W), where

We = {(xo,21,22,...) : supx, € C}.

A filter 7 on M is A-closed if A, € F for a < 3, where 8 < A, implies
N, Ao € F. Afilter F on & is normal if A, € F for a < x implies
N A, € F, where

NoAy ={a<k:aec Agforall § < a}.

Note that normality implies x-closure. Show that if K > w is regular,
then the set F of subsets of « that contain a cub set is a proper normal
filter on . The filter F is called the cub-filter on k.

A subset of K which meets every cub set is called stationary. Equiva-
lently, a subset S of « is stationary if its complement is not in the cub-
filter. A set which is not stationary, is non-stationary. Show that all sets
in the cub-filter are stationary. Show that

{a < wy : cof(a) = w}

is a stationary set which is not in the cub-filter on ws.

(Fodor’s Lemma, second formulation) Suppose x > w is a regular car-
dinal. If S C & is stationary and f : S — & satisfies f(«a) < « for all
« € S, then there is a stationary S’ C S such that f is constant on .S’.
(Hint: For each o < s let S, = {8 < £ : f(8) = a}. Show that one of
the sets S, has to be stationary. )
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Suppose « is a regular cardinal > w. Show that there is a bistationary
set S C k (i.e. both S and « \ S are stationary). (Hint: Note that S =
{a < K : cf(a) = w} is always stationary. For oo € S'let , : w — a be
strictly increasing with sup,, d,(n) = «. By the previous exercise there
is for each n < w a stationary A,, C S such that the regressive function
fn(a) = d4(n) is constant d,, on A,,. Argue that some x \ A4,, must be
stationary.)

Suppose & is a regular cardinal > w. Show that x = J,, . So Where the
sets S, are disjoint stationary sets. (Hint: Proceed as in Exercise 6.56.
Find n < w such that for all 5 < & the set Sg = {a < K : do(n) > B}
is stationary. Find stationary Sj; C Sg such that J,(n) is constant for
o € Sj. Argue that there are « different sets S7.)

Show that S C wy is bistationary if and only if the game G, (Wy) is
non-determined.

Suppose k is regular > w. Show that S C & is stationary if and only if
every regressive f : S — k is constant on an unbounded set.

Prove that C' C wy is in the cub filter if and only if almost all countable
subsets of wy have their sup in C'.

Suppose S C wy is stationary. Show that for all & < wy there is a closed
subset of .S of order-type > «. (Hint: Prove a stronger claim by induction
on «.)

Decide first which of the following are true and then show how the win-
ner should play the game SG(M, T):

1. (R,<,0) EJzVy(ly <z V0 <y).
2. (N, <) EVaVy(-y <z VVz(z <yV -z <x)).

Prove directly that if IT has a winning strategy in SG(M, T') and M =,
N, then IT has a winning strategy in SG(N, T).

The Existential Semantic Game SG3(M,T) differs from SG(M,T)
only in that the V-rule is omitted. Show that if IT has a winning strat-
egy in SG3(M,T) and M C N, then IT has a winning strategy in
SG3(WN,T).

A formula in NNF is existential if it contains no universal quantifiers.
(Then it is logically equivalent to one of the form Jz; ... 3z, ¢, where ¢
is quantifier free.) Show that if L is countable and 7' is a set of existential
L-sentences, then M |= T if and only if player IT has a winning strategy
in the game SG3(M, T).

The Universal-Existential Semantic Game SGy3 (M, T') differs from the
game SG(M, T) only in that player I has to make all applications of the
V-rule before all applications of the 3-rule. Show that if My C M; C
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Figure 6.22

... and IT has a winning strategy in each SGy3(M,,, T'), then II has a
winning strategy in SGys(USZ oM., T)).
A formula in NNF is universal-existential if it is of the form

Yyp ... Vyp3zy ... Iz e,

where ¢ is quantifier free. Show that if L is countable and 7" is a set of
universal-existential L-sentences, then M |= T if and only if player IT
has a winning strategy in the game SGy3(M, T).

The Positive Semantic Game SG,,,(M, T') differs from SG(M, T') only
in that the winning condition “If player II plays the pair (¢, s), where
 is basic, then M =4 ¢” is weakened to “If player II plays the pair
(p, s), where ¢ is atomic, then M =, ¢”. Suppose M and N are L-
structures. A surjection h : M — N is a homomorphism M — N
if

M elar,.. an) = N | o(f(ar), .., flan))

for all atomic L-formulas ¢ and all a4, ...,a, € M. Show that if IT
has a winning strategy in SG,, (M, T) and h : M — N is a surjective
homomorphism, then IT has a winning strategy in SG,,,(N, T').

A formula in NNF is positive if it contains no negations. Show that if L
is countable and T is a set of positive L-sentences, then M |= T if and
only if player IT has a winning strategy in the game SG,, (M, T).

The game MEG(T, L) is played with

T = {Pc,~Qfec,Vxo(~Pxo V Qxo), Vro(—Pxo V Pfxg)}.

The game starts as in Figure 6.22. How does I play now and win?
Consider T' = {3xoVx1Rxoxy, 3x1Vro—Raox; }. Now we start the
game MEG(T, L) as in Figure 6.23. How does I play now and win?
Consider T' = {Vzo(—~Pzo V Qz0), Izo(Qro N = Pxo)}. The game
MEG(T, L) is played. Player I immediately resigns. Why?

The game MEG(T, L) is played with

T = {Vzo-zoFExg, VooV (—xoEx; V 21 Fxg),
VaoIrizoExy, Yooz ~xoExy }.
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Player I immediately resigns. Why?
Use the game MEG(T', L) to decide whether the following sets 7" have
a model:

1. {3xPz,Yy(-Py V Ry)}.
2. {VaxPzx,IyVz-Pzxy}.

Prove the following by giving a winning strategy of player I in the ap-
propriate game MEG(T U {—¢}, L):

1. {Va(Pz — Qz),3xPz} | J=Qu.
2. {VzRxfx} = VaIyRury.

Suppose T is the following theory

Vao—xg < xg

VaoVr Vea(-(zg < 21 Az < x2) V2o < T3)
V$0V$1($0 <z1Vry <zoV 560'&’.%‘1)
H.TQ(P.’L‘Q /\le(ﬁPm’l Vxzorr Ve < 1‘0)
on(ﬁPajo A\ V.%‘l(PLBl Vzorry Ve < .T()).

Give a winning strategy for player I in MEG(T, L).

Prove that the relation ~ is an equivalence relation on C' in the proof of
Lemma 6.33.

Prove that the relation ~ in the proof of Lemma 6.33 has the properties:
(DIfe; ~ciforl <i<nandf € L,then fci...cp, ~ fci...c,.
2)If¢; ~cforl <i<mandR € Lsuchthat Rey ...c, € H, then
Rc,...c, € H.

Show in the proof of Lemma 6.33, that if (21, ..., 2,) is an L-formula
and p(dy,...,d,) € H forsome d; ...,d,, then M |= p(dy,...,d,).
Suppose L is a vocabulary and M an L-structure. Let C' = {¢, : a €
M} be a new set of constants, one for each element of M. There is a
canonical expansion M* of M to an LUC-structure where each constant
¢, is interpreted as a. The diagram of M is the set D(M) of basic
L U C-sentences ¢ such that M = . Show that an L-structure A has
a substructure isomorphic to M if and only if A/ can be expanded (by
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adding interpretations to the new constants) to a model of D(M). You
may assume M is countable although the claim is true for all M.

Show that a sentence ¢ is logically equivalent to an existential sentence
if and only if for all M C N: If M E ¢, then N |E ¢. (Hint: Let
T be the set of existential sentences that logically imply . Show that a
finite disjunction of sentences in 7 is logically equivalent to . Use the
Compactness Theorem and the previous exercise.)

Show that a sentence ¢ is logically equivalent to a positive sentence if
and only if for all M and N: If M = ¢ and V is a homomorphic image
of M, then N |= ¢.

Show that if M = N, then there are M* and N'* such that M < M*,
N = N* and N* =2 M*. (You may assume N and M are countable
although the claim is true without this assumption.)

Suppose M is a structure in which <™ is a linear order of M without a
last element. Show that there is A/ such that M < A and some element
a of N satisfies b <V a forall b € M. (You may assume M is countable
although the claim is true for all M.)

Suppose (M, R) is a partially ordered set. Prove that there is an ordered
set (M, R’) such that R C R’. (You may assume M is countable al-
though the claim is true for all M.)

Prove using the Compactness Theorem that for every set M there is a
relation <C M x M such that (M, <) is an ordered set. Hint: Consider
a vocabulary which has a constant symbol for each element of M. (You
may assume M is countable although the claim is true for all M .)
Suppose T is a theory with an infinite model M in which < is a linear
order. Show that 7" has a model AV in which <* is not well-ordered.
Suppose T is a theory which has for each n > 0 a model M,, such that
(M,,, EM~) is a graph in which there are two elements which are not
connected by a path of length < n. Show that T" has a model A" in which
(N, EN) is a disconnected graph.

Show that the function used in the proof of Theorem 6.38 really exists.
Suppose p is a type of 7. Show that p is included in the type of some
element of some model of 7.

Let T be the theory of dense linear order without endpoints plus the
axioms ¢,, < ¢, for natural numbers n < m. Show that the type p =
{co < z,c1 < m,eq < x,...} of T is non-principal.

Suppose p and p’ are types of the theory T'. Does there have to be a model
of T in which p is included in the type of some element and also p’ is
included in the type of some element? Does it make a difference if 7" is
complete?
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Suppose p and p’ are types of the theory T'. Under which conditions
does T have a model which realizes p but omits p’? (Hint: Consider
the condition: For every ¢(z,y) there is ¢¥(z) € p’ such that for no
01(y), ..., 0n(y) € p do we have both

TFE (p(z,y) ANor(y) A Adn(y)) — ¢(z)

and
T U {3x3y(p(z,y) ANd1(y) A ... Ad,(y))} is consistent.)

Let T be the theory of dense linear order without endpoints plus the
axioms ¢; < ¢; for positive and negative integers ¢ < j. Let p = {¢o <
x,01 < Tyeg < x,...pand pf = {y < ¢co,y < c—1,y < Cc_a,...}.
Show that 7" has a model which realizes p but omits p’.

Show that if pg, p1, . . . are non-principal types of a countable theory 7',
then there is a model of 7" which omits each p,,.

Show that the predicate P is not explicitly definable relative to

1. =VxPx A =Vx—Px.
2. JxVy((Py A Qy) — =xy).

Deduce the Craig Interpolation Theorem for arbitrary vocabularies from
the assumption that it holds for relational vocabularies.

A predicate symbol occurs positively in a formula if the formula is in
NNF and there is a non-negated occurrence of the predicate symbol in
the formula. A predicate symbol occurs negatively in a formula if the
formula is in NNF and there is a negated occurrence of the predicate
symbol in the formula. Show that the Craig Interpolation Theorem holds
in the following form, known as the Lyndon Interpolation Theorem: If L
is a relational vocabulary, ¢ and v are L-sentences and = ¢ — 1), then
there is 6 such that = ¢ — 6, = 6 — 4, every predicate symbol oc-
curring positively in 6§ occurs positively in ¢ and v, and every predicate
symbol symbol occurring negatively in € occurs negatively in ¢ and .
Assume in the previous Exercise that the sentences ¢ and v have no
occurrences of the identity symbol. Assume also = —p and [~ 1. Show
that 6 can be chosen such that it does not contain identity.

6.100 Suppose L; and Lo are vocabularies which contain no function sym-

bols. Let ¢ be an L;-sentence and ¢ an Ls-sentence such that ¢ is uni-
versal and = ¢ — 1. Show that there is a universal L, N Lo-sentence
such that = ¢ — 6 and = 6 — 4.

6.101 Prove Lemma 6.44.
6.102 Prove Example 6.46.
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6.103 Prove Example 6.47.

6.104 Prove Example 6.48.

6.105 Suppose L is a finite vocabulary, P, and P, are unary predicate symbols
in L. Show that the class of L-structures M such that

MPE) and MPE) are well-defined and M P 22 A(P8)

is a PC-class.
6.106 Suppose L is a finite vocabulary, P; and P, are unary predicate symbols
in L. Show that for all n € N the class of L-structures M such that

M) and MP5™ are well-defined and ML) ~n MPEH

is a PC-class.

6.107 Suppose L is a countable vocabulary containing the binary predicate
symbol <. Suppose T is a set of L-sentences. Prove that if T" has for
each n € N a model M in which <™ is infinite or finite of length at
least n, then T has a model M in which < in non-well-ordered.

6.108 Show that every PC'-class is closed under isomorphisms.

6.109 Show that the intersection and union of any two PC-classes is again a
PC-class.

6.110 Prove Proposition 6.51, the Tarski—Vaught Criterion.

6.111 Prove Lemma 6.55.

6.112 Prove Lemma 6.56.

6.113 Show that the Omitting Types Theorem of first-order logic fails (in its
original form) for uncountable vocabularies. (Hint: Let L be a vocabu-
lary consisting of uncountably many constants ¢, and countably many
constants d,,. Let T say all the constants c, denote different elements,
and all the constants d,, likewise denote different elements. Let p be the
type of an element different from each d,,. Then p is non-principal in the
original sense of Theorem 6.38.)

6.114 Suppose L is a vocabulary (not necessarily countable). Show that if T’
has a countable model, then 7" has a model of cardinality R0

6.115 Prove that equivalence (6.16) is independent of the choice of f1,. .., f.

6.116 Prove that Equation (6.17) is independent of the choice of f1, ..., fi,.

6.117 Prove [[, (N, +,-,0,1)/F % (N, +,-,0, 1), where F is a non-principal
ultrafilter on N.

6.118 Show that the ordered field [ ], (R, <,+,-,0,1)/F, where F is a non-
principal ultrafilter on N, has “infinitely small” elements, i.e. elements
that are greater than zero but smaller than 1/n for all n € N.

6.119 Let G,, be the graph consisting of a cycle of n + 3 elements, and G =
[L, Grn/F. Show that G is disconnected.
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6.120 Suppose L is a vocabulary and () and v (x) are first-order formulas.
Suppose that for each n we have an L-model M,, such that

{ae M, M, =pla)}~{ac M,: M, E=(a)}.
Let M =[],, M,/F. Show that
{aeM - MEpa)}~{aeM: MEa)}.

(Recall: A ~ B means that the sets A and B have the same cardinality.)
6.121 Use ultraproducts to show that every infinite structure has a proper ele-
mentary extension.



7
Infinitary Logic

7.1 Introduction

As the name indicates, infinitary logic has infinite formulas. The oldest use of
infinitary formulas is the elimination of quantifiers in number theory:

Frp(z) < \/ ¢(n)

neN

Vap(z) < [\ e(n).

neN

Here we leave behind logic as a study of sentences humans can write down
on paper. Infinitary formulas are merely mathematical objects used to study
properties of structures and proofs. It turns out that games are particularly suit-
able for the study of infinitary logic. In a sense games replace the use of the
Compactness Theorem which fails badly in infinitary logic.

7.2 Preliminary Examples

The games we have encountered so far have had a fixed length, which has
been either a natural number or w (an infinite game). Now we introduce a
game which is “dynamic” in the sense that it is possible for player I to change
the length of the game during the game. He may first claim he can win in five
moves, but seeing what the first move of IT is, he may decide he needs ten
moves. In these games player I is not allowed to declare he will need infinitely
many moves, although we shall study such games, too, later.

Before giving a rigorous definition of the Dynamic Ehrenfeucht—Fraissé
Game we discuss some simple versions of it.
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Definition 7.1 (Preliminary) Suppose M, M’ are L-structures such that L is
a relational vocabulary and M N M’ = (). The Dynamic Ehrenfeucht—Fraissé
Game, denoted EFD,, (M, M) is defined as follows: First player I chooses a
natural number n and then the game EF,, (M, M’) is played.

Note that EFD,, (M, M) is nor a game of length w. Player IT has a winning
strategy in EFD,, (M, M) if she has one in each EF,,(M, M’). On the other
hand, player I has a winning strategy in EFD,, (M, M’) if he can envisage a
number n so that he has a winning strategy in EF,, (M, M").

Example 7.2 If M and M’ are L-structures such that M is finite and M’
is infinite, then player I has a winning strategy in EFD,, (M, M’). Suppose
|M| = n. Player I has a winning strategy in EF,, 1 (M, M’). He first plays
all n elements of M and then any unplayed element of M’. Player IT is out of
good moves, and loses the game.

Example 7.3 If M and M’ are equivalence relations such that M has finitely
many equivalence classes and M’ infinitely many, then player I has a win-
ning strategy in EFD,, (M, M’). Suppose the equivalence classes of M are
[a1], ..., [an]. The strategy of I is to play first the elements a4, ..., a,. Then
he plays an element from M’ which is not equivalent to any element played so
far. Player II is at a loss. She has to play an element of M equivalent to one of
ai,...,ay.She loses.

Definition 7.4 (Preliminary) Suppose n € N. The game EFD,, ., (M, M’)
is played as follows. First the game EF,,(M, M) is played for n moves. Then
player I declares a natural number m and the game EF,,(M, M) is continued
for m more moves. If II has not lost yet, she has won EFD,,,,, (M, M’).
Otherwise player I has won.

Example 7.5 Suppose G and G’ are graphs so that in G every vertex has a
finite degree while in G’ some vertex has infinite degree. Then player I has
a winning strategy in EFD,,11(G,G’). Suppose a € G’ has infinite degree.
Player I plays first the element a. Let b € G be the response of player IT. We
know that every element of G has finite degree. Let the degree of b be n. Player
I declares that we play n+ 1 more moves. Accordingly, he plays n+1 different
neighbors of a. Player IT cannot play n + 1 different neighbors of b since b has
degree n. She loses.

Example 7.6 Suppose G is a connected graph and G’ a disconnected graph.
Then player I has a winning strategy in EFD,,12(G, G’). Suppose a and b are
elements of G’ that are not connected by a path. Player I plays first elements
a and b. Suppose the responses of player II are ¢ and d. Since G is connected,
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there is a connected path ¢ = ¢y, c1,...,¢pn, crne1 = d connecting ¢ and d in

g.

Now player I declares that he needs n more moves. He plays the elements
c1,...,cn one by one. Player II has to play a connected path aq,...,a, in
G’. Now d is a neighbor of ¢, in G but b is not a neighbor of a,, in G’ (see
Figure 7.1).

Example 7.7 An abelian group is a structure G = (G, +) with +¢ : G X
G — @ satisfying the conditions

M z4¢g (y+g2) = (r+gy) +g zforz, y, 2.

(2) there is an element Og such that x +g Og = Og +¢ « = « for all .
(3) for all x there is —z such that z +¢g (—z) = 0g.

@) forallzandy:z+gy =y +g .

Examples of abelian groups are

Figure 7.1
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(Z,+) integers with addition.
(Z(n),+) integers modulo n with modular adddition:
T 47n) Yy = (x +z y) mod n.
(Q,+)  rationals with addition.
(R,4)  reals with addition.
(RT,-)  positive reals with multiplication.

Example 7.8 Consider the abelian groups Z = (Z,+) and Z* = (Z X Z, +)
with

(m,n) + (p,q) = (m +p,n+q).
It is trivial that IT has a winning strategy in EFD;(Z, Z?). But I has a winning
strategy already in EFDo(Z, Z?): First he plays o = (1,0) and op = 1.

Suppose IT responds with yo € Z. Then I plays z; = (0,1) and a; = 0.
Player IT responds with y; € Z. Now

Y1 Yo
Zyo = Zyl
i=1 i=1
but
Y1 Yo
D w0 =(y1,0) # (0,50) = > _m
i=1 i=1

unless y; = yo = 0, in which case IT has lost anyway.

Example 7.9 Consider the structures (Z, +,0) and (Z, +, 1). Player II can-
not guarantee victory even in a zero-move game, as 0 +0 = 0,but 1 + 1 # 1.
If instead we have the structures (Z, +,0) and (Z, -, 1), then IT wins the zero-
move game, but if I has even just one move, he can play g = 0 in (Z,-,1)
and he wins. Namely, if IT plays yg € Z with yy # 0, we have zg - x¢9 = xg
but yo + Yo # Yo-

An element a of an abelian group G is a forsion element if there isann € N
suchthata 4 ... 4+ a = 0. In Z(n) every element is a torsion element because
———

n
ifa <n,thena+ ...+ a = na = 0 mod n. A group in which every element
————

n
is a torsion element is a torsion group. If no element is a torsion element, the
group is forsion-free. Torsion-freeness can be axomatized with
Ve(x+...42=0—->2=0),n=1,2,...
————
n

Torsion groups cannot be axiomatized:
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Proposition 7.10 If T is a first-order theory in the vocabulary {+} and
Z(n) = T for arbitrarily large n € N, then T has a model which is not a
torsion group.

Proof Let T’ consist of axioms of abelian groups, T" and the axioms

c+...+c#0
——
for all n € N,n > 0. Any finite subtheory of T” is satisfied by Z(n) for large
enough n, if we interpret ¢ as 1. By the Compactness Theorem 7" has a model
G.Let 9 =a.NowinG wehave a + ...+ a # 0 for all n € N. Thus a is not
————

n

a torsion element of G. O

Lemma 7.11 If G is an abelian torsion group and G' is a non-torsion abelian
group, then 1 has a winning strategy in EFD1(G, G").

Proof We let I play zp as a non-torsion element of G’. Suppose II plays
Yo € G. Now there is n € N such that

Yo+ ...+yo=20
—_—
n

but
$0+...+1’07é0
———

so I wins. O

We can construe abelian groups also as relational structures. Thus instead of
a binary function 4+ : Gx G — G we have a ternary relation R, C Gx GxG.
Then the axioms of abelian groups are

1) VaVy3zR zyz.

(2) VaVyVzVu((Rixyz A Ryxyu) = z = u).

3) VaVyVzVuvoVw((Ryzyu A Ryuzv A Ryyzw) — Ryxwv).
@) FxVy(Rizyy A Ryyzy AVzIu(Rizux A Ryuzz)).

In Ehrenfeucht-Fraissé Games abelian groups behave quite differently de-
pending on whether they are construed as relational structures or as algebraic
structures.

Lemma7.12 IfG = (G, Ry) is an abelian torsion group and G' = (G', Ry)
is a non-torsion abelian group, then I has a winning strategy in the game

EFD,11(G,G").
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Figure 7.2

Proof Let 1 play first 2o € G’ which is not a torsion element. The response
Yo € G of Il is a torsion element, so if we use algebraic notation, we have
Z1,- - -, 2pn such that

Yo+¥% = 2.
zZ1+Y = 29.
Now I declares there are n+2 moves left, and plays x; = z; fori = 1,...,n.

Let the responses of IT be y1, ..., y,. Next I plays z,, 11 = Og, and II plays
Yn+1 € G'. Since xg € G’ is not a torsion element, IT cannot have played
Yn+1 = Og or else she loses. So there is ., 12 in G’ wWith 42+ Ynt1 7 Trta.
Now finally I plays this x,2, and IT plays y,, 2. AS Ynt2 + Tpt1 = Yn+2,
IT has now lost.

O

7.3 The Dynamic Ehrenfeucht-Fraissé Game

From EFD,,,, (M, M’) we could go on to define a game EFD,, (M, M’)
in which player I starts by choosing a natural number n and declaring that we
are going to play the game EFD,,;,, (M, M). But what is the general form of
such games? We can have a situation where player I wants to decide that after
no moves he decides how many moves are left. At that point he decides that
after n; moves he will decide how many moves now are left. At that point he
decides that after n, moves he . . . until finally he decides that the game lasts ny
more moves. A natural way of making this decision process of player I exact
is to say that player I moves down an ordinal. For example, if he moves down
the ordinal w + w + 1, he can move as in Figure 7.2.

So first he wants ng moves and after they have been played he decides on
n1. If he moves down on the ordinal w - w + 1, he first chooses k£ and wants
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Figure 7.3

no moves and after they have been played he can still make k& changes of mind
about the length of the rest of the game (see Figure 7.3).

Definition 7.13 Let L be a relational vocabulary and M, M’ L-structures
such that M N M’ = (. Let « be an ordinal. The Dynamic Ehrenfeucht—
Fraissé Game EFD, (M, M’) is the game G,,(M UM’ Ua, W, (M, M")),
where W, o (M, M’) is the set of

b= ('T07O‘0a Yo, - - - xn—han—hyn—l)

such that

(D1) Foralli <n:xz; € M < y; € M.
M) a>ap>...>a, 1=0.
(D3) If we denote

v — z;ifx; e M and v/ — {Ihlfl'ZEM/
o wiifyi e M C wiifyie M/

then
fp = {(an U(I))v Ty (Un—la U:’L—l)}
is a partial isomorphism M — M’.

Note that EFD,, (M, M) is not a game of length «.. Every play in the game
EFD, (M, M’) is finite, it is just how the length of the game is determined
during the game where the ordinal « is used. Compared to EF,,(M, M), the
only new feature in EFD, (M, M’) is condition (D2). Thus EFD,, (M, M")
is more difficult for I to play than EF,(M, M’), but — if @ > w — easier than
any EF,, (M, M’).

Lemma 7.14 (1) IfII has a winning strategy in EFD (M, M') and 8 < a,
then I1 has a winning strategy in EFDg(M, M’).

(2) If I has a winning strategy in EFD,(M, M) and o < B, then I has a
winning strategy in EFDg(M, M’).
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Proof (1) Any move of I in EFDg(M, M’) is as it is a legal move of I in

EFD, (M, M’). Thus if IT can beat I in EFD,, she can beat him in EFDjg.
(2) If I knows how to beat IT in EFD,,, he can use the very same moves to

beat IT in EFDg. O

Lemma 7.15 If « is a limit ordinal # 0 and I1 has a winning strategy in the
game EFDg(M, M') for each B < «, then II has a winning strategy in the
game EFD, (M, M").

Proof In his opening move I plays g < «. Now II can pretend we are
actually playing the game EFD,, 11 (M, M’). And she has a winning strategy
for that game! O

Back-and-forth sequences are a way of representing a winning strategy of
player II in the game EFD,,.

Definition 7.16 A back-and-forth sequence (Ps : § < «) is defined by the
conditions

) #P,C...C Py C Part(A4,B) 7.1
Vf € Psgy1Va € A3b € B3g € Pa(fU{(a,b)} Cg)forf <a (7.2)
Vf € Pg41Vb € B3a € A3g € Ps(f U {(a,b)} C g) for 8 < a. (7.3)

We write
Ax~p B
if there is a back-and-forth sequence of length « for A and B.

The following proposition shows that back-and-forth sequences indeed cap-
ture the winning strategies of player IT in EFD,, (A, B):

Proposition 7.17 Suppose L is a vocabulary and A and B are two L-structures.
The following are equivalent:

1. A=) B.
2. IT has a winning strategy in EFD, (A, B).

Proof Letus assume AN B = (. Let (P; : ¢ < «) be a back-and-forth
sequence for A and B. We define a winning strategy 7 = (7; : ¢ € N) for
IT1. Suppose we have defined 7; for i < j and we want to define 7;. Suppose
player I has played xg, v, ..., ®j_1, a;—1 and player IT has followed 7; dur-
ing round ¢ < j. During the inductive construction of 7; we took care to define
also a partial isomorphism f; € P,, such that {v,...,v;—1} C dom(f;).
Now player I plays x; and oj < aj_1. Note that f; 1 € Py, 1. By assump-
tion there is f; € P,, extending f;_; such thatif z; € A, then 2; € dom(f})
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and if z; € B, then ; € rng(f;). We let 75 (o, ..., ;) = fj(z;) if z; € A,
and 7;(zo,...,2;) = fj_l(xj) otherwise. This ends the construction of 7;.
This is a winning strategy because every f,, extends to a partial isomorphism
M = N.

For the converse, suppose 7 = (7, : n» € N) is a winning strategy of II.
Let @ consist of all plays of EFD, (A, B) in which player IT has used 7. Let

Pjg consist of all possible f, where p = (x¢, @, Yo, - - -, Ti—1, ®i—1, Yi—1) iS @
position in the game EFD,,(.A, B) with an extension in () and ;1 > (. Itis
clear that (Ps : 8 < «) has the properties (7.1) and (7.2). O

We have already learnt in Lemma 7.14 that the bigger the ordinal « in
EFD, (M, M) is, the harder it is for player II to win and eventually, in a
typical case, her luck turns and player I starts to win. From that point on it is
easier for I to win the bigger « is. Lemma 7.15, combined with the fact that
the game is determined, tells us that there is a first ordinal where player I starts
to win. So all the excitement concentrates around just one ordinal up to which
player IT has a winning strategy and starting from which player I has a win-
ning strategy. It is clear that this ordinal tells us something important about the
two models. This motivates the following:

Definition 7.18 An ordinal « such that player IT has a winning strategy in
EFD, (M, M’) and player I has a winning strategy in EFD,1(M, M’) is
called the Scott watershed of M and M'.

By Lemma 7.14 the Scott watershed is uniquely determined, if it exists. In
two extreme cases the Scott watershed does not exist. First, maybe I has a
winning strategy even in EFy(M, M’). Here Part(M, M’) = (. Secondly,
player IT may have a winning strategy even in EF,,(M, M’), so I has no
chance in any EFD,, (M, M’), and there is no Scott watershed. In any other
case the Scott watershed exists. The bigger it is, the closer M and M’ are
to being isomorphic. Respectively, the smaller it is, the farther M and M’
are from being isomorphic. If the watershed is so small that it is finite, the
structures M and M’ are not even elementary equivalent.

General problem: Given M and M’, find the Scott watershed!

How far afield do we have to go to find the Scott watershed? It is very natural
to try first some small ordinals. But if we try big ordinals, it would be nice to
know how high we have to go. There is a simple answer given by the next
proposition: If the models have infinite cardinality «, and the Scott watershed
exists, then it is < xT. Thus for countable models we only need to check
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Figure 7.4

countable ordinals. For finite models this is not very interesting: if the models
have at most n elements, and there is a watershed, then it is at most 7.

Proposition 7.19  If 11 has a winning strategy in EFD, (M, M") for all o <
(|IM|+ |M'|)* then II has a winning strategy in EF,(M, M’).

Proof Letx = |M|+ |M'|. The idea of II is to make sure that
(%) If the game EF,, (M, M’) has reached a position
P = (20,Y0s -+ s Tn—1,Yn—1) With f, = {(v0,vp), -, (Vn—1,05_1)}
then IT has a winning strategy in
EFDo11((M,vo, ... vp—1), (M 05, .. 00 _1)) (7.4)
forall a < k.

In the beginning n = 0 and condition (%) holds. Let us suppose IT has been
able to maintain () and then I plays z,, in EF,, (M, M’). Let us look at the
possibilities of IT: She has to play some y,, and there are < & possibilities. Let
W be the set of them. Assume none of them works. Then for each legal move
yn there is oy, < kT such that
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(1) II does not have a winning strategy in
EFD,, ((M,vo,...,vn), (M v5,...,0;,))

where

rpifx, € M Yy if y, € M’
n — . d /: .
v {ynlfa:nEM’ and vn {l‘nlfynGM.

Let @ = sup, cy y,. As [¥] < K, we have o < x*. By the induction
hypothesis, IT has a winning strategy in the game (7.4). So, let us play this
game. We let I play z,, and «. The winning strategy of IT gives y,, € U. Let
vy, and v/, be determined as above. Now

(2) II has a winning strategy in EFD,, ((M, vo, ..., v,), (M’ vf, ..., v})).

r n

We have a contradiction between (1), (2), oy, < v and Lemma 7.14. O]

The above theorem is particularly important for countable models since
countable partially isomorphic structures are isomorphic. Thus the countable
ordinals provide a complete hierarchy of thresholds all the way from not be-
ing even elementary equivalent to being actually isomorphic. For uncountable
models the hierarchy of thresholds reaches only to partial isomorphism which
may be far from actual isomorphism.

We list here two structural properties of ~, which are very easy to prove.
There are many others and we will meet them later.

Lemma 7.20 (Transitivity) If M ~5 M’ and M' ~5 M", then M =~
M.

Proof Exercise 7.14. O
Lemma 7.21 (Projection) If M ~5 M', then M | L ~% M’ | L.
Proof Exercise 7.15. O

We shall now introduce one of the most important concepts in infinitary
logic, namely that of a Scott height of a structure. It is an invariant which
sheds light on numerous aspects of the model.

Definition 7.22 The Scott height SH(M) of a model M is the supremum of
all ordinals o + 1, where « is the Scott watershed of a pair

(./\/l,al,...,an) Cﬁp (M,bl,...,bn)

and ay,...,an,b1,...,0p € M.
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Lemma 7.23 SH(M) is the least o such that if ay, ... ,an,b1,..., b, € M
and

(Mvalv"'aan) 2107[ (M,bla"'abn)

then

(M,a1,...,an) 20T (M, by, ... by).
Proof Exercise 7.16. O
Theorem 7.24  If M ="M A/, then M ~, M.

Proof Let SH(M) = «. The strategy of II in EF,, (M, M) is to make sure
that if the position is

(1) p= (x()ay()a"wxnflaynfl)
then

(2) (Myvg,y .. vp—1) =8 (M v, .o 0l ).

=p
In the beginning of the game (2) holds by assumption. Let us then assume
we are in the middle of the game EF,, (M, M’), say in position p, and (2)
holds. Now player I moves x,,, say , = v, € M. We want to find a move
Yn = v, € M’ of II which would yield

(3) (M, v, ..., vp) =g (Mg, 0).

Now we use the assumption M :g*“ M'. We play a sequence of rounds of
an auxiliary game G = EFD 1,1 (M, M’) in which player IT has a winning

strategy 7. First player I moves the elements v(, ..., v}, _;. Let the responses
of player IT according to 7 be ug, . . ., u,—1. We get
(4) (Mlvv(l)a---avilfﬂ Z;H_l (Mug, ..oy tp—1).

By transitivity,
(M, vo,...,vn1) =5 (M, ug, ..., Un—1).

See Figure 7.5.
By Lemma 7.23,

(M,’Uo,.. s Un— 1) 0(+1 (M UQ,...,un,1>.
Now we apply the definition of :g“ and find @ € M such that
(5) (MaUOa“-avn—hvn) 2; (M,uo,...,un_l,a).

Finally we play one more round of the auxiliary game G using (4) so that
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Figure 7.5

player I moves a € M and IT moves according to 7 an element y,, = v}, € M’.
Again

(M 0h, 0y, 0) 8 (Mg, .. -1, a),

which together with (5) gives (3).

Note, that for countable models we obtain the interesting corollary:
Corollary If M is countable, then for any other countable M’ we have
M HMFO M s M= M.

The Scott spectrum ss(T') of a first-order theory is the class of Scott heights
of its models:

ss(T) = {SHM) : M =T}.

It is in general quite difficult to determine what the Scott spectrum of a given
theory is. For some theories the Scott spectrum is bounded from above. An
extreme case is the case of the empty vocabulary, where the Scott height of
any model is zero. It follows from Example 7.29 below that the Scott spectrum
of the theory of linear order is unbounded in the class of all ordinals. A gap in
a Scott spectrum ss(7') is an ordinal which is missing from ss(T').

Vaught’s Conjecture: If 7" is a countable first-order theory, then 7" has, up
to isomorphism, either < R, or exactly 2% countable models.
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It can be proved that any first-order theory can have only < R or exactly 2%0
countable models of a fixed Scott height Morley (1970). Thus, since there are
N; Scott heights of countable models, any first-order theory can have < N; or
exactly 280 countable models, up to isomorphism, all in all. To prove Vaught’s
Conjecture it would suffice to prove that for every first-order theory 7T there is
an upper bound o < w; for the Scott heights of its countable models or else
there are 280 countable models of some fixed Scott height. This leads to the
following concept: a first-order theory is scattered if it has at most Ny countable
models of any fixed Scott height. Vaught’s Conjecture now has the following
equivalent form: If T is scattered, then the Scott heights of its countable models
have a countable upper bound.

We now prove that there are for arbitrarily large oo models with Scott height
. First we prove that for any « there are non-isomorphic models M and M’
such that M ~3 M. For this we need the following useful concept:

Definition 7.25 If M = (M, <) and M’ = (M’, <’) are ordered sets, their
product M x M’ is the ordered set (M x M’, <*) where

(z,2") <" (y,9) <=2’ < ¢y or (' =y and z < y).

Every ordinal o determines canonically a well-ordered set («, <) which we
denote also by .

Theorem 7.26 Suppose 0 satisfies the condition
a<d=w*<d
and M is any linear order with a first element. Then § ':f, 0 x M.
Proof An w’-interval of § is any set of the form
Ig:{a:w9~§§a<w0-(§+l)}.

An w¥-interval of § x M is any set of the form Ig x {a}, where a € M.

We shall define a back-and-forth sequence P(;‘ C ... C F, as follows: A
partial isomorphism f is put into Py if f is a finite subfunction of a partial
isomorphism ¢ from § to & x M such that
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Figure 7.6
(1) dom(g) is a union of finitely many w’-intervals Iy, ..., I,, of 4.
(2) rng(g) is a union of finitely many w’-intervals 1), ..., I, of § x M.

3) 9(0) = (0, min(M)).
@ gl LI =TI.

The empty function is in Ps. If n < 0, then Py C P, for every w’-interval
is a union of w"-intervals. To prove the back-and-forth property, suppose f €
Pgyq, where 8 < 60 and (§,a) € § x M. Suppose f is a finite subfunction of
g satisfying (1)—(4). If (£, a) happens to be in the range of g, it is clear how to
proceed: we simply extend f inside g. Let us assume that (¢, a) is not in the
range of g. Let Iy, . . ., I, be the w”*!-intervals in increasing order containing
elements of the domain of f. Let the corresponding w”*!-intervals in § x M
be I)),...,I},. Let m be the largest m such that (£, a) is above the interval I .
If m = n, we have Figure 7.6.

Let k be an isomorphism between an w”*!-interval above I/, and an w/+1-
interval of 6 x M above I]. Then g U k satisfies (1)—(4) and the restriction
of g Uk to dom(f) U {k=1(£,a)} is the extension of f in P3 we are looking
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Figure 7.7

for. If on the other hand m < n (Figure 7.7), we argue differently. We may
not have a whole new w”*!-interval, but we only need w”-intervals. So we
break I, into w copies of w’-intervals J;(i € N) and find a J; which is above
the finitely many elements of dom(f). Now we just have to choose an w”-
interval J' containing (£, a) and choose an isomorphism % : J; — J'. Clearly,
the restriction of g U k to dom(f) U k~1(&, a) is in Pg.

The other half of the back-and-forth condition is symmetric. O

Before drawing conclusions from the above important theorem we need to
introduce some operations on linear orders.

The sum M + M’ of two linear orders M and M’ is defined as the linear
order consisting of M and M’ one after the other, M first then M’. More
technically:

Definition 7.27 Suppose M = (M, <) and M’ = (M’,<’) are linear or-
ders. Their sum M + M’ is the linear order (M"', <") where

1) M" =M x {0} UM’ x {1}.
@) (z,i) <" (y,j) <= i<jor(i=j=0andz <y)or(i=7=1and
x <" y).

The inverse of a linear order M = (M, <) is the linear order M* = (M, >).
Note that if M is an infinite well-order, then M™* is necessarily non-well-
ordered.

Example 7.28
(Z,<)2w*+w P (Z,<)+1+(Z,<)
(Q<)=Q<9)+Q<)=2Q<)+1+(Q,<)
R, <) R,<)+1+ (R, <) 2 (R, <)+ (R, <)
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Example 7.29 Let og = w, opy1 = w", and €y = sup,, ., . Then
€0 =2, €0 X (1 +w™).
More generally, if & = supg, wh, then o oo x (14 w”).
The above example shows that there is no ordinal « such that
VM((M well-order & M ~5 M) — M’ well-order).
This should be compared with the fact
VM ((M well-order & M ~, M) — M’ = M').

The above example also shows that Scott heights can be arbitrarily large and
the Scott spectra of first-order theories can be unbounded in the class of all
ordinals.

We now prove a result of D. Kueker about the number of automorphisms of
countable models.

Lemma 7.30 Suppose M =, M’ where |M| < |M’|. Then there are a # a’
in M and b € M’ such that (M, a) ~, (M, d’) ~, (M, D).

Proof For any b € M’ there is a € M such that (M, a) ~, (M’,b). Since
there are | M’| many different b but only | M| many different a, there has to be
one ap € M such that (M, ag) ~, (M, by) and (M, ag) ==, (M’,by) for
some by # by. Let a; € M such that

(M, ag,ar) 2=, (M’ by, by).
Thus
(M, ag) = (M',b1) =, (M, a1).
Clearly ag # a;. O

Theorem 7.31 If M ~, M’ where M is countable and M’ is uncountable,
then M has 28° automorphisms.

Proof We construct an automorphism 75 of M for each s : N — 2 such that
if s # &, then s # . To this end let M = {b,, : n € N}. We define 7
as the union of finite partial mappings 7, n € N. Let 7y = 0. Suppose 74,
has been defined and we want to define 7,},41. As an induction hypothesis we
assume that if

Tsin = { (@i, y;) 1 1 < m}
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then

(M,l’o,...,l}m_l) =p (May()?"'aym—l)
Zp (M/,Zo,...,zm_l).

By Lemma 7.30 there are a # o’ € M and b € M’ such that

M, zo,...,2m—1,a) =~ (M,zo,...,Tm-1,0a")
ﬁp (MI,ZO, . .,mel,b).

Let ¢ # ¢’ € M such that
(M, 20, ..., Zm—1,0) =~ (M,Y0,...,Ym—1,¢)
and
(M, zo,...,Tm-1,a,a") ~p (M,yo,...,Ym—-1,¢,¢).

Then
(Mam()w'wxmflaa) =p (M7x07"'7xm717a//)
:p (M7y07"'aym717c/)-

Let x,, = a and

[ cifs(n)=0
Im = i s(n) = 1.

Let ¢,,,d,, € M such that
(M,.’II(L oy Tmy bn7 Cn) :p (M7y07 vy Ym, dn7 bn)

and
Tsin+l = {(mi,yi) 11 < m} U {(bmdn)a (Cnvbn)}-

Two more applications of the back-and-forth property of ~,, guarantee that the

induction condition remains valid. Let

o0
Tg = U Ts|n-
n=0

If s # &', say s(n) # s'(n), then Tsy,41 7# g/ jnt1, 50 T # Ty Clearly each

7 is an automorphism of M.

Corollary If M is a countable model with only countably many automor-

phisms, then for all M’
M oBHMT M e M= M

Proof If M ~, M’, then M’ must be countable by the previous theorem.

Then M =2 M’ by Proposition 5.16.
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Example 7.32 The following structures have only countably many automor-
phisms:

(N7<7'7071)’ (av<)7 (Za<)v (Z7+)7 (Qa +)

7.4 Syntax and Semantics of Infinitary Logic

The syntax and semantics of the infinitary logic L., that we now introduce
are very much like the syntax and semantics of first-order logic. The logical
symbols are ~, -, A\, \/,¥,3, (,), 2o, 1, . ... Terms and atomic formulas are
defined as usual. Formulas of L, are of the form

~tt!

Rty...t,

P

Nicr i Vier ®i
Ve, p, Ar,e

where ¢,t',t1,...,t, are L-terms, R € L with #;(R) = n, and ¢ and all ;,
© € I, where [ is an arbitrary set, are formulas of L, and the formulas ;
have altogether only finitely many free variables." We regard ¢ A ), ¢ V 1),
(¢ — 1) and (@ > 1) as abbreviations.

In first-order logic we can think of formulas as finite strings of symbols. In
infinitary logic it is customary to consider formulas as sets. Then we have the
following more exact albeit more cumbersome definition:

Definition 7.33 Suppose L is a vocabulary. The class of L-formulas of L,
is defined as follows:

(1) If t and ¢’ are L-terms, then (0, ¢,t’) is an L-formula denoted by ~tt’.

) If ty,...,t, are L-terms, then (1, R, ¢1,...,t,) is an L-formula denoted
by Rt1...t,.

3) If ¢ is an L-formula, so is (2, ), and we denote it by —.

(4) If @ is a set of L-formulas with a fixed finite set of free variables, then
(3,®) is an L-formula and we denote itby A ¢4 .

(5) If @ is a set of L-formulas with a fixed finite set of free variables, then
(4, @) is an L-formula and we denote it by \/ .4 .

(6) If ¢ is an L-formula and n € N, then (5, ¢, n) is an L-formula and we
denote it by Vz,, .

L This restriction makes it possible to quantify all free variables in a formula.
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(7) If ¢ is an L-formula and n € N, then (6, ¢,n) is an L-formula and we
denote it by Jx,, .

Every formula of L., is now a finite sequence of sets and the first element
of the sequence is one of {0, 1,2, 3,4, 5,6}. With this definition it is easy to
write exact inductive definitions for various concepts related to infinitary logic.

A formula of L., can be thought of as a tree, too. In this tree the formula
itself is the root and the set ISub(y) of immediate successors of a node ¢ of
the tree are:

(1) ISub((0,t,t')) = 0.
(2) ISub((1,%1,...,t,)) = 0.
() ISub((2,¢)) = {}-
4) ISub((3,®)) = ®.
(5) ISub((4,®)) = @.
(6) ISub((5,¢,n)) = {p}.
(7) ISub((6, ¢, n)) = {¢}.

The tree thus consists of the elements of

Sub( U Sub,,(
n=0
where
Subg() = {¢}

Suby11(p) = U{ISub(¢) : ¢ € Sub,(4)},
and the order is
Y <gup 0 < 0 € Sub,,(¢) for some n > 0.

The tree (Sub(p), <sup) is a well-founded tree.
The quantifier rank of a formula of L, is defined by induction as follows:

(1) QR(=tt') =
(2) QR(Rt, .. )fo
(3 QR(~¢) = QR(y).

(5) QrR(V @) —Sup{QR( ) € @}
(6) QR(Vznp) = QR(p) + L

(=
(
(
@) QR(A®) = sup{QR(¥) : ¥ € ¢}.
vV
(
(7) QR(Fznyp) = QR(yp) +
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Example 7.34

QR(Fzq ... Tx,( /\ —~z;x;)) = QR( /\ —~zxj)+nt+l = n+l.

0<i<j<n 0<i<j<n
Example 7.35 Let

0y = —\E|$1($1 < 330)

0 =Vr1 | 21 < 20 ¢ J20 | =TT A \/ 95
B<a

All formulas 6, are built up from two variables xo and x1, and have just x(
free. With appropriate agreements about the exchange of bound variables in
substitution, these formulas could be written more succinctly as

Ga(mo) =V |21 < T <> \/ 9[3(171)
Note that
QR | Vay | 21 < xg < \/ 0s(z1) = (sup QR(8p(z1))) + 1.

Thus QR(0,) = o + 1.
The truth-definition of L, is standard:

Definition 7.36 The concept of an assignment s : N — M satisfying a
formula ¢ in a model M, M =, ¢ is defined as follows:

M =, ~tity iff M (s) = t31(s)
Mg Rty .oty iff (H1(s),...,tM(s)) € Valy(R)
M, —p iff M, o

MEs Nicr i iff Mg p;foralli el

MEs Ve i iff M =g p; forsomei € T

M s Vo, iff M Fgja/z,) @ foralla e M
M E; Jx,p iff M Fga/s,) ¢ forsomea € M.

An alternative definition can be given in terms of games:

Definition 7.37 Suppose L is a vocabulary, M is an L-structure, ¢* is an
L-formula, and s* is an assignment for M. The game SG*" (M, ¢*) is defined
as follows. In the beginning player IT holds (¢*, s*). The rules of the game are
as follows:
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I 1II

xo
T Yo
Y1

Figure 7.8 The game G, (W).

1. If ¢ is atomic, and s satisfies it in M, then the player who holds (¢, s) wins
the game, otherwise the other player wins.

2. If ¢ = —w), then the player who holds (¢, s), gives (1, s) to the other player.

3. If ¢ = A,c; pi» then the player who holds (i, s) switches to hold some
(¢4, s) and the other player decides which.

4. If ¢ = \/,c; wi, then the player who holds (¢, s) switches to hold some
(4, s) and can himself or herself decide which.

5. If ¢ = Vx,1, then the player who holds (¢, s) switches to hold some
(¢, sla/x,]) and the other player chooses a € M.

6. If ¢ = Jx,1, then the player who holds (¢, s) switches to hold some
(¢, sla/x,)) and can himself or herself choose a € M.

As was pointed out in Section 6.5, M =, ¢ if and only if player IT has a
winning strategy in the above game, starting with (¢, s). Why? If M =, ¢,
then the winning strategy of player II is to play so that if she holds (¢, s’),
then M [=4 ', and if player I holds (¢’, s), then M Py .

The negation normal form NNF is defined for L, exactly as for first-order
logic by requiring that negations occur in front of atomic formulas only.

Definition 7.38 The Semantic Game SG(M, T, s) of the set T of L-sentences
of Loy in NNF is the game G, (W )(see Figure 7.8), where W consists of se-
quences (g, Yo, 1, Y1, - - -) such that player IT has followed the rules of Fig-
ure 7.9, and moreover, if ¢; is a basic formula and player II plays the pair

(14, s) then M = ;.
Proposition 7.39 M =, T iff II has a winning strategy in SG(M, T, s).
Proof Exercise 7.37. O

Example 7.40 Let ), be the sentence Iz . . . Hxn(/\OSKan —~x;x;). Then
M = (\V,,en —tn) iff M is finite. Thus

M (N vn) it [M] >R,

neN
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Tn UYn Explanation Rule
(,0) I enquires about
peTl.
(¢,0) IT confirms. Axiom rule
(¢i, 8) I tests a played (A<, #i, 5)
by choosing i € 1.
(i, 8) II confirms. A-rule
(Vierirs) I enquires about

a played disjunction.

(i, 8) II makes a choice of ¢ € I. V-rule

(¢, sla/x]) I tests a played (Vzyp, s)
by choosing a € M.
(¢, sla/x])  II confirms. V-rule
3z, s) I enquires about a played

existential statement.

(¢, sla/x]) II makesachoiceofa € M. F-rule

Figure 7.9 The game SG(M, T, s).

Example 7.41 Let
1y = RTT1
Upt1 = 3$Q($0E$2 A\ 3.’,13‘0(%!@0372 AN wn))

Then for graphs G we have

G E VaoVay( \/ ¥,) iff G is connected.
neN

Note that the sentence VoV (\/,,cy %n) uses just the variables x¢, 1, and
ZI9.

Example 7.42 Consider the vocabulary {+, 0} of abelian groups. Let us in-
troduce the notation
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Thus
Ti-n=x;+ - +T;.
N——
A group G is torsion-free iff
G E Vao(=0xo V /\ —~0zq - 1)
n>0
and G is torsion if

G | Vao( \/ ~0zg - n).

n>0

Example 7.43 Consider the vocabulary {+,-,0, 1} of arithmetic. Let x; - n
be defined as above. Then for models M of Peano’s axioms we have

M= (N, +,-,0,1) iff M =V \/moyn

n>0

Example 7.44 Suppose (M, d) is a metric space. For each positive rational r
let D, = {(z,y) € M x M : d(z,y) < r} and M = (M, (D, ),>0). We can
now actually define the original metric:

d(s(n),s(m)) =z <= M = /\ (Drp@m A Dy Xy T).
r>z>r’

We can express the continuity of a function f : M — M with

(M, f) ):5 Vl’o (/\ VVxl(D5m0x1 — Defxofx1)> .

€ 6

Example 7.45 Consider the formulas 6, of Example 7.35. Then
M=, 0, iff («—,s5(00)M =

where (<, 2)M = ({y € M : y <M 2}, <M). We prove this by induc-
tion on . Suppose first f : (¢, 5(0))™ 22 a. The winning strategy of IT in
SG((+,5(0))™,0,,s) is: if I chooses a € (+, s(0))™ and enquires about
B < «, IT chooses 5 = f(a) and plays (63, s[0/a]). By the induction hy-
pothesis, as (<, a)™ 22 3, she has a winning strategy in the new position.
Conversely, suppose M =5 0,. We show that (+—, s(0))™ ~,, «, from which
(+,5(0))™ = « follows. The back-and-forth set for (+—, s(0))™ and « is the

set P of finite partial isomorphisms

f={(zo,0),..., (@n-1,0n-1)}

such that for all i < n : M [=4(0/z,] 0a,. By the induction hypothesis (+



7.4 Syntax and Semantics of Infinitary Logic 163
,2;) = «;. Note that isomorphisms between well-ordered sets are unique.
To prove the back-and-forth property for P, suppose first f € P and a € (+
,5(0))M. We play SG((+—,s(0))™, 0., s) such that player I enquires about
(V<o 05,5[0/a]). The winning strategy of II yields 8 < « such that she
plays (63, s[0/a]). By the induction hypothesis (<, a)™ = 3.So fU{(a, 8)} €
P. The other half of back-and-forth is proved similarly.

Example 7.46 Let 6, be as above. Then

M| Voo \/ 0 | A N ol | iff M=

<o B<a
The proof is just as above (see Exercise 7.52).
We write M =, M’ if M and M’ satisfy the same L.,-sentences and
M =, M’ if they satisfy the same L..,-sentences of quantifier rank < a.
We now extend an important leg of the Strategic Balance of Logic, namely

the equivalence of the Semantic Game and the Ehrenfeucht-Fraissé Game,
from first-order logic to infinitary logic:

Theorem 7.47 The following are equivalent:

i) A=, B.

(i) A~y B.

Proof (ii) — (i) Suppose (Pg : 5 < «) is a back-and-forth sequence for A
and B. We use induction on 8 < « to prove:

Claim: If f € Pgand aq,...,a; € dom(f), then

(A a1,...,a;) =5 (B, fai,..., fa).

We use induction on ¢ of quantifier rank < 3 to prove the claim

(Aya1,...,a5) E o= (B, fai,..., far) E ».

The only non-trivial case is that ¢ = Jz,9(z,) and v = QR(x)) < S. By
assumption, f € P,44. Since (A, a1,...,a;) = ¢, there is a € A such that
(A,a1,...,a5,a) E ¢¥(c), where c is a new constant symbol, a name for a.
Since f € P4, thereis b € B such that f U {(a,b)} € P,. By the induction
hypothesis (B, fai,..., fag,b) &= ¥(c). Thus (B, fa,..., far) E ¢.

(i) — (44) Let Pg consist of such finite f € Part(.A, B) that if dom(f) =
{(LLQ, ey an_l}, then

(.A, ag, - - - ,anfl) Eﬂ <B7fa0, ey fanfl).
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By assumption (i), ) € P,, so P, # (). Certainly § < ~ implies P, C Pg. To
prove the back-and-forth criterion, suppose f € Pgi1,a € A and there is no
b € B with

(A ag,...,an—1,a) =5 (B, faog, ..., fan—1,b). (7.5)

Then for each b € B there is some ¢, of quantifier rank < 3 such that
(A, ag,...,an_1,a) E @p(c)

and
(B, fag, ..., fan—1,b) F —pu(c)
where c is a name for a in A and b in . Thus
(A ag,...,an—1) = 3o /\ wp(z0).
beB
Since QR (3xg A, 5 ¥u(w0)) < B+ 1and f € Pgyq we may conclude
(B, fao, ..., fan—1) = Jzo /\ ob(20)-
beB
Let z € B with (B, fao, ..., fan—1,2) F N\yep wo(c). We get the contradic-
tion
(B: fa(h vy fanflv Z) ’: _‘SOz(C) A @Z(C)
Thus a,b € B with (7.5) must exist. The other half of the back-and-forth

criterion is similar. O

By combining the above theorem with our previous results about the relation
~7, we obtain many interesting facts about Loo,,:

Proposition 7.48 The following are equivalent for all A and B:

1. A=, B.
2. A, Bi.e. there is a back-and-forth set for A and B.
3. II has a winning strategy in EF,, (A, B).

Example 7.49 (1) There is no L.,-sentence v in the empty vocabulary such
that for all M:

MEY iff (M| <R,
because all infinite models in this vocabulary are partially isomorphic.

(2) There is no Lo,,-sentence ¢ in the vocabulary {~} of equivalence rela-
tions such that any equivalence relation satisfies

M1 iff M has only countably many equivalence classes.
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(3) There is no Lo, -sentence 1 of the vocabulary { E'} of graph theory such
that for all graphs G:

G Ev iff G has an uncountable clique.

The following consequence of Karp’s Theorem (Theorem 7.26) is of funda-
mental importance for understanding L,:

Corollary There is no Lo,,-sentence of the vocabulary {<} such that for all
linear orders M.:

MEY iff Misawell-order.
This should be contrasted with the fact that for all « and all M
ME6, iff Misawell-order of type c.

If we could take the disjunction of all 8,, @ € On, we could characterize
well-order, but On is a proper class, so the disjunction cannot be formed in
Lo

Definition 7.50 Let L be a vocabulary, M an L-structure, and ag, ..., a,—1 €
M . Then we define

U(/)\/l,ao,.“,an,l = /\{(p(an s axn,—l) : gD(ZE(), cee 71‘n—1)

is a basic L-formula and M |= ¢(ag, ..., an-1)}
a-+1 _ a a
UM,U«O,--qanfl - <Vxn \/ UM7GO7~~~7QH> /\ < /\ axnaM7aO7u~;an>
an €M a, €M

4 — o ..
IM,a0,....an—1 — /\ UM,aO,‘..,an,lvfor limit

a<v
TM = T
Lemma751 1. MEo%, . . (a0, ... a¢p-1)
2. 0a0.an (xo,...,xk) O?Vl,ao,...,an,l(xo’ cey X)) forn <k + 1.
3. Ifa < B, then
gy (T05 - T1) E Oy, (@0, ).
Proof Exercise 7.44. O

Proposition 7.52  The following are equivalent:

(1) M ': U,?\(/l,ao,“.,an,l (b07 ey bn71)~
(2) (./\/l,(lo7 N ,anfl) 2; (M/, bo7 N ,bnfl).
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Proof Note that the quantifier rank of the formula o , . is . Since
M E 0% ao.....a,_, (@05 - - -, @n—1) by Lemma 7.51, the implication (2) —
(1) follows from Proposition 7.47. Next we prove (1) — (2). Intuitively, the
winning strategy of ITin EFD,, on (M, ag, . ..,a,—1)and (M’ bg, ..., byp_1)
is written into the structure of o, , . . More exactly, we can define a
back-and-forth sequence (Ps : 8 < «) by letting P consist of finite map-
pings
f = {(ao, bo), ey (an,l, bnfl), ceey (am, bm)}

such that

M E o b0y bact, - b)) b

By the definition of the formulas U/’i/l,ao,...,anfl’ the sequence (Pg : 8 <

«) is indeed a back-and-forth sequence. Note that (1) implies P, # 0, as
{(a07b0)7...,(an,l,bn,l)} e P,. O]

Definition 7.53 The Scott sentence of a structure M is the L.,-sentence

SH(M) SH(M) SH(M)+1
oM = UM,@ A /\ vxo o .vxn_l(anaﬂv---aanfl - UMaa07---7an—1)'

Proposition 7.54  The following are equivalent:

(1) M' = o
2) M ~, M.

Proof (2) — (1): Lemma 7.51 gives M |= oaq. The implication follows
now from Proposition 7.48. (1) — (2): Suppose M’ |= o (. We prove M’ ~,,
M by giving a winning strategy for player ITin the game EFDgg(aq) (M, M').
The strategy of IT is to make sure that if the position is

p= (an Yo, - - - 7xn—17yn—1)
then

(%) M = JSE(M) (V-5 Ul _1)-

s Un—1

In the beginning of the game (%) holds by assumption. Let us then assume we
are in the middle of the game EF,, (M, M’), say in position p, and (%) holds.
Now player I moves z,, say x, = v, € M. Now we use the assumption
M = opm. Tt gives

M = g SHMITL )

M,vg,..yUn—1
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whence

M/ ': /\ Elya?\/l,vg,...,vn,l,a(v(/]v"'71);1717y)’

aceM

By choosing a = v,, we find a move y,, = v/, € M’ of II which yields

M = SEM) (yf ).

V0O ye++yUn ren

O

Note that if M is a well-ordered set then by the above result it is, up to
isomorphism, the only model of o .

Corollary (Scott Isomorphism Theorem) Suppose M is a countable model.
Then for all countable M’

MEoy —= M2M.

This is a remarkable result. It puts countable models on levels of a well-
ordered hierarchy according to their Scott height. On each level there is an
invariant, the Scott sentence of the model, that characterizes the model up to
isomorphism. These invariants need not, of course, be simple in any way, but
they have a uniform tree-structure, the differences occurring only at the leaves
of the tree. The invariants provide a way to systematize and classify countable
models according to the syntactic properties of the Scott sentence.

For the next result we have to compute an upper bound for the number
of non-equivalent infinitary formulas of a given quantifier rank. As in the fi-
nite case (see Propositions 6.3 and 4.15), the upper bound is an exponential
tower, only this time we deal with infinite cardinals rather than natural num-
bers. These cardinal numbers look very big, but at this point the only relevant
thing is that they exist. We want to be sure that there is not a proper class of
non-equivalent formulas of a fixed quantifier rank. Note that if we do not limit
the quantifier rank, there is a proper class of non-equivalent formulas, namely
the Scott sentences of different ordinals. Recall that

To(A) = A
:a+1 ()‘) = 2:1@()\)
J(A) =sup,op, Ja(N).

Lemma 7.55 Suppose L is a vocabulary of size i and o = v + n where v is
a limit ordinal. There are at most 3,1 oy 12(10 + Vo) non-equivalent formulas
of Loow of quantifier rank < a.
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Proof There are at most u+Rg atomic formulas and therefore at most 3o (p+
Ng) non-equivalent formulas of quantifier rank 0. Suppose then v = v +n+1
where v is a limit ordinal. Formulas of quantifier rank < « are of the form
YV, or of the form Jx,p, where QR(p) < «, and what can be built from
them by means of -, A,_; and \/, ;. Thus their number (up to logical equiv-
alence) is at most Jp(3Jyy2n42(p + Ro)) = Ty yomi1)+2(p +No)). frisa
limit ordinal, the number of non-equivalent formulas of quantifier rank < v
is < sup, ., Ja(p + No) = (1 + o). Therefore, the number of non-
equivalent formulas of quantifier rank < v is at most Jp(3, (1 + Ng)) =
Y (1 + No). O

Thus, for example, for any « there is only a set of non-equivalent sentences
0%~ while there is a proper class of non-equivalent sentences o 4.

Corollary Suppose L is a vocabulary. Then for all ordinals o the equivalence
relation

A=, B

divides the class Str(L) of all L-structures into a set of equivalence classes
C¢,1 € 1, such that if we choose any representatives M; € Cy*, then:

1. For all L-structures M: M € Cff <= M = o},
2. If v is an L-sentence of L., of quantifier rank < «, then there is a set
Iy C I such that = ¢ <> \/z‘elo T,

Proof For any L-structure M let Th, (M) be the set of L,,-sentences of
quantifier rank < « (up to logical equivalence) which are true in M. Thus

M=, M <= Thy(M)=Thy(M).

Let Thy(M;),4 € I, be a complete list of all Th, (M). The claim follows.
For the second claim let Iy consist of such ¢ € [ that M; = 0. f M |= ¢
and Thy(M) = Tha(M;), then i € Iy and M |= of,,. Conversely, if
M 0Ryyi € Io, then M =, M; and M = ¢ follows. O

Note again that if we tried to prove the above corollary for the finer relation
~,,, we would run into the difficulty that there is a proper class of equivalence
classes.

Corollary Suppose L is an arbitrary vocabulary and K is a class of L-
structures. Then the following are equivalent:

(i) K isdefinable in Loo,.
(i) K is closed under ~ for some .
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Figure 7.10 Model class K definable in Loo,,.

Figure 7.11 Model class K not definable in Lo .

These equivalent conditions are strictly stronger than
(iii) K is closed under ~,.

The above theorem gives a kind of normal form for sentences of L, : every
sentence is a disjunction of sentences o'}, which in turn have a very canonical
form. For finite o and finite relational vocabulary the formulas o, are first-
order.

Definition 7.56 Suppose « is a regular cardinal. L, is the fragment of L,
which obtains if in the definition of the syntax of L., we modify condition
(4) and (5) by requiring that |I| < k.

First-order logic is in this notation L,,,. The most important non-first-order
case is L, ,, the extension of first-order logic obtained by allowing countable
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disjunctions and conjunctions. Note that in a countable vocabulary the Scott

sentence of a countable model is in L, .

Proposition 7.57 Suppose M is a countable model in a countable vocabu-
lary and P C M™. Then the following are equivalent:

(i) P is closed under automorphisms of M.
(ii) There is a formula p(xg, ..., x,) in Ly, such that for all ag, . .., a, €
M

(@o,...,an) € P <= M E=y(ag,...,an).

Proof (ii) — (%) is trivial because automorphisms preserve truth. To prove
(#) — (i¢) consider

o(Toy .oy Tp) = \/{U(Mﬂovwan)(fbo, .oy xy) : (agy ... ,a,) € P},

where oA qq.....a0) (0, - - - ; Zn) denotes the formula obtained from the sen-
tence o(ag,qq,...,a,) DY replacing the name of a; by the variable symbol x;.
Since M (and hence P) is countable, p(zq,...,z,) € Lg,,. If we now

have (ao,...,a,) € P, then M |= 0(rq,,....a,) (G0, - - -, 0p). Thus M |=
o(ag, - . ., ay). Conversely, suppose

M = 0(Maaq,....an) (Do, - - -, by) and (ag, . . ., ayn) € P.

Then (M, bo, ..., by) = (M,ag,...,an). Thus there is an automorphism
of M such that 7(b;) = a; for ¢ < n. Since P is closed under automorphisms,
(boy...,bn) € P. O

If we want to show that a relation on a countable structure is not definable in
L, ., a natural approach is to show that the relation is not preserved by auto-
morphisms of the structure. The above theorem demonstrates that this natural
approach is as good as any other.

Example 7.58 Let M = (Z, <). The only subsets of Z that are closed un-
der automorphisms of M are () and Z. Thus they are the only subsets of M
definable in L, .

Corollary If M is a rigid countable model in a countable vocabulary, then
every relation on M is L, ,-definable on M.

7.5 Historical Remarks and References

Infinitary languages were introduced in propositional calculus in Scott and
Tarski (1958) and in predicate logic in Tarski (1958). An early book on infinitary
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languages is Karp (1964). More recent books are Keisler (1971), Dickmann
(1975), and Barwise (1975). A good source is the survey article Makkai (1977).
The back-and-forth sets, and thereby in effect the Ehrenfeucht—Fraissé Game
was introduced to infinitary logic in Karp (1965), where Proposition 7.48 and
Proposition 7.26 appear. A good survey article on back-and-forth sets is Kueker
(1975). Propositions 7.54 and 7.57 and their corollaries are from Scott (1965).
Definition 7.16 is from Karp (1965). Theorem 7.31 is from Kueker (1968).
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Show that if IT has a winning strategy in EFD,, (M, M) and M is finite,
then M = M’.

Let M = (Z,<) and M' = (Z + Z,<) (i.e. two copies of M one
after the other). For which n does I have a winning strategy in the game
EFD,,4n (M, M), and for which does IT?

Suppose G and G’ are graphs such that player IT has a winning strategy
in EFD,,(G,G’). Show that if G has a cycle path, then so does G'.
Suppose G and G’ are graphs and player IT has a winning strategy in
EFD, (G, G’). Show that if G has infinitely many edges, also G’ has.
Suppose M = N where N = (N, +,-,0,1) but M % N. Show that I
has a winning strategy in EFD; (M, N).

Player I wants to play EFD,, (M, M) but cannot decide which « to
choose. He wants to play as follows:

1. First I wants to play 10 moves.

2. Then, depending on how II has played, I wants to play 2" moves for
some n that he chooses.

3. Then I wants to play five additional moves.

4. Then, depending on how II has played, I wants to play 5n + 1 moves
for some n that he chooses.

5. Finally T wants to play 15 additional moves, whereupon the game
should end.

Can you help him choose a?

Show that player I (IT) has a winning strategy in EF,, (M, M) iff he
(she) has a winning strategy in EFD,, (M, M’).

Let the game EFD}, (A, BB) be like the game EFD,, (A, B) except that I
has to play x5, € A and 25,41 € B for all n € N. Show that if v is a
limit ordinal, then player IT has a winning strategy in EFD;  , (A, B)
if and only if she has a winning strategy in EF, 1,,(A, B).
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7.9

7.10

7.11
7.12
7.13
7.14
7.15
7.16
7.17

7.18

7.19

7.20
7.21

7.22
7.23
7.24
7.25

7.26

7.27

Infinitary Logic

Suppose B = {b,, : n € N}. Let the game EFD}*(A, B) be like the
game EFD,, (A, B) except that I has to play z2, € A and 22,11 = by,
for all n € N. Show that if v is a limit ordinal, then player IT has a
winning strategy in EFD}” , (A, B) if and only if she has a winning
strategy in EFD, 1, (A4, B).
Find the Scott watershed for

(@ (N,+,-,0,1) and (Q,+,-,0,1).

) (Z+2Z,<)and (Z+Z+Z,<).

What is the Scott watershed of (Z2, +) and (Z3,+)?
What is the Scott watershed of (Q, +) and (R, +)?
Prove Z(15) = Z(3) x Z(5).

Prove Lemma 7.20.

Prove Lemma 7.21.

Prove Lemma 7.23.
Show that if (M, v, . .., vn_1) ~o" ) (M, v),..., v, ;). then

(Ma Voy -+ - vn—l) =p (M7U(/)7 cee 7U;L—1)'

A model M is Rg-homogeneous if the following holds for all vy, . .., v,
and vy, ...,v,_y in M: If (M, v,...,vp—1) = (M,00,...,05,_1)
then there is v/, in M such that (M, v,...,v,) = (M, v],...,v)).
Show that the Scott height of an Ny-homogeneous model is < w. Show
that if M is a countable Ny-homogeneous model and

(M,U(h e ,/Unfl) = (M7U(/)7 s 7”;171)7

then there is an automorphism of M which maps each v; to v}.

Show that there are, up to isomorphism, exactly three countable Ng-
homogeneous models M such that M ~ (w, <).

Show that if M and M’ are well-orderings, then so is M x M.

Prove - f =2 « x [3 starting from the inductive definition of multiplica-
tion in Exercise 2.22.

Prove o« < Kk = w® < k for uncountable cardinals . Recall the
inductive definition of exponentiation in Exercise 2.26.

Prove M x (M’ x M") =2 (M x M') x M" for linear orders M, M’
and M. Show also that it is possible that M x M’ 2 M’ x M.
Show that wy ~¢* wy - 2, and (Q, <) x w1 =1 (R, <) X (wy - 2).
Show that €y x (R 20, <) >80 wy x (Q20, <)

Find for all o a scattered M and a non-scattered M’ such that M ~2
M.

Prove the claims of Example 7.28.
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Suppose M = (M, <) is a linear order and M’ is the set of initial
segments of M ordered by proper inclusion. Show that M % M’.
Show that there is a countable model M such that M has 2% automor-
phisms but there is no uncountable M’ such that M ~, M’. (Hint:
Let M = (M,w, <, R) where < is the usual ordering of w, M = w U
{(n,i) :neN,i€{0,1}} and R = {(n, (n,7)) : n € N;i € {0,1}}.)
Write a sentence of L., as simple as possible, which holds in a finite
graph iff

(a) the number of vertices is even.
(b) the number of edges is even.
(c) the graph has a cycle path.

Write a sentence of L., as simple as possible, which holds in a finite
graph iff the graph is 3-colorable. Use this to prove that there is a sen-
tence of L, which holds in a graph iff the graph is 3-colorable. (Hint:
use the Compactness Theorem of propositional logic to reduce the sec-
ond part to the finite case.)

An ordered field (K, +, -, 0,1, <) is Archimedian if for all 71 > 0 and 79
in K there is a natural number n so that 1 + --- + 71 > r5. Show that

the Archimedian property can be expressed in l?oow.

Let L7, denote the fragment of L., consisting of formulas in which
only variables g, ..., z,_1 occur. Show that if G and G’ are graphs
so that player IT has a winning strategy in the n-Pebble Game, then
they satisfy the same sentences of L7, . Hence, if G and G’ satisfy the
extension axiom E,, then they satisfy the same sentences of L7 . (See
Exercise 4.17 for the definition of the n-Pebble Game.)

Use Exercise 7.33 to conclude that if two graphs satisfy E,, for all n €
N, then the graphs are partially isomorphic. (See Exercise 4.16 for the
definition of F,,.) Conclude also that if ¢ is a first-order sentence, then
E, = pforsomen € N, orelse E,, = —¢ for some n € N.

Show that there is no L., -sentence 1) of the vocabulary of linear order
such that for all linear orders M: M |= ¢ iff M has cofinality w (i.e.
has a countable unbounded subset.)

Show that there is no L.,,-sentence v of the vocabulary { P, Q} of two
unary predicates such that

(M, PP QM) iff  |PM|=|QM].

Prove Proposition 7.39.



174

7.38

7.39

7.40

7.41

7.42

7.43

Infinitary Logic

Show that there is no Lo -sentence 1) of the vocabulary {<} such that
for all linear orders M:

M E iff  |M]is countable.

Show that such a v exists if “linear order” is replaced by “well-order”.
Let (M,d) be a metric space and M = (M, (D,),>¢) as in Exam-
ple 7.44. Write a sentence ¢ of L, such that

@) (M,po,p1,...) E ¢iff the sequence pg, p1, . . . converges in (M, d).
(Expand the vocabulary to include names for the points p,,.)

Q) (M, fo, f1,-.-,f) E @ iff the sequence fo, f1,... of functions f :
M — M converges uniformly to f. (Expand the vocabulary to
include names for the functions f,, and for the function f.)

3) (M, A) | o iff the set A is closed. (Expand the vocabulary to in-
clude a name for A.)

Let (M, d) and M be as above. Is there a sentence ¢ of L., such that
M = @iff (M, d) is compact?

Let V be a Q-vector space. Let My = (V, +v, 0y, (fr)r>0), Where for
each non-negative rational r,

fr(v) =71y o

Write a sentence ¢ of L., such that

(1) My E piff dim(V) = n.

2) My [ ¢iff dim(V) is infinite.

B) My, f) Epiff f: V x V — Vis alinear mapping. (Expand the

vocabulary to include a name for f.)

Let V be an R-vector space with anorm || - ||y : V — R. Let Ny =
(V,+v,0v, Dy, (fr)r>0) where Dy = {v € V : ||v]| < 1} and for

non-negative rational r, f,. is as above. Write a sentence ¢ of L., such
that

1) Ny, f) E piff f: V — V is continuous.

) (Nv, f) E piff f: V — V is differentiable.

(In both (1) and (2), expand the vocabulary to include a name for f.)
Let M = (R, +,+,0,1, <) and L a vocabulary which extends the vocab-

ulary of M by a name for a function f : M — M. Write a sentence ¢
of Loy such that (M, f) = ¢ iff

(1) f T [0,1] has bounded variation, i.e. there exists an M such that
Z?:O |f($1+1) — f(l‘1)| < Mforall0 =29 <21 < --- <
T, = 1.
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(2) fishomogeneous, i.e. there is n € N such that f(ax) = a™ f(x) for
alla € R.

3) f 1 [0,1] is Riemann integrable, i.e. for each ¢ > 0 there are 0 =
Tog < x1 < -+ < x, = 1such that

Z(xiﬂ — ) ( sup  f(z) — zig;gﬁﬂ f($)> <e€

i—0 T <x<Tiy1

Prove Lemma 7.51.

Prove that if M is a well-ordered set, then M is, up to isomorphism, the
only model of o .

Suppose M is a countable model in a countable vocabulary. Suppose
a € M is fixed by all automorphisms of M. Show that a is definable in
M by a formula of L.

Suppose M is a countable model in a countable vocabulary. Show that
M is rigid if and only if every element of M is definable in M by a
formula of L.

Suppose M is a countable model in a countable vocabulary. Suppose
there are ag, . .., a,—1 € M such that (M, ao, ..., an—1) is rigid. Show
that M can have at most countably many automorphisms.

Suppose M is a countable model in a countable vocabulary. Suppose M
has < 2“ many automorphisms. Show that there are ag,...,a,—1 € M
such that (M, ag, . .., an—1) is rigid.

Let us write M <S , N if M C N and if ag,...,a,—1 € M, then

3

(M, ag,...,an-1) ~5 (N, ao,...,an_1). Suppose M= (M, : { <

7v) is a <$,-chain, i.e. M¢ <S,, M, for £ < n < 7. Let M be the
=

union of M, i.e.
M= Me, RM = [ RMe, fM =] fMe M =M
<y <y <y
Show that M <$.,, M forall £ < 7.
Suppose M is a countable model for a countable vocabulary. Suppose

there are formulas ¢,, and ¢, of L, such that M satisfies the sen-
tence:

Vo (V, ey @n(20)) A

NAnew 373 g, V1 (0n(21) —
\/m<w Vl‘g(%ﬂ;‘ll‘Q 4 w%(l‘g, T3y... ,l‘kn))).
Show that M is, up to isomorphism, the only model of o 4.
Prove the claim made in Example 7.46.



8
Model Theory of Infinitary Logic

8.1 Introduction

The model theory of L, ., is dominated by the Model Existence Theorem. It
more or less takes the role of the Compactness Theorem which can be right-
fully called the cornerstone of model theory of first-order logic. The Model
Existence Theorem is used to prove the Craig Interpolation Theorem and the
important undefinability of the concept of well-order. When we move to the
stronger logics L.+, K > w, the Model Existence Theorem in general fails.
However, we use a union of chains argument to prove the undefinability of
well-order. In the final section we introduce game quantifiers. Here we cross
the line to logics in which well-order is definable. Game quantifiers permit an
approximation process which leads to the Covering Theorem, a kind of Inter-
polation Theorem.

8.2 Lowenheim—Skolem Theorem for I,

In Section 6.4 we saw that if a first-order sentence is true in a model it is true in
“almost” every countable approximation of that model. We now extend this to
L., but of course with some modification because L., has consistent sen-
tences without any countable models. We show that if a sentence ¢ of L, is
true in a structure M, a countable “approximation” of ¢ is true in a countable
“approximation” of M, and even more, there are this kind of approximations
of ¢ and M in a sense “everywhere”. To make this statement precise we em-
ploy the Cub Game introduced in Definition 6.10. We say

...X ... foralmostall X € P,(A)
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if
player IT has a winning strategy in G, (P, (A)).
Recall the following facts:

1. If Xy € P,(A), then Xy C X for almost all X € P, (A).

2. If X € C for almost all X € P, (A) and C C C’, then X € C’ for almost
all X € P, (A).

3. If for all n € N we have X € C, for almost all X € P, (A), then X €
ey Cn for almost all X € P (A).

4. If for all a € A we have X € C, for almost all X € P, (A), then X €
AgeaC, for almost all X € P, (A).

In other words, the set of subsets of P,,(A) which contain almost all X €
P.(A) is a countably complete filter.

Now that approximations extend not only to models but also to formulas
we assume that models and formulas have a common universe V', which is
supposed to be a transitive' set. As the following lemma demonstrates, the
exact choice of this set V' is not relevant:

Lemma 8.1 Suppose ) # A C V and C C P, (A). Then the following are
equivalent:

1. X € Cforalmostall X € P, (A).
2. XN A eCjoralmostall X € P, (V).

Proof (1) implies (2): Let a € A. Player II applies her winning strategy in
G (C) in the game G,,,({X € P,(V) : X N A € C}) as follows: If I plays
his element in A, player IT interprets it as a move in G.,,(C), where she has a
winning strategy. If I plays x,, outside A, player II plays y,, = a. (2) implies
(1): player IT interprets all moves of I in A as his moves in V' and then uses
her winning strategy in G..,({X € P (V) : X N A €C}). O

Definition 8.2 Suppose ¢ € L, and X is a countable set. The approxima-
tion X of ¢ is defined by induction as follows:

1) (=tt)X = =~tt'.

() (Rty...t,)X =Rty...t,

3) (—p)* *WX-

@ (AN®)* = Ne* :pecdnX}
G (Vo) =V{p* :pecdnX}
(6) (Vnp)™ =V, (p¥).

L Aset Ais transitive if y € € A implies y € A for all x and y.
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(7 Fzne)* = Jz, (%),
Note that ¢ is always in L,,,,,, whatever countable set X is.

Example 8.3 Suppose X N{p, : @ <wi} = {pay;Pay;-- -} Then

X
(on \/ %(%)) =Vao \/ ¢a, (x0)

Example 8.4 Suppose X, M, 605 € V, V transitive, and ¢ is the order type
of X N On. Then for all @ > § we have M |= Vo (60X « 05) (Exercise 8.4).

Lemma 8.5 Ify € Ly, ., then player I1 has a winning strategy in the game
G.w({X € Pu(V) : 0% = ©}). That is, almost all approximations of ¢ €
L, ., are equal to .

Proof We use induction on ¢. If ¢ is atomic, the claim is trivial since X = ¢
holds for all X. Also negation and the cases of Vz,,¢ and 3z, 0 are immediate.
Let us then assume ¢ = /\nGN p, and the claim holds for each ¢, that is,
player IT has a winning strategy in G..,({X € Pu(V) : @)X = ¢, }) for each
n. By Lemma 6.14 player IT has a winning strategy in the Cub Game for the
set

m{X:gpr{:Lpn}ﬂ{X:goneXforallnEN}.

neN

O

Definition 8.6 Suppose L is a vocabulary and M an L-structure. Suppose ¢
is a first-order formula in NNF and s an assignment for the set M the domain
of which includes the free variables of ¢. We define the set D, 5 of countable
subsets of M as follows: If ¢ is basic, D, s contains as an element any count-
able X C V such that X N M is the domain of a countable submodel .4 of M
such that rng(s) C A and:

If @ is ~tt/, then tA(s) = t(2).

If  is —~tt’, then t4(s) # (1)

If pis Rty ... t,, then (t{(s),...,t, (1)) € RA.
If ¢ is Rty ...t,, then (t{\(s),...,t,"A(t)) &€ RA.

For non-basic ¢ we define

D/\ s — A¢€¢D¢,3~
DV d5 — V@G':PD@,S
DVmcp,s = ArLEMDgo,s[a/a:]~
Dawga,s = VaeMpcp,s(a/z)‘
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If ¢ is a sentence, we denote D, ; by D,,. If ¢ is not in NNF, we define D, ,
and D, by first translating ¢ into a logically equivalent NNF formula.

Intuitively, D, is the collection of countable sets X, which simultaneously
give an L, ,-approximation ¢ of ¢ and a countable approximation MX of
M such that MX |= .

Proposition 8.7 Suppose A is an L-structure and X € D, ;. Then [X N
Ala e o™

Proof This is trivial for basic . For the induction step for A ® suppose X €
D a,s- Suppose p € X N ®. Then X € D, ;. By the induction hypothesis
[X N A]4 = X Thus [X] 4 =+ (A ®)X. The other cases are as in the proof
of Proposition 6.21. O

Proposition 8.8 Suppose L is a countable vocabulary and M an L-structure
such that M |= . Then player 11 has a winning strategy in G.,,(Dy).

Proof We use induction on ¢ to prove that if M =5 ¢, then IT has a winning
strategy in G, (D,,s). Most steps are as in the proof of Proposition 6.22. Let
us look at the induction step for A ®. We assume M =, A ¢. It suffices to
prove that IT has a winning strategy in G.,,(D,,s) for each ¢ € . But this
follows from the induction hypothesis. O

Theorem 8.9 (Lowenheim—Skolem Theorem) Suppose L is a countable vo-
cabulary, M an arbitrary L-structure, and p an L.,,-sentence of vocabulary
L, and V a transitive set containing M and ¢ such that M N TC(p) = 0.
Suppose M = . Let

C={XeP,(V): [XNMm [ ¢*}.
Then player 11 has a winning strategy in the game G.,,,(C).
Proof The claim follows from Propositions 8.7 and 8.8. O

Theorem 8.10 1. M =, N ifand only if MX = N'X for almost all X.
2. M #ooo, Nifand only if MX 2 NX for almost all X.

8.3 Model Theory of L, .,

The Model Existence Game MEG(T', L) of first-order logic (Definition 6.35)
can be easily modified to L, ,.
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Tn Yn Explanation
%) I enquires about .
%) ITI confirms.
~tt I enquires about an equation.
it II confirms.
»(t) I chooses played ¢(c) and ~ct with ¢ basic
and enquires about substituting ¢ for c in .
(t) IT confirms.
Vi I tests a played A, ¢; by choosing i € 1.
i II confirms.
Vier i I enquires about a played disjunction.
i IT makes a choice of ¢ € I.
w(c) I tests a played Vzp(z) by choosing ¢ € C.
e(c) IT confirms.
Jze(x) I enquires about a played existential statement.
o(c) IT makes a choice of ¢ € C.
t I enquires about a constant L U C-term ¢.
~ct IT makes a choice of ¢ € C.

Figure 8.1 The game MEG(T', L).

Definition 8.11 The Model Existence Game MEG(¢p, L) for a countable vo-
cabulary L and a sentence ¢ of L, , is the game G, (W) where W consists of
sequences (Zg, Yo, L1, Y1, - - -) where player IT has followed the rules of Fig-
ure 8.1 and for no atomic L U C-sentence v both v and =4 are in {yo, y1, . - . }-

We now extend the first leg of the Strategic Balance of Logic, the equiva-
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lence between the Semantic Game and the Model Existence Game, from first-
order logic to infinitary logic:

Theorem 8.12 (Model Existence Theorem for L,,,,) Suppose L is a count-
able vocabulary and ¢ is an L-sentence of L, ... The following are equivalent:

(1) There is an L-structure M such that M |= .
(2) Player II has a winning strategy in MEG(p, L).

Proof The implication (1) — (2) is clear as II can keep playing sentences
that are true in M. For the other implication we proceed as in the proof of
Theorem 6.35. Let C = {¢, : n € N} and Trm = {t, : n € N}. Let
(2o, Yo, 1, Y1, - .) be a play in which player IT has used her winning strategy
and player I has maintained the following conditions:

1. If n =0, then z,, = ¢.

2. If n = 2- 3%, then x,, is ~c¢;c;.

3. Ifn=4-3".5 .7 . 11}, y; is ~c;ty, and y; is ¢(c;), then x,, is (c;).
4. Ifn=8-3"-5 and y; is \,,cy ©m. then z,, is @;.

5. 1fn=16-3"and y; is \/,,cyy ©m. then 2, is \/, oy @rm.-

6. If n =32-3"- 57, y; is Vayp(x), then z,, is (c;).

7. etc.

The rest of the proof is exactly as in the proof of Theorem 6.35. O

Our success in the above proof is based on the fact that even if we deal
with infinitary formulas we can still manage to let player I list all possible
formulas that are relevant for the consistency of the starting formula. If even
one uncountable conjunction popped up, we would be in trouble.

It suffices to consider in MEG(¢p, L) such constant terms ¢ that are either
constants or contain no other constants than those of C. Moreover, we may
assume that if player I enquires about ~t¢, then ¢ = ¢,, for some n € N.

Corollary Let L be a countable vocabulary. Suppose p and i) are sentences
of L, - The following are equivalent:

1) ¢ =1
(2) Player I has a winning strategy in MEG (¢ A =), L).

The proof of the Compactness Theorem does not go through, and should
not, because there are obvious counter-examples to compactness in L, . In
many proofs where one would like to use the Compactness Theorem one can
instead use the Model Existence Theorem. The non-definability of well-order
in Lo, was proved already in Theorem 7.26 but we will now prove a stronger
version for L, .,:
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Theorem 8.13 (Undefinability of Well-Order) Suppose L is a countable vo-
cabulary containing a unary predicate symbol U and a binary predicate sym-
bol <, and ¢ € Ly, . Suppose that for all o« < wy there is a model M of ¢
such that (o, <) C (UM, <M). Then o has a model N such that (Q, <) C
(UN, <M.

Proof Let D = {d, : r € Q} be a set of new constant symbols. Let us call
them d-constants. Let ¢ = A __(d, < ds). We show that player IT has a
winning strategy in

r<s<

MEG(¢ A6, LU D).

This clearly suffices. The strategy of II is the following: Suppose she has
played {yo,...,Yn—1} so far and y; = 6 or

Yi = @i(COV-'acmvdru"-adrl)v

where d,,,...,d,, are the d-constants appearing in {yo, ..., yn—1} except in
. She maintains the following condition:

(%) Forall o < w; there is a model M of p and by, ...,b; € UM C w; such
that
M ): Hafoal'm /\ Wi($0,...,$m,b17...,b5)
<n
and

a<by,by+a<by...;01+a<b.

We show that player IT can indeed maintain this condition.

For most moves of player I the move of IT is predetermined and we just have
to check that (x) remains valid. For a start, if I plays ¢, condition (x) holds by
assumption. If I enquires about substitution or plays a conjunct of a played
conjunction, no new constants are introduced, so (%) remains true. Also, if 1
tests a played Vz(x) or enquires about a played 3z (x), no new constants of
D are introduced, so () remains true. We may assume that I enquires about
~tt only if ¢ = ¢,, and so (x) holds by the induction hypothesis. Let us then
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Figure 8.2

assume (%) holds and I enquires about a played disjunction \/,; v;. For each
a < wy we have amodel M, as in (%) and some i, € I such that M,, |= ;.
Since I is countable, there is a fixed ¢ € I such that for uncountably many
a < wi: Mg |E ;. If II plays this 1);, condition (x) is still true.

The remaining case is that I enquires about a constant term t. We may as-
sume t = d, as otherwise there is nothing to prove. The constants of D oc-
curring so far in the game are d,, ..., d,,. Let us assume r; < r < r;11. To
prove (%), assume « < wj and let 5 = « - 2. By the induction hypothesis there
is M as in (x) such that b; + 5 < b;41. Let d,- be interpreted in M as b; + «.
Now M satisfies the condition (x) (see Figure 8.3).

O

The following corollary is due to Lopez-Escobar (1966b).

Corollary If ¢ is a sentence of L, ., in a vocabulary which contains the
unary predicate U and the binary predicate <, and (UM, <M) is well-ordered
in every model of o, then there is o < wy such that the order type of the

structure (UM, <M) is < a for every model M of .
Corollary The class of well-orderings is not a PC-class of Ly, ..

The undefinability of well-ordering as a PC-class of L, will be estab-
lished later. We now prove the Craig Interpolation Theorem for L, ,. There
are several different proofs of this theorem, some of which employ the above
corollary directly. Our proof is like the original proof by Lopez-Escobar, ex-
cept that we operate with Model Existence Games instead of Gentzen systems.

Theorem 8.14 (Separation Theorem) Suppose L, and Lo are vocabularies.
Suppose ¢ is an Ly-sentence of L, ., and 1 is an Lo-sentence of L, such
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that |= @ — 1. Then there is an L1 N Lo-sentence 0 of Ly, ., such that = ¢ —
Oand =0 — .

Proof This is similar to the proof of Theorem 6.40. We assume, w.l.0.g., that
L, and Lo are relational. Let L = L; N Ly. We describe, assuming that no
such 6 exists, a winning strategy of IT in MEG(p A =), L1 U Ly). We now
follow closely the proof of Theorem 6.40, where the strategy of IT was to
divide the set ¥ of her moves into two parts ST and S3' such that ST* consists
of the L1 U C-sentences of ¥ and S% consists of the Ly U C-sentences of .
In addition it is assumed that

(*) There is no L U C-sentence 6 that separates ST and S3.

There are two new cases over and above those of Theorem 6.40:

Case 5'. Player I plays ¢; where for example A, ; p; € ST. Let st —
S U {g;} and S5 = S If @ separates ST and S5, then clearly 6 also
separates ST and S%.

Case 6'. Player I plays \/,_; @;, where for example \/,_; ¢; € ST'. We claim
that for some ¢ € I the sets ST U {¢;} and S¥ satisfy (*). Otherwise there is
for each ¢ € I some 0; that separates ST U {¢;} and S§. Let = \/._;0;.
Then 6 separates ST and S contrary to assumption.

iel

O

8.4 Large Models

Suppose I is an L-fragment of L .+, of size x and M is an L-structure of size
> k. If we define on M

a~b <= foreveryp(z) el : M p(a) <= M = ¢(b)

then by the Pigeonhole Principle there is a subset I of M of size > & such that
fora,b € Iand p(z) €T :

ME () <= M pb)

We say that the set [ is indiscernible in M with respect to I'. If we want
indiscernibility relative to formulas with more than one free variable, we have
to use Ramsey theory.

Definition 8.15 Suppose L is a vocabulary, M is an L-structure, and I" is an
L-fragment. A linear order (I, <), where I C M, is I'-indiscernible in M if
foralla; < ... < ap,by <...<b,in[ andany o(x1,...,2,)inI":

MEop(a,...,an) <= ME@(bi,...,b,).
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Example 8.16 If L = (), any linear order is I'-indiscernible in any L-structure.
If L = {P}, P aunary predicate, and M is an L-structure, then any linear or-
der (I, <), where I C PMorI C M \ PM is I'-indiscernible in M for any
I'. If M is a dense linear order without endpoints, then any suborder of M is
I'-indiscernible for any I'.

Example 8.17 Suppose M = (M, -, +,0,R, ‘g, +r, Og, 1g) is a vector space
over R, where (R, ‘g, +g, Og, 1r) is the field of reals, + is the vector sum in
M \ R, and - is the scalar product R x (M \ R) — (M \ R).If X is a basis of
M, then X is I'-indiscernible in M for any I

Proposition 8.18 Suppose L is a vocabulary, I an L-fragment, and M is an
L-structure such that for each ¢ € T there is f € L such that f™ is a Skolem
Sunction for ¢ in M. If X C M, then

[X]M <r M.
Proof We use induction on ¢ € I' to prove forall ay, ..., a, € [X]|m
XIm Eelar,...,an) <= MEop(a,... a,).

The only interesting case is the following: Suppose

M ': 3$n+1§0(al’ ceey A, x’rL+1)~

Let f € L such that f is a Skolem function for . Thus if
b= fM(ar,...,an)
then
M E p(ar, ..., an,b).

Since [X]aq is closed under fM,b € [X]aq and we can use the induction
hypothesis to conclude

[X}M ): (p(a’l? s aanab>
from which
[X]M ': 3$n+1§0(al, ceey Gy anrl)
follows. O
Suppose (I, <) is T-indiscernible in M. Thus for any ¢(z1,...,2,) in T’
the truth-value of ¢(aq,...,a,) in M is independent of a1,...,a, € I as
long as a; < ... < a,. Owing to this situation that M does not recognize any

difference between the elements of I , we can “smuggle” more elements into
M without changing properties of M expressible in I'.
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Theorem 8.19 Suppose L is a vocabulary, I' an L-fragment, and M is an
L-structure such that for each ¢ € T there is f € L for which f™ is a Skolem
Sunction for ¢ in M. Assume furthermore that (I,<p) is an infinite linear
order which is T'-indiscernible in M. Then for any linear order (J, <) there
is an L-structure N such that for any o(x1,...,2,) € Tya1 <y ... <[ an in
Tandb, <;...<;b,inJ

MEp(ar,...,a,) <= N Eob1,...,b,).
In particular, M =1 N.
Proof Let N’ be the set of tuples
(t, boy. .. br_1)

where ¢ has at most xg, ..., x,_1 asits variables and by <j ... <j bp_1. If
we have two elements

(t,boy - ybn1), (t' b0, b 1)

of N’, we make the following construction: Let ¢cg <j ... <J Cn_1 be
any sequence (since (J, <) is infinite, such exist) containing the sequences
bo, A 7bn717 6, e 7b{n’71’ ie.

/
b; = cri,bj = Cq;

fori < nand j < n'. Let to be obtained from ¢ by replacing x; everywhere by
., and t{, from ¢’ by replacing everywhere x; by x,. Now we define

(tyboy -y bp1) ~ (', bg, ... bl 1)
if there are ag <; ... <7 @;,—1 in I such that
to(ag, ..., am—1)" =th(ag, ..., am-_1)™.
Note that this definition of ~ is independent of the sequences cg <y ... <y
Cm—1and ag <7 ... <7 Qm_1.
Claim ~ is an equivalence relation on N'.

Clearly, ~ is reflexive and symmetric. To prove transitivity, assume

() (t, b0y bp_1) ~ (' 0y b)) ~ (b0, b ).

»Yn/—

Since (J, <) is infinite, there is ¢y <j ... <J ¢m—1 in J such that
bi = Crﬂb;‘ = CS]'7 ;gl = Cuyy,

fori <mn,j<n'andk <n”.Letag <y ... <y am_1 in I. Let ty be gotten
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from ¢ by replacing x; by x.., t; from ¢’ by replacing x; by x,, and ¢; from
t" by replacing xy, by 2, . Then (*) implies

to(ao, ey am_l)M = té)(ao, ceey am_l)M = tg(ao, ey am_l)M

For z € N’ let [2] be the equivalence class of z under ~. Let N be the set of
all [z], z € N’. We make N into an L-structure by defining for by <j ... <;
bm_1in J:

([(t1,00, - - - s bn—1)]; - - [(tn b0, - - -, b—1)]) € RN
iff for some (all) ag <j ... <y Gyp_1in I :

(t1(bos - b)), .. tn(bos - .. bn1)™) € RM.
For f € L we define

Nt 00, - b))y -+ [(Ens Doy o b1)]) =

[(ft1...tn,bo, .. bm—1)]
Finally, for c € L, we let
N =1(c,0)).
We can identify the element b of J with [(vg, b)].

Claim The following are equivalent for ¢ € I':

M MEe(ag,... an—1)forallag <j...<j anp—1inl.
) N Eoby,...,by_1)forallby <j...<jbp_qinJ.
3) N E @by, ...,by_1)forsomeby <j...<jby_qinJ.

To prove this claim we use induction on . For atomic and negated atomic
« this follows from the definition of \. Let us prove the case of the existential
quantifier. Suppose M = 3z, (ao, ..., an—1, x,) for some (equivalently, for
all) ag <7 ... <p an_1 in I. There is f € L such that f™ is a Skolem
function for ¢ in M. Thus

M= p(ag, ... an1, fM(ag, ..., an_1)).
Let ¢’ be obtained from by replacing everywhere x,, by fxg ...z, _1. Then
ME ¢ (ag,...,an_1).
Letby <j ... <y by—1 in U. By the induction hypothesis,

N |: (,0/<b07 e ,bnfl)
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whence
(**) N ': E'l’nép(bo, ey bn—l; xn)

Conversely, suppose (**) holds for some (equivalently, for all) by < ... <
bn—1.Letz € Nsothat N = ¢(bo, ..., by—1,2). Letz = [(¢,bp, ..., 0, )]
Letco <j ... <J ¢m—1 be such that

bi = Cri,b

/
;= Cs;

J

for i < nand j < n'. Let ty be obtained from ¢ by replacing everywhere x;
by x,. Let o be obtained from ¢ by replacing everywhere x; by x,, and x,,
by to(xo, .- ., Zm—1). Then

N E go(co, .- cm-1).
By the induction hypothesis
M |: 800(0/07 s 7am71)

for all ag <7 ... <1 @pm_1. Fix some a9 <; ... <; an_1. Then there is
an, € M such that

ME p(ag,...,an-1,an).
Thus
M Jznp(ag, ... an—1).
O

Corollary Suppose L is a vocabulary, I' an L-fragment, and M is an L-
structure such that for each ¢ € T there is f € L for which f™ is a Skolem
function for ¢ in M, and (I1,<7) is an infinite linear order which is T-indis-
cernible in M. Then ¢ has arbitrarily large models.

Proof Let (J, <) be an arbitrary linear order. By the previous theorem there
is a model NV containing J such that M =p N. Then |N| > |J|. O

Definition 8.20 Suppose «, A, and p are cardinals and n € N. We write

K — (/\)Z
if for every function (“‘coloring”)
fols]” =

there is I C &, [I| = A, suchthatforalla; < ... < ap,b1 <...<b,inl

fHa1,...;an}) = f({b1,...,bn}).
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Example 8.21 Ramsey’s Theorem says w — (w)”,, The Erdés—Rado Theo-

rem says (3J,,(k))T — (k)21 We will not prove these results of set theory
here, but refer to such set theory texts as (Jech, 1997, Theorem 9.6).

For finite I" we could use the Ramsey Theorem w — (w)?, to get models
with infinite sets of indiscernibles. In infinitary logic we cannot expect I to be
finite, and we have to use the Erdos—Rado Theorem instead.

Theorem 8.22 Suppose p € I' C Ly, [I'| < R, and ¢ has for each
a < wy amodel of size 3. Then @ has a model with an infinite T-indiscernible
linear order, and hence arbitrary large models.

Proof Let L be the countable vocabulary of ¢. Let D = {d,, : n < w} be a
new set of constant symbols. It suffices to prove that IT has a winning strategy
in

MEG(p A0, LU D),
where 6 is the conjunction of

(,O(dil,...7din) — (p(djl,...,djn)
di<dj

forip < ...<ip <w,j1 <...<Jn<wi<j<wandp(x,...,z,) €
I'. The winning strategy of IT is the following: Suppose {yo, . . . , Yn—1} is her
play so far and y; = 6 or

Yi = ©i(Cose vy Cmydpyy .oy dy).

She maintains the following condition: For all o < w; there is a model M of ¢
and a linear order (I, <j) suchthat 7 C M, |I| =3, andforag <; ... <y q
inl:
M 3xg... 3z, /\ ©i(Toy oy Ty a1, .., ap).
i<n

Note that if n = 0, i.e. the game has not started yet, the condition holds as for
all @ < wy there is a model M of ¢ with |M| = 3,.

Let us assume I enquires about a played disjunction \/, _ 9. For each
a < wy we have M, = ¢ and a linear order (I,,, <) such that |I,| = 3,
and fora; <, ... <4 ain I,

Mo | 3xo. .. Fem] Nicp 0i(To, s Ty an, ..o a)A
\/n<w Un(Toy - oy Ty @1y oy ap)]e

Fix @ < wi. Ifa; <qq1 - <ati a1 € Loti, let x(ag,...,a;) =k < wbe
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such that

Mo 3w .. Jem] Nicp 0i(To, ooy Ty an, .o @) A
Yi(Toy .oy Tm,a1,...,a1)].

By the Erdés—Rado Theorem there is a set J, C I,4; such that x(aq,...,a;)
is a fixed n,, forall a1 <q4y ... <aqu; @ in J, and |[I| = 3,,. For arbitrarily
large o < wy we have n,, fixed. Let that fixed value be n*. Then for all @ < wy
there is a model MV, (= M) and a linear order (J,, <) such that |J,| =
Jdoandforall a; <, ... <q a7in J,

No E3zg... 3zm[ Ao i@y Ty ar, .. @) A
¢TL*(I05"'axm7a'17"'7al)]'

Now II plays the sentence

wn*(c(h-'-acmadT17"'7dTl)'

To prove that ¢ has arbitrarily large models we first expand the vocabulary
L to L* and the countable L-fragment I' to a countable L*-fragment I'* so that
for every L*-formula ¢ = ¢ (z1, ..., 2y, ) in I'* there is a function symbol f,
in L* \ L. We replace ¢ by

o*=pA /\fweL*\L Vay, ... Van,1Fzad(xn,...,20,) —
w(xlv sy Ty —1, f’lb(xlv oo ﬂxnw)))'
Note that * has still for each o < w; a model of size 3,,. Then the model N

constructed above has a Skolem function f{l}f for each ¢ € T'. Thus we can use
Theorem 8.22 to construct arbitrarily large models for ¢* and hence for . [

Proposition 8.23 Suppose L is a vocabulary, I' an L-fragment, M an L-
structure which has Skolem functions for all ¢ € T, and (1, <) a linear order
which is T-indiscernible in M. Then every automorphism of (I,<) can be
extended to an automorphism of [I] p.

Proof Suppose 7 is an automorphism of (I, <). If a € [I|aq, then a =

tM(ay, ..., ay) for some L-term ¢ and some a1 < --- < a, in 1.
Claim IftM(ay,...,a,) = uM(by,...,by), Wwherea; < --- < a, in I and
by < --- < by inI,thent™(may,...,ma,) = u™(7by, ..., 7why).

To prove the claim let ¢; < --- < ¢, in I be such that

a; = ¢, b5 = cg;

for1 <i < n,1 <j < m.Lett, be obtained from ¢ by replacing x; every-
where by x..,. Let ug be obtained from w by replacing x; everywhere by ;..
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Thus
M = =toug(c, .., ).
By indiscernibility,
M E =toug(mer, ..., meg).
Thus tM(7ay, ..., ma,) = uM (b, ..., wby,). The claim is proved. Now we
can define
r(tM(ay,. .., an)) = t"(way, ..., may)
and thereby extend 7 to an automorphism of [I] 4. O

Corollary Suppose ¢ € Ly, has for each o < wy a model of size 1. Then
@ has for each infinite cardinal k a model of cardinality k with 2% automor-
phisms.

Proof Let (I,<) be a linear order of size x with 2% automorphisms (see
Exercise 8.36). Let I" be a countable fragment of L, ., such that ¢ € I'. Let M
be a model of ¢ with (I, <) I'-indiscernible in M. Without loss of generality,
M has Skolem functions for each ¢ € I'. Now [I] ¢ is a model of ¢ of size x
with 2” automorphisms. O

8.5 Model Theory of L, +,

New phenomena arise when we pass from L, , to L.+, with x > w. For an
example consider the sentence v:

/\ dzg /\ cnExg N /\ —¢, Exg.

ACN neA ngA

M satisfies 1) iff every subset X of {¢M : n € N} is coded by some element
ac M:

X ={cM: M=c,Ea}.

Thus we can talk about all subsets of {cM : n € N}. This is new since a
priori we cannot talk about subsets of the model in L, only about elements.
However, this trick of coding subsets by elements works only as far as we can
explicitly refer to each element of a part of the model, e.g. by having enough
constant symbols, or by being able to define a long well-ordering. One of the
main results of this section shows that even in L+, there is a bound to how
long well-orderings we can define.
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Definition 8.24 Let L be a vocabulary. An L-fragment of L, is any set T
of formulas of L, in the vocabulary L such that

(1) 7T contains the atomic L-formulas.
(2) p € T ifand only if ~p € T.

(3) A® € T implies® C 7.

@) & C T implies A® € T for finite .
(5) VO®T implies® C 7.

(6) & C 7 implies V® € T for finite P.
(7) Vzp,p € Tifandonlyif p € T.

(8) Jxnp € T ifand only if ¢ € T.

Note that a fragment is necessarily closed under subformulas. The main use
of fragments is the following fact:

Lemma 8.25 Suppose ¢ € L,.+,, with a vocabulary L, |L| < k. There is a
fragment T such that p € T and |T| = k.

Proof Let T consist of atomic L-formulas and the formula ¢. Let

Tos1=To U{tp: 9 € Ty}
U{:veT,}
U{: v e AP eT,or VO eT,}
U{v : Vo, € Ty or Jzpth € Ty}
U{Vz,: ¢ € T}
U{3z,y ¢ € Tn}
U{A®: ® C T, finite}
U{v®:® C 7T, finite}.

Finally, let T = {J_ Tn.- O

We quite often use induction on formulas. In such situations it often suffices
to use induction on formulas in a fragment. Since the fragment is smaller than
the set of all formulas, preparations for a successful induction are easier to
make. The following Lowenheim-Skolem Theorem is an example of this. First
we review the nice method of Skolem functions:

n

Definition 8.26 Suppose L is a vocabulary, M is an L-structure, and 7 is
an L-fragment of L. A Skolem function for a formula ¢ (zo, ..., xz,) is any
function f, : M™ — M such that for all ag, ...,a,—1 € M:

M E Jzpp(ao, ... an_1,2,) = @(ao,...,an—1, fo(ao,...,an—1)).
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By the Axiom of Choice it is clear that Skolem functions exist in any model
for any formula.

Proposition 8.27 Suppose T is an L-fragment, M an L-structure, and F a
family of functions such that every formula in T has a Skolem function in F.
Suppose My C M is closed under all functions in F. Then My is the universe
of a substructure Mg of M such that for all ¢ € T and s:

(*) MoEsy = MEo.

Proof Let us first observe that My is closed under the functions of M and
contains ¢ for each ¢ € M. For an n-ary function symbol g we use the
Skolem function of the formula

3, R gTo;s - -+ s Tn—1

and for any constant symbol ¢ in L we use the Skolem function of the formula
Jx,~z, c. Now the induction. For atomic ¢ claim (*) follows from the fact that
Moy € M. Claim (¥) is trivially closed under negation, A and V, bearing in
mind that if A® or V® is in 7, then ® C 7. Finally, assume ¢ (zo, ..., Zn—1)
is of the form 3z, ¥ (xo,...,2,-1). If My Es ¢, then by the induction hy-
pothesis M =5 ¢. On the other hand, assume M |=; . By assumption there
is a Skolem function f, for ¢ in F. Thus

M Ea/m ¥,a = fo(5(0),...,8(n—1)).
By assumption a € M. Thus Mg =4 /] ¥ Whence Mg =, . O
Theorem 8.28 (Lowenheim—Skolem Theorem) Suppose L is a vocabulary
of cardinality < k, @ is a sentence of L+, in the vocabulary L, and M is an

L-structure such that M |= . Then there is My C M such that My = ¢
and | My < k.

Proof Let T be an L-fragment of cardinality s such that ¢ € T. Let F be
a set of cardinality x of finitary functions on M containing a Skolem function
for each ¢ € T. Let M be a subset of M of cardinality x closed under the
functions of F. By Proposition 8.27 M is the universe of a substructure M,
of M such that M, = . O

Proposition 8.29 (Union Property I) Suppose M,, <%, My41 foralln €
N, i.e. M,, € M1 and

(Mn7a07" '7am71) :; (Mn+1’a/0"' '7am71) (8'1)
foralln,m € Nand ay, ..., an—1 € M,. Let M = J,, M,,. Then
My <%, M
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foralln € N.

Proof In this proof we violate the principle that in an Ehrenfeucht—Fraissé
Game the domains of the two models should be disjoint. This is not a prob-
lem, we just have to be more careful. Let a4, ..., a,, € M,. We describe the
winning strategy of 1T in

DEFQ((M71,7 at, ... ,am), (M, Ay, ..., am))
For brevity, we denote

an = (Mn,al,...,am)
M/ = (M,al,...,am).

The strategy of II is the following: Suppose after round s the players have
played o,y < @, Up,...,05—1 in M} and v/, ... ,v,_; in M’. During the
game player IT has formed a sequence

n=ko<k < <ky<w

such that the elements v} played in M are all contained in M. The idea of
player I is to maintain the condition

(M;”UO,---,Us—l) 3;‘” ( 2571)67'-'71};—1) (8.2)

(Figure 8.3).

Round 0: Suppose player I plays oy < « and either vg € M, or v € M.
Player IT chooses k; sufficiently large in order that v, € Mj,, and then her
move such that after round O we have

(M), v0) =50 (M, vp). (8.3)

-p
Round 1: Suppose player I plays a; < o and either v; € M,, or vj € M.
If I plays his vy in M,, U My,, then II lets ko = k; and uses fact (8.3).
Otherwise, player IT chooses ks sufficiently large in order that v} € My,, and
she also uses the assumption

(M, v0) 20 (M, , vp) (8.4)
to find u such that
( ;61’1}6’11‘) ggl ( ;chv(/)avll) (85)

and then (8.3) to find v; such that

(M5, v0,v1) =51 (M, v), ). (8.6)
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Summa summarum, (8.5) and (8.6) give
(M5, v0,v1) =5t (M, v5,v]). (8.7)

Round 2: Suppose player I plays as < «; and either vy € M, or v € M.
If I plays his vy in M,, U My,, then II lets ks = ko and uses fact (8.4).
Otherwise, player IT chooses k3 sufficiently large in order that v € My, and
she also uses the assumption

(M5 v0,v1) 22t (M, v, v1) (8.8)
to find u such that
(M;@)UENULU') 232 (M%S,Ué,vi,vé) (89)

and then (8.7) to find vy such that

(M;laUO;Ulv’UQ) :10;2 ( ;czav(l]avllau)' (810)
Summa summarum, (8.9) and (8.10) give
(M;’uv07v17v2) :10;2 (M;CS,U(S,UL’UQ). (811)

Round s: We assume (8.2). Suppose player I plays as; < as—1 (as—1 = @,
if s = 0) and either vs € M, or v, € M.IfI plays his v, in M,,UMj,_, then IT
simply lets ks41 = ks and uses fact (8.2). Otherwise, player IT chooses k51
sufficiently large in order that v, € M}, and she then uses the assumption
(8.1) to find u such that

(M, 00, -+ Vsmgsu) 2252 (MG 0p, -0, 05) (8.12)
and then (8.2) to find v, such that
(M3, v0, .- Us—1,05) 5= ( ;Hl,v{], Ce V). (8.13)
Putting (8.12) and (8.13) together gives
(M3, 005+, Us—1,05) 252 (M, 005, Vg1, V) (8.14)

If IT plays following this strategy she wins as the mapping v; — v} is clearly
a partial isomorphism. O

Proposition 8.30 (Union Property I) Suppose I is a set of formulas closed
under subformulas. Suppose My, <r My 41 foralln € N, i.e. M,, C M1
and

Mn ‘: <p(a0, ey am,1> < Mn+1 |: <p(a0, ey am,l) (815)
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Figure 8.3

forall p €T and ag, ... ,am—1 € M,. Let M = J,, M,,. Then M,, <r M
foralln € N.

Proof We use induction on ¢ € I' to prove foralln € Nandall ..., a,,_1 €
M,

Mn ': @(a(]a"'vamfl) — M ): @(G’Oa"'aamfl) (816)

forag,...,a,—1 € M,.The only non-trivial case is the case of the quantifiers.
Suppose therefore ¢ (g, . - . , Ty —1) 18 the formula 3z, ¥ (zo, - - -, Tin—1, Tm)s
where a1, ...,a,_1 € M,, and

M, = olag, ... ,am—1).
Then
M, E¥(ag,...,am_1,a)
for some a € M,,. By the induction hypothesis
M EY(ag,...,am—1,a).
Thus
M E plag, .. am—1). (8.17)
Conversely, suppose (8.17). Let a € M be such that
MEY(ag, ..., am-1,0a).

There is m > n such that a € M,,. By the induction hypothesis

Mm ': w(a()a ceey am—ha)'
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Thus

My, = elag, .. am—1).
By assumption (8.16), M,, = ¢(ag, ..., am—1). O

Union Property I actually follows from Union Property II by letting I" be the
set of all formulas of quantifier rank < a.

Theorem 8.31 Suppose L is a vocabulary of cardinality k and ¢ € L+,
has vocabulary L. Suppose o has a model M with ((2%)*, <) C (UM, <M).
Then @ has a model M* in which (UM", <" is non-well-ordered.

Proof Letpu = (2%)F. LetT be an L-fragment containing . Let
L, = LU{Co,...,Cnfl}
L* = U L.
n
We construct for each n an L,,-structure M,, such that

(i) My, ': /\i<n Uc; N /\i<j<7L cj < .
(i) M, <r Muq1 [ Lp.

(i) M, F .

(see Figure 8.4). There is clearly a unique L*-structure M* such that
M =M,
M, © M T Ly,

Then M* | L =J,,(M,, | L), so Proposition 8.29 gives M* = ¢. Also
M* ':/\UCZ'/\ /\ cj <.
ieN i<j<w
So M* is the non-well-ordered model of ¢ we seek.
In order to obtain the models M,, we define an auxiliary double sequence

Min<w,a<p
of models meeting the following conditions:
(1) M7 is an L,,-structure, M2 | L C M, |M2| = k.
(2) MZ ': /\i<n Uci A /\i<j<n Cj < ¢
3 M2 = /\/lg for all n, o and (.
(4) Every M7 T is a supermodel of some M.
(5) a < M4 for all o and n.
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Figure 8.4

Figure 8.5

For a start, let M3 C M such that | M| = k and M{ |= . Let then M =
M§ for 0 < o < p. For the inductive step, suppose M™ has been constructed

e o
for each o < . For v < pulet MZ; <p NITHC (M, cy **, 0,5

»n—1
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Figure 8.6

such that [N *1| = , and o« € N2 T, Since

N2,+1
Cn—1

e
at+1l<c, 9" =

we can make N! an L, -structure satisfying ¢, < c¢,.1 by defining
n+1
cﬁf‘* = «. There are, up to isomorphism, only 2 L,,,-structures of size

k. Thus there is I C y of size p such that N1 = NB""H fora, 8 € I. Let I

be {74 : a < p} in increasing order, and M?*! = N,Zjl. Note that v, > a,
net Mo : g
SOCh, * = c¢Cpn " = Yo > . The models M7, satisfy conditions (1)—(5)

(see Figure 8.5).

Now we return to the construction of the models M,,,n < w. Let My =
M. There is o < p such that MY C M{ | Lo. As M{ = MY (in fact
M = MD), there is M such that My C M; | Lo and M; =2 M{ (in fact
M = M}) (Figure 8.6).

Next we find 5 < p such that M}; C ME | L. As My 2 M} = Mé,
there is M such that My C My [ L and My = M%.

Then we find v < p such that ./\/1,2Y C M3 | Ly. As My 2 M3 M,Qy,
there is M3 such that My C M3 [ Ly and M3 = Mg.

Continuing in this way we get all M,,,n < w, satisfying conditions (i)—
(iii). O

In Definition 6.45 we defined the concept of a PC'-class. A more general
concept is the following: A model class K with vocabulary L is an RPC'-class
(“relativized pseudo-elementary class”) in a logic if there is a sentence ¢ in the
logic, with a unary predicate U, such that K consists of the relativizations to
U of reducts to L of models of ¢.

Proposition 8.32  The class of well-ordered models is not RPC-definable in
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Locw, that is, if o € Lo, and (UM, <M) is well-ordered in every model of ,
then there is an ordinal o such that (UM, <™) has order type < « for every
model M of .

Proposition 8.32 can be used to prove the non-definability of various con-
cepts in L,,. Here are some examples:

Example 8.33 The class K of well-founded trees is not definable in L., .
To see why, suppose ¢ € Lo, defines K. Let K’ be the class of structures
(M,U,<,T, <, f) where (T, <’) is a tree in K, (U, <) is a linear order, and
f:U—=Tsuchthatz <y — f(y) <’ f(x) forall x,y € U. Clearly, K’ is
definable in Lo, Now (UM, <M) is a well-order in every model M of ¢, but
on the other hand, there is no upper bound for the order types of (UM, <)
in models M of . This contradicts Proposition 8.32.

Example 8.34 Let K be the class of structures (M, <, A), where (M, <)
is a linear order and if z,y € A withz < y, then [{a € M : a < z}| <
{a € M : a < y}|. The class K is not definable in L.,,. Why? Suppose it is
definable by ¢ € L., Let K’ be the class of structures (M, <, A, U, <’, f)
where (M, <, A) = ¢, (U,<’) is a linear order, and f : U — A is such that
x < y— fly) < f(z) for all z,y € U. Clearly, K’ is definable in L.
Now (UM, <'M) is a well-order in every model M in K’, but on the other
hand, there is no upper bound for the order types of (U™, <) in models M
in K. This contradicts Proposition 8.32.

Example 8.35 Let ZF'C,, be a finite part of the Zermelo—Fraenkel axioms
for set theory. Let K be the class of models (M, €) of ZFC,, which are well-
founded, i.e. there is no infinite sequence s = {ag, a1, ...} of elements of M
such that a,,41€a,, for all n € N (note that s need not be in M). The class K
is not definable in L..,. Why? Suppose it is definable by ¢ € L.,. Let K’
be the class of structures (M, e, U, <, f) where (M, ¢) = ¢, (U, <) is a linear
order, and f : U — M issuch that z < y — f(x)ef(y) for all z,y € U.
Clearly, K’ is definable in L,,. Now (UM, <M) is a well-order in every
model M in K’, but there is no upper bound for the order types of (UM, <™M)
in models M in K’ since there are transitive models of ZFC,, of arbitrary
large height (even of the form (V;, €) by the Levy Reflection Principle). This
contradicts Proposition 8.32.
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I 11 Winning condition
ap € A
boe A QOo(ao,bo)
a1 € A

b1 € A pi1(ao,bo,ar,b1)

Figure 8.7 The game quantifier.

8.6 Game Logic

In this section we sketch the basic properties and applications of the so-called
closed game quantifier of length w

VaoIyoYziTyr ... [\ on(z0,v0 - - Tns Yn) (8.18)

n<w

and its generalization, the so-called closed Vaught-formula of length w

Voo \/ A Fwovazr /A Funo N\ @O (0,0 0, )

i0€10 joEJo €l j1€J1 n<w
(8.19)

as well as their open counterparts. We use the general term game quantification
to cover expressions of the above type. The semantics of these expressions is
defined below by reference to a proper version of a Semantic Game.

The first application of game quantifiers in model theory was Svenonius’s
Theorem (1965) to the effect that every PC-definable class of models is recur-
sively axiomatizable in countable models. Moschovakis (1972) introduced the
game quantifier to descriptive set theory showing that inductive relations on
countable acceptable structures are definable by the game quantifier. Vaught
(1973) applied game expressions to develop a general definability theory for
L, ., including a Covering Theorem. Subsequently game quantifiers have be-
come a standard tool in model theory.

Closed game formulas

We shall first discuss the simpler case (8.18) and show how it can be used as
technical tool for an analysis of PC'-definability in first-order logic.

Definition 8.36 (Game Quantifier) The truth of a game expression (8.18) in
a model .4 means the existence of a winning strategy of player II in the game
of length w of Figure 8.7. Player IT wins this game if
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A ': @n(ao,bo, .. .,an,bn)

forall n € N. A winning strategy of IT is a sequence {7,, : n < w} of functions
on A such that

A = pn(ao, mo(a0), a1, 11(ao, a1), - - -, an, Tn(ao, . . -, an))
for all ag, aq,...in A.
Example 8.37 Examples of formulas of the form (8.18) are

1. 3zo3z13zs ... A\, Tnt1 < Zp, which in a linearly ordered model (A4, <)
says that the linear order is not a well-order.

2. JyF2VaoVr\Vas .. N, (YExo AN xoEx1 A ... xp_1Exy) — —=xy,2),
which in a graph says that the graph is not connected.

3. VaoVeiVay .. N\, so(@oExy AL A2y 1 Exp A /\0§i<j<n —RTT;) —
-2, ), which in a graph says that the graph is cycle-free.

As the above examples show, game expressions are more powerful than
Loow- In fact, we shall see below that they can express even things that go
beyond L..~. Therefore we cannot expect the model theory of game expres-
sions to be as nice as that of L, ,,. However, the game expressions permit one
very useful technique. This is the method of approximations, originally due
in model theory to Keisler and then extensively used by Makkai, Vaught, and
others.

We use x;, §; or just Z, i, when the length of the sequences is clear from the
context, to denote xg, Yo, - - - Ti—1, Yi—1-

Definition 8.38 Suppose @ is the closed game formula (8.18). We shall asso-
ciate ® with a sequence @2,7 € On, of L,-formulas, called approximations,

as follows:
5 (%0, Yn) = /\_j<n ©i-1(Z5,9;)
O (T, n) = V2 In Pl Tyt Untr)
HERT) = A,<, ®5(,y) for limit v.

The trivial properties of these approximations are proved easily by transfi-
nite induction:

O7(Z,y) € Ly fory < k.

QR(®2(z,y)) = v for limit v > 0.
0

E o —iq)j for allﬁ’y; .

= ®5(2,y) — (2, y) for f < .

Less trivial is the following important and characteristic property of the ap-
proximations:
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Proposition 8.39 [f|A| = kand A |= ®° forall o < k¥, then A = ®.

Proof We define a winning strategy {7,, : n € N} of IT in the game (8.7) as
follows: Suppose ayg, by, . . ., an—1, by—1 have been played. The strategy of IT
is to maintain the property

Foralla < k™: A= ®"(ag,bo, .-, an—1,bn_1)- (8.20)

In the beginning this condition holds by assumption. Suppose the condition
holds after ag, by, .. .,an—1,b,—1 have been played. Now I plays a,,. If there
is no b,, such that

foralla < k™ : A= @ (ag, bo, ..., an,by), (8.21)
then for every b, € A there is a(b,,) < k™ such that
A @0 (a0, bo, - -y an, bn).

Let § = sup, 4 «(b,). Note that § < sT. Hence by assumption A |=
@3 1(ao, bo; - -, an_1,bn_1). We obtain immediately a contradiction. Thus
there must be a b,, such that (8.21). O]

Corollary In countable models the game formula ® and the L,,,,-sentence
/\a<w1 ®Y are logically equivalent.

Thus as far as countable models are concerned, the only thing that the closed
game formulas (8.18) add to L,,,, is an uncountable conjunction. When we
move to bigger models, longer and longer conjunctions are needed, but that is
all.

Definition 8.40 A structure in a countable recursive vocabulary is recursively
saturated if it satisfies

Vr1...Zn ((/\ Jy /\ gom(xh...,xn,y)) — Jy /\ @n(ml,l.wwmy))

n<w m<n n<w

for all recursive sequences {¢,, (1, ..., Zn,y) : m < w} of first-order formu-
las.

Examples of recursively saturated structures are the linear order (Q, <), and
the field (C,+,-) of complex numbers. Every infinite model of a recursive
vocabulary has a countable recursively saturated elementary extension (see
(Chang and Keisler, 1990, Section 2.4)).

Proposition 8.41 Suppose A is recursively saturated. Then A E &
/\n<w (I)%
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Proof We proceed as in the proof of Proposition 8.39. Suppose A satisfies
A<, ®. We define a winning strategy {7,, : n € N} of IT in the game (8.7)
as follows. Suppose ag, by, . . ., an—1,by—1 have been played. The strategy of
I1 is to maintain the property

Forall m < w: A |= ®% (ag,bo, .-, An-1,bp—1). (8.22)

In the beginning this condition holds by assumption. Suppose the condition
holds after ag, bg, . . ., an—1, bn—1 have been played. Now I plays a,,. We look
for b,, such that

Al N\ @5t (a0, bo, - -, an,ybn), (8.23)
m<w
i.e. we want to show
A3y, N\ 5 (a0, bo, - s an,yn)- (8.24)
m<w

Since A is w-saturated, it suffices to prove

AE A Fun N\ @5 (a0, bo, s Gn, Yn)- (8.25)
m<w k<m

Suppose m < w is given. By (8.22) we have
AE Va:nEIyn‘I)Z"'l(aO, bo, -y Ty Yn)-
By choosing the value of x,, to be a,, we get b such that
A= 7 (ag, by, . . ., an, b).
We have proved (8.25). O]

What about structures that are not recursively saturated? To conclude A =
® we have to assume A = ®Y for some infinite ordinals o, too. We refer to
Barwise (1975) for details.

Barwise (1976) observed that game formulas can be used to “straighten”
partially ordered quantifiers. Consider the so-called Henkin quantifier

Vr dy _
< vu El'U >99($,y,u,'l),z) (826)

the meaning of which is

There are [ and g such that for all a and b p(a, f(a),b,g(b),z).  (8.27)

We call formulas of the form (8.26), with ¢(x, y, u, v) first-order, Henkin for-
mulas. Indeed, they were introduced in Henkin (1961). An alternative notation
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for Henkin formulas is offered by dependence logic Véédnianen (2007):
V(EHZI/VUH’U(:(U, 27 ’U) A SD(',E7 Yy, u,v, 2))7

where the intuitive interpretation of =(u, Z, v) is “v depends only on u and z”.
Let us compare (8.26) with the game formula

VxOEIyOVuoEIUOVxlEIyNulel ce
Nijra((Rrizy A mugw) = (Ryiy; A oo A (s, Yi, wi, vi, 2))).
(8.28)
Clearly, (8.26), or rather (8.27), implies (8.28) as II can let y,, = f(z,)
and v, = g(uy). In a countable model the converse is true: Suppose A is a
countable model and s is an assignment. Let (a,, b,), n € N, list all pairs of
elements of A. Let us play the game associated with the formula (8.28) in A
so that I plays z,, = a, and uw,, = b,. Let the responses of II be y,, = a},
and v, = b%. Let f(a,) = a) and g(b,) = bX. It is easy to see that A |=;
o(an, f(an),bm, g(bm), Z) for all n and m. Thus (8.26) holds in .4 under the
assignment s. We have proved:

Proposition 8.42 The formulas (8.26) and (8.28) are equivalent in all count-
able models.

In consequence, in a countable recursively saturated model (8.26) is, by
Proposition 8.41, equivalent to A, _ 0.

Let us say that {¢,, : n < w} is a first-order axiomatization of a class K of
models, if the following are equivalent for all first-order ):

1. ) is true in all models in K.

2. {pn:n<w} EY.

Proposition 8.43 {®° : n < w} is a first-order axiomatization of the class
of models of (8.26).

Proof Suppose a first-order sentence ¢ follows from (8.26). We show that it
follows from {®° : n < w}. If not, then there is a model A of {®° : n < w}
which satisfies ). Take a countable recursively saturated model of the first-
order theory {®9 : n < w} U {—1}. We get a contradiction. O

Example 8.44 (Models with an involution) Suppose L is the vocabulary { R},
where R is (for simplicity) binary. The class of L-models with an involution
(non-trivial automorphism of order two) can be axiomatized by the Henkin
sentence

Ve dy
d =
Z( vu El’U > sp(xvyauavaz)a
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where ¢(z,y,u, v, z) is the conjunction of (maxu — =~yv), (Rxv — ~=yu),
(Rzu <> Ryv), and =zz — —~zy. In countable models this Henkin sentence
is equivalent to

J2VaoIyeVueIvg Va1 y Vur oy ...
Nijra((Raizy Amuw) = (Ryy; A~k A (@i, Yi, wi, v, 2))).

By inspecting the approximations ® of ® we see that a first-order sentence
has a model with an involution if and only if it is consistent with the set of the
first-order sentences

J2VaedyeVae1 Iy - . . Ve, Iym
Nijki<m((REiz; = ~yy;) A (Raiy; — 2ay:) A
(Rzz = ~=xy;) A (Reiz; < Ryy;)),

where m € N.

The above results about Henkin formulas are not limited to the particular
form of (8.26). The meaning of the more general formula

VCEi% .o Vxp Jypn

miy
: : : np(x.l,...,xignl,yl,...,:ri?,...,ann,yn,é) (8.29)
Vl'i'f .. ,Vmwﬂn ﬂyn

is simply: There are f1, ..., f;, such that for all Wity Al t=1,...,n),

lagt, .. an, S biseo aip, . am by, Z),

mq 1 My,

where

bj :fj(aijl“"’a‘f, ), forj:l,...,n.

im

Note that (8.29) makes perfect sense even if the rows of the quantifier prefix
are of different lengths, as in

< VscN;r,g Hy

Yu Ju ) 99(551353271/,%1172) (830)

We call all formulas of the form (8.29) Henkin formulas. Let ® be obtained
from (8.29) as (8.28) was obtained from (8.26). The following proposition is
proved mutatis mutandis as in Proposition 8.42:

Proposition 8.45  The formulas (8.29) and ® are equivalent in all countable
models.
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In consequence, in a countable recursively saturated model (8.29) is, by
Proposition 8.41, equivalent to A, _ 0.

Enderton (1970) and Walkoe (1970) observed that any PC-class can be de-
fined by a Henkin-formula:

Theorem 8.46 For every PC-class K there is a Henkin sentence ® such that
Sfor all M:
MeK — ME®.

Proof Suppose K is the class of reducts of a first-order sentence . We may
assume that ¢ is of the form

Vry...Ve,, (8.31)

where 1) is quantifier-free but contains new function symbols fi, ..., f,. (This
is the so called Skolem Normal Form of (.) We will perform some reductions
on (8.31) in order to make it more suitable for the construction of ¢.

Step 1: If 1) contains nesting of the function symbols f1, ..., f, or of the func-
tion symbols of the vocabulary, we can remove them one by one by using the
equivalence of

FO(filtr, .. tm))
and
Vay .. Ve, (=21 Ao A b =) = 0(fi(21, .. 2m)))
for any first-order §. Thus we may assume that all terms occurring in v are of
the form z; or fi(zi,, ..., z;,).

Step 2: If 1) contains an occurrence of a function symbol f;(z;,,...,z;, ) with
the same variable occurring twice, e.g. ts = i, 1 < r < k, we can remove
such by means of a new variable x; and the equivalence

): V$1 .. mee(fl(m“ yee e ,l‘,k)) <~
Vay .. Ve Vo (x =z = 0(fi(@i, - @i, 20T,y - T0y))
for any first-order 6. Thus we may assume that if a term such as f;(x;,, ..., 2, )
occurs in 1, its variables are all distinct.

Step 3: If 1 contains two occurrences of the same function symbol but with
different variables or with the same variables in different order, we can remove
such by using appropriate equivalences. If {i1, ..., it N {j1, ..., k) = 0, we
have the equivalence

|: V.”L'l .. .V.’Iﬁm9<fi(l'i1, ce ,.’L’ik), fi(,’L‘jl,. .. ,acjk)) e
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Elfz’V:cl . V:cm(G(fi(ac“, . ,lL’ik)7 fz-/(le,. .. ,ij)) A
((l‘il =x; N...N\ Ty, Zl‘jk) —

fi(xi17""‘rik) = fi/(leﬂ"'?xjk)))

for any first-order §. We can reduce the more general case, where {i1, ..., i;}N
{j1,---,Jk} # 0, to this case by introducing new variables, as in Step 2.
Thus we may assume that for each function symbol f; occurring in ¢ there are
Jis- -+ Js, such that all occurrences of f; are of the form fi(z;q, ... ,xj;:ni)
and ji,...,j. are all different from each other.

In sum we may assume the function terms that occur in ¢ are of the form
filzje, ... ,xj:-ni) and for each i the variables ;.. ., Tji, and their order is
the same. Let NV be greater than all the x ji- Let ® be the Henkin-sentence

Vl’j} e ij}nl 3$N+1
’(/]/
V:UHL . V(Ej:yzl E'(ENJrn
where ¢’ is obtained from ¢ by replacing fi(z;:,..., 2 i ) everywhere by

TnN+4. This is clearly the desired Henkin-sentence. In the notation of depen-
dence logic (Viddninen (2007)) this would look like:

V.T,‘l . .meElmN_H RPN E|.§UN+.,L (:(.lel, ‘e ,$j71”1 s $N+1) AN

:(mj{”a e 7xj;;m7$N+n) AY').
O

By combining the above observations we get the following result of Sveno-
nius (1965):

Theorem 8.47 For every PC-class K there is a closed game sentence ® and
a sequence p,, of first-order sentences such that for all structures M:

IfM € K, then M |= ® and M |= ¢, foralln € N.

If M |= ® and M is countable, then M € K.

If M = A\, ¢n and M is countable recursively saturated, then M € K.
If ¢ is any first-order sentence, then v has a model in K if and only if v is
consistent with {p, 1 n < w}.

RN~

Moreover; the sequence {¢,, : n € N} (or rather the set of Gédel numbers of
the @,,) is recursive.
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I 11

ag € A
19 € Ip

Jjo € Jo
bp € A

a1 € A
1€

nhedr

byeA
Figure 8.8 The game quantifier.

Example 8.44 is but one of the many applications of the above theorem.
One application is an immediate proof of the Craig Interpolation Theorem (see
Exercise 8.45).

Closed Vaught formulas

Closed Vaught formulas (8.19) can be used to analyze PC(L,,.,)-classes of
models much like closed game formulas were used above to analyze PC-
classes. The details are a little different for reasons having to do with delicate
discrepancies between properties of first-order logic and L,,,,,. However, the
results for L, ., are in a sense more canonical and interestingly analogous to
descriptive set theory. In fact, Vaught calls this topic “descriptive set theory in
L,,.,” in his seminal work Vaught (1973).
Let us now define the semantics of the formulas (8.19):

Definition 8.48 The truth of (8.19) in a model A means the existence of a
winning strategy of player IT in the game of length w of Figure 8.8. Player IT
wins this game if

A ): (piojou.injn (a07 bOv <oy On, bn)

for all n € N. Equivalently, there are functions 7; and 72 such that for all

ag,-..,a; € Aandall mg,...,m; €w we have
A ’: gDanO"'mmi (ao, bo, e, Ay, bl), (832)
where n; = 71 (g, Mo, . .., 2;) and b; = T2(x0, Mo, . . . , T;, M;).

Technically the game of Figure 8.8 is exactly the same game as what we
denoted in Chapter 3 by G(C, w, Wy, W1), where C = AUw, Wy = CN\ W,
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and W is the set of sequences
(GO; Nno, Mo, b07 ceey @y M, bia Mg, .. ) eN

such that if a; € A and m; € w fori < w, thenn; € wand b; € A fori < w,
and (8.32) holds for all 7 < w. This game is determined by Theorem 3.12 since
itis a closed game.

Example 8.49 Examples of formulas of the form (8.19) are

1. The closed game formula (8.18) is of course a special case of (8.19).

2. Souslin-formulas
\/ \/ /\ P

mo<w mi<w n<w

where )"0 """ are first-order (or in Ly, ,). The logic of such formulas was
introduced inEllentuck (1975). These formulas are not expressible in L, .,
alone (Exercise 8.46). However, they can be can be expressed in Lo, as

follows:
\/ /\ (pf(O)--f(n).

fiw—w n

3. A generalization of Souslin-formulas is the following propositional game

formula:
VA VA e e

mo<w ko<w mi1<w ki <w n<w

where ¢p™oko - mnkn gre first-order (or in L, ) The logic of such formu-
las was introduced in Green (1979). These formulas are not expressible in
L, . alone (see above). However, they can be can be expressed in L.,
(Exercise 8.47).

4. A slight simplification of (8.19) is the following:

Faoyo \/ 31y \/ - \ @™ (o, Yo, - iy yi), (8.33)
70 ni i
where ™" (z9, Yo, . . . , T, y; ) are first-order formulas. The truth of (8.33)
in a model A means the existence of functions 7,, and 7,, such that for
any sequence c, . . ., ¢; from A we have: A = ©™0 " (ag, g, . .., @4, i),
where a; = 7(cg,...,ci—1) and n; = 7 (cq, ..., Ci).

We shall now consider at some length an important example of the use of
the special case (8.33). Let L be a finite vocabulary, B a countable L-model,
and {b, : n < w} an enumeration of the domain B of B. Let

Op
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be the sentence (8.33), where ¢™0 ™ (xq,yo,. .., %, ¥y;) is the conjunction
of all atomic and negated atomic L-formulas (o, yo, .- .,x;,y;) such that

B ': g(bO;bnm ce abubnz)

Lemma 8.50 Suppose A is a countable L-model. Then the following are
equivalent:

(1) A~,B.
2) A= dp.
Proof (1) — (2). Suppose {7, : n € N} is a winning strategy of II in

EF, (A, B). We define a winning strategy {(7,,,7,) : n € N} of IT in the
game (2):

7o() = 70(bo)
7o(co) = 1o, bny = T1(bo, co)
Tit1(coy ..y ¢) = T2i41(bo, Coy - - -, bit1)
Ti1(Cos vy Cip1) = N
br,sy = T2it2(bo, Cos - -, Dig1, Cig1).

(2) — (1). Suppose {(7n, 7)) : n € N} is a winning strategy of IT in the game
(2). By Exercise 5.69 it suffices to give a winning strategy {7,, : n € N} of IT
in EF" (A, B). We define the strategy as follows:

T0(ao) = 7o(bo)

7o(co) = 10, bny = 71(bo, co)
Tix1(coy .-y ¢i) = Toi41(bo, coy - -+, big1)
Ti1(Cos o Cip1) = Ny
bniﬂ = Tzi+2(bo7 oy -y big1, Ci+1)'

O

The point of expressing condition (1) of Lemma 8.50 in the form of the
game formula @5 is that there is a procedure of approximating closed Vaught
formulas, just as there was one for closed game formulas. By analyzing the
approximations we will get useful information about the model B.

Definition 8.51 We shall associate the Vaught formula (8.33) & with a se-
quence ®.,y € On, of L, ,-formulas as follows:

(I)gi(ﬂ_fugz) = /\j<z Qﬁﬁ‘(i’j,gj)
(I)'yfkll(xl 1 Yi— 1) = Jdx; vyl\/ (I) (mhyl)
OV (T4, 7i) = /\,y<y <I>7 (Zi,Ui) for limit v.



212 Model Theory of Infinitary Logic

The following properties of the approximations <I>T_YL(:E, ) are proved easily by
transfinite induction:

@2(351 §) € Ly, forv < k.
qr(®7(z,y)) = v for limit v.
0
E <I>7—>_ (b_"f for all o
E @5 (7,y) —» ®3(z,y) for B < .
The formula (® )7 (Z, ) is mutatis mutandis exactly what we denoted by

Moa (ag, . ..,an—1) in Definition 7.50. Recall the definition of the
3@0 5y —1
game EFD."(A, B) from Exercise 7.9. Now:

Lemma 8.52 The following are equivalent:

(1) Player II has a winning strategy in EFD},, (A, B)
@) Ak (P5))1,

Proof One can easily prove by induction the more general equivalence of the
following two statements:

(1)’ Player II has a winning strategy in the game EFD,, 5, (A, B) in the posi-
tion {(ag,br,), .-, (@n—1,bk,_,)}

Q)Y Al (®5)5% " (ag, .-, an_1). O

Thus we can think of all the formulas 0% , .~ (ag,...,an—1), @ < wi,
as arising from one single game formula ® » by the process of approximation.

After the above examples of using simple forms of Vaught-formulas to study
the isomorphism type of a countable model, we now turn our attention to the
general concept.

Recall the definition of a PC-class from Definition 6.45. The concept of a
PC(Ly,w)-class is defined similarly: A class K of L-structures is a PC'(Ly,,,)-
class if there is an L'-sentence ¢ € L, for some L' D L such that K =
{M | L: M = ¢}. Wenow prove that all properties expressed by closed
Vaught formulas are in fact PC(L,,, ) properties.

Lemma 8.53 Suppose V is a closed Vaught sentence of Ly,,, in the vocabu-
lary L. There is an L, ,-sentence @ of vocabulary L U {R; : i < w} so that
the following are equivalent:

1) AU

Proof Let us take new predicate symbols R™™(Z, ) for all fi,m € w. We
let  be the conjunction of the following sentences:

1. R%%().
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2. V2, Gi Ny, o, (B (24, 9i)
— /\jgi PO T M (g YL, T, Y5 )
3. V%1, Gic1 Na, o, (R0 (B, Gi1)
= ViV, N, iR (24, 95)).

It is easy to see that this ¢ works. O

Proposition 8.54 Suppose ¢ € L, .. There is a closed Vaught sentence ¥
such that the following are equivalent for all countable L-models A:

(1) A=3Ry3AR; ...
2) A=

Proof We shall first express the condition A = JRyIR; ...¢ in a form
which is easier to transform into a game form. Let L' = L U {Ry,...,R,}
and L" = L’ U{d,, : n < w}, where the constants d,, are all new. Let S be the
smallest set of L, ,-formulas of the vocabulary L” which contains all atomic
formulas and all subformulas of ¢ and is closed under operations of first-order
logic including substituting constants into free variables in a formula. We as-
sume for simplicity that formulas in S have been built from atomic and negated
atomic formulas using A, \/, 3, and V.
As an intermediate step, we shall prove that the following are equivalent:

(2) There is an enumeration {a,, : n < w} of the domain of .4 and a win-
ning strategy of II in the Model Existence Game of L, in the ex-
tended vocabulary L U { Rg, Ry, ...} with new constants {cg, c1,...}
such that the following extra condition is satisfied: Player IT plays an
atomic formula 6(cy, . .., c,—1) only if A = 6(ag, ..., an—1).

Suppose (1) holds. Let Py, ..., P, be predicates on the domain A of A so
that (A, Py, ..., P,) E ¢. Let {a, : n < w} be an enumeration of A. Now II
can simply always play formulas 1(co, . . ., ¢y—1) for which (A, Py, ..., P,) E
Y(ag, ..., am—1). The extra condition is automatically satisfied. Conversely,
if (2) holds then the proof of the Model Existence Theorem of L, ,, (The-
orem 8.12) gives a model (A’, Py, ..., P,,) such that A = A’. Hence (1)
holds. O

To end the proof of Proposition 8.54 one has to write condition (2) in the
form of a closed Vaught formula W. This involves judicious coding of all pos-
sible moves of I. We omit the details and refer to Vaught (1973) and Makkai
(1977) for details.
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Approximations of an arbitrary closed Vaught formula (8.19) are defined as
above in the simpler case (8.33):

(I)ﬁi,’mi 4, (—

0 _('f“gl) = /\j<i P T, 75)
@;jﬁ’mi*l (Tie1,Gi1) = Vi Vo, Ay, 3950 (T4, 5i)
(b:/“’mi (i'“g%) = /\'y<l/ (I)gi’mi (jhgl)

The following properties of the approximations @f;"m(f, ) are proved eas-
ily by transfinite induction. The last claim is proved just as Proposition 7.19.

o OI™(Z,y) € Ly, fory < k.

e qr(®2™(z,y)) = v for limit v.

o b — @Q for all ~.

o =L (z,y) = 05" (7,9) for B <.

o If Ais countable and A = <I>9/ for all v < wy, then A = .

The approximations are most useful in an analysis of PC-definability, thanks
to Proposition 8.54. Note that if

‘I’=3y0"'3yi"'/\yi+1<yi

is the closed Vaught sentence (in fact a closed game sentence) defining non-
well-founded relations, then mutatis mutandis

\I/Z-',-l(yOv cee 7yn—1) = Hyn\I’ZJrl(yOa e 7yn)
and
UG (Yo, -2 Yn—1) = Yn-1 < Yn—2 A+ Ay1 < yo,

so up to logical equivalence

v = A 3.7J()<T/\ A <y1<y0/\ A Elyg(y2<y1/\---)>>,

apg<a a1 <ag a2 <oy

where T is a logical truth (e.g. Vao(=zoxo)). From this is is easy to see that \I/Q
is true in a linear order if and only if its order-type is > ~y. As a more interesting
application we shall now use the approximations to prove the Interpolation
Theorem for L, .. Note that we have previously used the Model Existence
Theorem to prove Theorem 8.14, which is another formulation of the Craig
Interpolation Theorem.

Theorem 8.55 (Craig Interpolation Theorem for L, ,) Suppose K1 and Ko
are disjoint PC(L,,,)-classes. Then there is an Ly, -definable class K so
that K1 C K and KN Ky = 0.
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Proof By Proposition 8.54 there is a closed Vaught formula @ that defines
K. Let @g be the sequence of approximations of ®.

Case 1. For some v < w; we have Mod(@g) N Ko = (. In this case we simply
let € = Mod(@g) and we are done.

Case 2. For all 7 < w; we have Mod(q)g) N Ky # 0. We shall see that
this case contradicts the fact (Theorem 8.13) that the class of well-orders is
nota PC(L,,,)-class. Let < and F™™ (v, Z,y) be new predicate symbols for
n,m € w. Let @ be the conjunction of the universal closures of the formulas

“(U, <) is a linear order”.

U(v) — FO(v).

F_,m(,u, fv g)7*> /\jgi PO, MmOy TG (IOa Yo, ';'lxja yj)'

(U <UVA Fn,m(,v’ j? g)) — VZ’Z‘ \/nl /\ml HyiFn”m’ni,mi (’U,, :Z.u :U7 L, yz)
(v, 2,9) = A, o, (2, 9) for limit v.

A

Claim 1. If A is countable, (A, U, <) | @ and (U, <) is non-well-founded,
then A € ;.

To prove this, assume eg > e; > ... is a descending chain in .A. Player II
wins the game that defines the truth of A |= & with the following strategy:
Suppose I has played the elements ag, mg, . .., a;—1, m;—1 and IT has played
the elements by, ng, . . ., b;—1, n;—1. We assume as an induction hypothesis that

AV, \/ /\ Fy P00 (u,a, b, 4, ).

Now I plays a; and then IT chooses m; such that
A ': /\ ElyiFﬁ)m’nhmi (U, da Ba Qag, yz)

Now I chooses m; and then IT chooses b; so that

A ): F05M0,0 5 T (61'_;'_1, ap, bo, c., Q4 bz)
Since we have

A ':(I)no,mo """ "i’mi(ei+1,ao,b0,...,ai,bi),
this is a winning strategy of II. Claim 1 is proved.

Claim 2. Suppose A is an infinite model and ~ is a countable ordinal so that
A= <I>g. If < is a well-ordering of a subset U of A so that the order-type of
(U, <) is at most 7y, then (A, U, <) = d..

To prove this, assume A = <I>?/. Since A is infinite and v < wj;, we may
assume v C A. Let Y = ~ and define F™™(f3,a, b) to hold in A if and only
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if A= @Z’m(&, b). It is easy to see that this choice satisfies ®.. Claim 2 is
proved.

To end the proof we observe that we have proved the equivalence of the
following two conditions:

(W1) (U, <) is a countable well-ordering.
(W2) There is a countably infinite structure A € Ky so that U C A and
(A7 Ua <) ': ©< .

This contradicts Theorem 8.13. ]

Theorem 8.56 (Covering Theorem) Suppose @ is a closed Vaught sentence
and @ a sentence of Ly, .. If = ® — ¢, then |= @9/ — @ for some v < wy.

Proof This proof is a replica of the proof of the Craig Interpolation Theorem.
Therefore we omit some details.

Case 1. For some v < w; we have = @g — . In this case we are done.
Case 2. For all v < w; we have a model for CIDQ A —p. Let @ be as in the
proof of the Craig Interpolation Theorem. We have again the equivalence of
the following two conditions:

(1) (U, <) is a countable well-ordering.
(2) There is a countably infinite structure A so that U C A and (A, U, <) |=
(p< A\ Q.

This contradicts Theorem 8.13. O
The dual of a closed Vaught formula is an open Vaught formula:

Definition 8.57 Formulas ® of the form
3xo \ \/ VooIzr A\ \/ Vur ...\ @™m0 (20,50, - - i, i),
ng mo ny mi 1

where the formulas @00~ are from L, are called open Vaught for-
mulas of L, . If A is a model of the vocabulary of ®, then we say that & is
true in A, A |= ®, provided that there are functions 71 and 7 such that for all

bg,b1,... € Aandall ng,nq,... € w there is an 7 < w such that
A }Z SDnOlrnomnimi (a07 b0> ey Qg bl)7 (834)
where m; = 7'1(710, bo, ce 7774‘) and a; = Tg(bo,’no, ey bi_l,ni_l).

The following lemma is an immediate consequence of Lemma 8.53. Re-
call that the Semantic Games associated with Vaught formulas are determined.
Thus if IT does not have a winning strategy in the closed game arising from
a closed Vaught formula, player II has a winning strategy in the open game
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arising from the open Vaught formula obtained by switching existential and
universal quantifiers, disjunctions and conjunctions, and atomic formulas and
their negations. Hence the negation of a closed Vaught formula is equivalent to
an open Vaught formula, and vice versa.

Lemma 8.58 Suppose VU is an open Vaught sentence of L, ., of vocabulary
L. There is an L, ,-sentence @ of vocabulary L U {R; : i < w} so that the
following are equivalent:

(1) A= .
(2) .A ': VR()VR1 2N

Proposition 8.59 The class of well-ordered models (A, <) is definable by
an open game quantifier in L, ., but not by a closed one. In fact, it is not
definable by any expression of the form IRy3R; ... P, where ® is a closed
Vaught formula.

Proof To define the class of well-ordered models one adds the axiom

VaxoVey ... \/ ﬁ(.’I,'7l'+1 < .’EZ>
i<w
to the axioms of linear order. If this class were definable by an expression
of the form IRy3IR; ... P, where ® is a closed Vaught formula, it would by
Lemma 8.53 be PC(Ly, ., )-definable, contrary to Proposition 8.13. O

We now build a logic in which we combine closed and open Vaught formulas
with other formulas and with each other.

Definition 8.60 The class of formulas of the logic L.y is the smallest set
containing atomic formulas and closed under the following rules:

(1) If ¢t and ¢’ are L-terms, then (0, ¢,t’) is an L-formula denoted by =stt’.

) If ty,...,t, are L-terms, then (1, R, ¢1,...,t,) is an L-formula denoted
by Rtl . tn.

3) If v is an L-formula, so is (2, ), and we denote it by —.

(4) If ® is a set of L-formulas with a fixed finite set of free variables, then
(3,®) is an L-formula and we denote itby A ¢4 .

(5) If @ is a set of L-formulas with a fixed finite set of free variables, then
(4,®) is an L-formula and we denote it by \/ 4 .

(6) If ¢ is an L-formula and n € N, then (5, ¢, n) is an L-formula and we
denote it by Vx,, .

(7) If ¢ is an L-formula and n € N, then (6, ¢,n) is an L-formula and we
denote it by Jx,, .
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8) If gog’j(i,gj) are L-formulas for ig € Ip,...,in_1 € I,_1 and jo €
Joy -y Jn—1 € Jn—1, thensois (7, f), where
1@.J) = ¢"(2,5.2)
for all i, j. We denote (7, f) by
Vg \/ /\ JyoVrq \/ /\ Jy; .. /\ np” (Z4i,7iy 2 (8.35)
io Jjo i1 g1

(9) If piI(z,7) are L-formulas for ig € Io, ..., in—1 € In_1,jo € Jo, ...,
Jn—1 € Jn_1, then sois (8, f), where

f@.5) =" (2,9, %)
for all 7, 7. We denote (8, f) by
SN ANYATE W ANVA RS \/sa” (@i, 51,2 (8.36)
0 Jo i1 J1
The logic L., v is defined to consist of formulas of L.y that have only count-

able conjunctions and disjunctions in formulas of the form A @, \/ ®, (7, f)

and (8, f).

The truth definition of L.y is as in Definition 7.36 with the addition

M s Voo Vi Ny, FvoVe Vi Ay, 3y A 0 (T4, i, 2)
if and only if

There are functions f;(xg, wo, - .., 2;) and g;(zo, wo, - . ., T;, w;), ¢ € N,
such that for all @ and j we have M |=, ©"J (Z;, §;, Z), where

io = fo(ao), bo = go(ao; Jjo)

i1 = f1(ao, jo,a1),b1 = g1(ao, jo, a1, j1)

There is a certain intrinsic finiteness condition involved in the definition of
the formulas of L.,. To see this as clearly as possible it is useful to think of
the formula (8.35) in the logically equivalent form

Vo Vi Njy 33/0(@1:0"3‘0 (0, Yo, 2) A\
Vo1V, A, 3y (@707 (20, 21, Yo, Y1, 2)A
(8.37)

Van—_1 \/in71 /\]‘”71 Elyn—l(‘fagg( )Y, Z)
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Alternatively, we may define the semantics of L.y by means of a Semantic
Game: Suppose L is a vocabulary, M is an L-structure, ¢* is an L-formula,
and s* is an assignment for M. The game SG*" (M, ¢*) is defined as follows.
In the beginning player IT holds (¢*, s*). The rules of the game are as follows:

L If ¢ is atomic, ¢ = =, @ = N;cr i, 0 = Vigr @i ¢ = Vauih, ¢ =
Jx, 1, then the game proceeds as in Definition 7.37

2. If o = (7, f) is the formula (8.35), then the player who holds (¢, s) switches
to hold (¢, s[a/xo,b/yo]), where ¢’ is the conjunction

(lpioajo(mO’yO’g)/\ o
Ve Vo, Njy 3nVee Vo, Aj, 32 - A "0 (20, v0, 24, §i, 2),

and the elements a, b, i, and jo are chosen as follows: Suppose the player
who holds the formula is e and the other player is 3. Then S chooses a, «
chooses iy, 8 chooses jj, and then finally a chooses b. Note that the latter
conjunct is again of the form (7, g).

3. If = (8, f) is the formula (8.36) then the player who holds (¢, s) switches
to hold (¢', s[a/xo, b/yo]), where ¢’ is the disjunction

@lo90 (0, yo, 2)V o
Ju1 Niy, Vi, Y3z Ay, Vi, V2 -V 900709 (20, yo, @i, Ui, 2),

where the elements a, b, i¢, and j, are chosen as follows: Suppose the player
who holds the formula is « and the other player is 5. Then « chooses a, 3
chooses ig, a chooses jg, and then finally S chooses b. Note that the latter
disjunction is again of the form (8, g).

The definition of the logic L, may look complicated but its basic idea is
very simple: in addition to having the usual logical operations A,\/, 3,V we
are also allowed to iterate them in a sense indefinitely. Not all iterations are
allowed. For example, the rules of forming formulas of L, do not allow the
following formula:

ViVag -V, - Jy /\ RY Ly,
nw
That this formula, which clearly says that the universe is uncountable, is not ex-
pressible in L, follows from the following Downward Léwenheim—Skolem
Theorem. We formulate this theorem for L,y only but there is an obvious
generalization to L.y based on approximations of models and formulas, as in
Theorem 8.9.

Theorem 8.61 (Downward Lowenheim—Skolem Theorem) Suppose L is a
countable vocabulary, A is an L-model, and ¢ is a sentence of Ly, v. If A |=
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@, then B |= ¢ for some countable substructure B of A. In fact there is a set
S of countable substructures of A so that every model in S satisfies @ and the
set of domains of models in S is a closed unbounded set of countable subsets

of A.

Proof This theorem could be proved with the method of Theorem 8.9, but
we use the different albeit related method of Theorem 8.28. We associate ev-
ery formula v (xg,...,x,) of Ly, v with a set of functions on A, denoted
Fp(zo,...,zn)» SO that the following condition holds:

If B C A contains all the constants of A and is closed under the functions
in Fy(x,...,z,,) and the interpretations of the function symbols of A, then

n

ANBEY(ag,...,an) <= AEY(ag,...,an)

for all ag, ..., a, € B.

The definition of F(4,.....z,,) is done by induction on the structure of the for-

mula ¢(xo, ..., Ty).

1. If ¢ (zo, . .., ,) is an atomic formula, then Fy ... 5.y = 0.

2. Fop(@oran) = Fri(@o,.an)-

30 T ton(@ormn) = Uncw Fibn(@o,mn)-

4 T, ton@orin) = Uncw Fion (o, an)-

5. To define F5,, \y(wo,...,zns,) define a function f(xo,...,x,) in A as fol-
lows: If A = ¢(ag,...,an,ant+1) for some any1, let f(ag,...,a,) be
such an a,,y1. Otherwise f(ao, . .., ay) is given a fixed but arbitrary value.

Now we let F5, . p(zo,....ons1) D€ Fop(mo,.zn) U LS}

6. ‘van+1¢($o7m,$n+1) - f3$7l+1ﬁ¢($07~-,$n+1)' .

7. Suppose ¥(z) is obtained from the formulas ¢’ (z, g, Z) as in (8.35). For
any a, if A = ¥(a), let f(xo,wo, ..., 2;), g¢(xo, wo, ..., T w;), i €N,
be the winning strategy of IL. If A [~ ¥(a), we let f%(zo, wo, ..., 2;) =
X0, g?(l’o,’wm . ,{Ei,’wi) = zo for i € N. Let fl‘(l‘mwo, c ,l‘i,@) =
fi(zo, wo, - ., 24), gi(To, o, - - ., T, Wi, @) = g (xo, Wo, . . ., Ti,W;), 1 €
N, Finally, let Fy ) be the union of the sets F ) and the functions
fi(Z,w,Z) and ¢;(Z, w, Z) fori € N.

Hi(@97
8. The case of open game quantifier is entirely similar to the previous case.

Itis now easy to see that the sets Fy(z,,...,4,,) satisfy the required condition. Let
C be the set of those countable subsets of A that are closed under the functions
of F,. Let S be the set of structures AN B, B € C. Then S is the required
set. O
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Another important model-theoretic property of L.y is that its elementary
equivalence is not more expressive than that of L..,. A clear indication that
this may be the case is given by the existence of the approximations of closed
Vaught formulas.?

Theorem 8.62 Let L be a countable vocabulary and A and A’ two L-models.
Then the following are equivalent:

1) A=, A.

(2) A ELQOV .AI.

Proof Assume first (2). Then A =, B, so by Proposition 7.48 (1) follows.
Suppose then (1). Let us assume that IT has a winning strategy 7 in the game

E =EF,(A, A’). We show by induction on the structure of ¢(zo, ..., 2,): If
€0y Cly - -+, Cn,, Chy 18 @ position in the game EF,, (A, A") while IT plays 7, then

A ‘: (P(Co,...,cn) = A |: (P(CE),...,C;L).

We need only consider the case that ¢(zo, ..., 2z,) is of the form (6) of the
above Definition 8.60. Let us suppose A = ¢(co,-..,¢,) and prove A" =
o(cf,y - .-, ). To this end we assume IT has a winning strategy o in the game

G = SG™ (A, ¢(cg, ... ,cpn)), and we have to describe a winning strategy p of
IIin H = SG™™(A', p(cp, ---,¢h)).

The strategy is basically very straightforward, although it takes a few lines
to write it down. The strategy consists of repeating the below steps 1-7 for

1 =20,1,.... Figure 8.9 presents these steps in schematic form.

1. I decides to play a; € A’ in H and we let I play this a/ in E.

2. Strategy T directs II to play a; in £ and we let I play this a; in G.

3. Strategy o directs II to play n; in G and we define the next move of IT in
H according to p to be this n;.

4. T decides to play m; in H and we let I play this m; in G.

5. Strategy o directs II to play b; in G and we let I play this b; in E.

6. Strategy 7 directs II to play b} in E and we define the next move of IT in
H according to p to be this b;.

7. Score: Since o is a winning strategy of IT, A |= ©™™(a, b, ¢). The induc-
tion hypothesis together with the fact that 7 is a winning strategy of IT in
Eimply A’ |= ¢™™(a’, 1, ¢'). Therefore IT has not lost yet.

O

Approximations can be defined for the entire Loy .
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Y
Ve, VA v Ve, VA Fui

Figure 8.9 Strategy p.

Although elementary equivalence relative to Lo.g coincides with elemen-
tary equivalence relative to L., there are properties expressible in Lo
which are not expressible even in L., as we shall prove in Proposition 9.38.

8.7 Historical Remarks and References

Good sources for the model theory of infinitary logic are Keisler (1971) and
Makkai (1977). Theorem 8.10 is from Kueker (1972, 1977). Theorem 8.12
is from Keisler (1971), where the method of consistency properties is first
presented in the context of infinitary logic. Subsequently it was extensively
used in infinitary logic in Makkai (1969b,a), Harnik and Makkai (1976), and
Green (1975). Theorem 8.13 and its two vorollaries are from Lopez-Escobar
(1966b,a). The strong formulation of Theorem 8.13 is from Keisler (1971).
Theorem 8.14 is from Lopez-Escobar (1965).

By means of the Model Existence Game (or consistency properties) many
variations of the Craig Interpolation Theorem can be proved for L, as
demonstrated convincingly in Keisler (1971). We have collected some of them
in Exercises 8.10-8.17.

Theorem 8.22 is from Morley (1968). Theorem 8.31 goes back to Morley
(1968), but the present proof is due to Shelah. Proposition 8.32 is from Lopez-
Escobar (1966b,a). Proposition 8.41 is essentially due to Keisler (1965). A
useful source for game quantifiers is Burgess (1977). Approximations of game
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formulas were first considered in set theory in Kuratowski (1966). For more on
Souslin—formulas, see Burgess (1978) and Green (1978).

Exercises 8.10-8.12 and 8.16 are from Lopez-Escobar (1965). Exercises
8.13-8.14 are from Malitz (1969). Exercise 8.15 is from Barwise (1969). Ex-
ercise 8.17 is from Makkai (1969b), which is a good source for all the Exer-
cises 8.10-8.17. Exercise 8.30 is from Sierpiniski (1933). Exercise 8.46 is from
Burgess (1978), where also related results are proved. Exercise 8.47 is from
Green (1979).

8.1

8.2

8.3

8.4

8.5

8.6

8.7

8.8

8.9

Exercises

Find an uncountable model M such that there is no countable A/ with
N =g M.

Let L be the vocabulary { E}U{c¢,, : n € N}, where each ¢,, is a constant
symbol and F is a binary relation symbol. Let for A C N the sentence
A be

< /\ —mcncm> A oV (:clE:ro > \/ mcnm) .
n<m<w neA

Let ® = {p4 : A C N}. Show that the sentence A{p : ¢ € PN X} has
a model whatever X is, but it has a countable model if and only if X is
countable.

Suppose M = (a + a, <). Show that MX 2 (8x + Bx, <) for some
Bx for almost all X.

Prove the claim of Example 8.4.

A class K of models is closed if M € K if and only if MX € K for
almost all X. Suppose a closed class contains, up to isomorphism, only
countably many countable models. Show that it is definable in L, ,.
Show that the class of models (M, P), where P is Lo,-definable on
M, is a closed class.

Show that the class of countable well-orders is the union of two disjoint
closed classes.

Suppose (A, <) is an uncountable linear order. Show that (A, <) con-
tains a copy of wi, a copy of wj, or a copy of the rationals. (Hint: As-
sume not. Prove first that there is a € A such that both (+—, a] and [a, —)
are uncountable in (A4, <).)

Show that if ¢ is a sentence of L,,,, in a vocabulary which contains the
unary predicate U and the binary predicate < and ¢ has a model M with
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8.10

8.11

8.12

8.13

8.14

8.15

8.16

8.17

8.18

8.19
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(UM, <M) an uncountable linear order, then ¢ has a model N such that
(UN, <N') contains a copy of the rationals.

(Lyndon Interpolation Theorem) Suppose ¢ and 1) are sentences in Ly, .,
and = ¢ — 1. Show that there is 6 in L, ,, such that = ¢ — 6,
= 0 — 1, every relation symbol occurring positively (negatively) in 6
occurs positively (negatively) in ¢ and .

Assume in Exercise 8.10 the sentences ¢ and ¢ have no function or
constant symbols, and no identity. Assume also = —p and [~ 1. Show
that 6 can be chosen so that it does not contain identity.

Suppose ¢ and 1 are sentences of Ly, , such that if M and N are models
of ¢, N is a homomorphic image of M, and M = 1, then N = .
Show that there is a positive L, - sentence 6 such that ¢ = ¢ + 0.
Suppose L1 and L5 are vocabularies which contain no function symbols.
Let ¢ be an L;-sentence and i an Lo-sentence of L, such that v is
universal and = ¢ — 1. Show that there is a universal L; N Lo-sentence
6 of L, such that = ¢ — 6 and = 6 — 9.

Suppose ¢ and 1 are sentences of Ly, ,, such that if M and N are models
of ¢, N is a submodel of M, and M = 1), then A/ = 1. Show that there
is a universal sentence 6 of L, ., such that ¢ = ¢ > 6.

Suppose ¢ and 1 are sentences of L, .. Show that every countable
model of ¢ can be embedded in some countable model of ¢ if and only
if every universal logical consequence of ¢ in L,,,, is a logical conse-
quence of .

Suppose ¢ and 7 are sentences of L, .,. Show that every homomorphic
image of a model of ¢ is a model of v if and only if there is a positive
sentence 6 in L, such that = ¢ — 6 and = 0 — 9.

The class K of countable structures 53 such that 53 is isomorphic to a
substructure of some model A of ¢ € L,,,,, is identical to the class of all
countable models of the set of universal sentences § € L, ., such that

o E.

Consider the following game G%,, (C) where C is a set of subsets of M

cub
of cardinality < k. Players I and II play as in G.,1,(C) but the game goes
on for x rounds producing a set X = {z, : @ < K} U{y, : a < K}.
Player IT wins if X € C. Show that if II has a winning strategy in
G% ., (C) and G%,, (D), then she has a winning strategy in G, (C N D).
Show that if F is a set of finitary functions on M, |F| = &, and C is the
set of X C M of cardinality x closed under each function in F, then IT
has a winning strategy in G% . (C). Use this to conclude that if M is an

L-structure, |L| < Kk, ¢ € L+, M |= ¢ and C is the set of domains of
My C M with Mg = ¢, then IT has a winning strategy in G* , (C).

cub
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Show that we can extend each vocabulary L to L*, translate each L, +,,-
sentence ¢ in the vocabulary L to an L, +,,-sentence ™ in the vocabu-
lary L*, expand each L-structure M to an L*-structure M™, and extend
any L-fragment 7 to a set 7* of cardinality x of L,+,-sentences in
the vocabulary L* such that for all L-structures M, L*- structures N,
L-fragments 7 and L, +,,-sentences ¢ € 7T in the vocabulary L:

M MEe = M ET U{e}
@NET U{e'} = NILEe
) ¢* is quantifier-free.

(4) T is a set of universal sentences.

Suppose L is a vocabulary of cardinality < k, ¢ is a sentence of L, .+, in
the vocabulary L, M is an L-structure such that M |= ¢, and k < p <
| M|. Show that there is My C M such that My |= ¢ and |My| = p.
Find a counter-example to the following claim: Suppose L is a vocabu-
lary of cardinality < k, o < kT, and M is an L-structure. Then there is
Moy € M such that My >~ M and [My| < k.

Prove that the class of models (M, A, B), where A, B C M and |A| <
|B| is not RPC in Ly, In fact, prove the following statement: If ¢ €
L.+, has a model M such that x < |[UM| < |VM|, then ¢ has a model
N such that |[UV| = |[VV].

Show that the class of linear orders with uncountable cofinality is not PC-
definable in L. In fact, prove the following statement: If ¢ € L, +,,
has a model M such that (U™, <) has cofinality x*, then ¢ has a
model A such that (U, <V') has cofinality Xo. (A linear order (M, <)
has cofinality « (or is k-cofinal) if x is the smallest cardinal for which
there is A C M such that | A| = x and A has no upper bound in (M, <).)
Prove that the class of graphs (G, E') which have no countable cover
(i.e. there is no countable subset C' such that for every a € G there is
some y € C' with xFy) is not RPC in L. In fact, prove the following
statement: If ¢ € L+, has, for every graph (G, E) of cardinality ™
without a countable cover, a model M such that (UM, RM) = (G, B),
then  has a model V such that (U™, R™) has a countable cover.
Show that there is a sentence in L,.+,, which has a model of size T but
none of size > x7.

Show that there is a sentence in L,.+,, which has a model of size x*+
but none of size > k.

Show that there is a sentence in L+, which has a model of size 2% but
none of size > 2~.



226

8.29

8.30

8.31

8.32

8.33
8.34

8.35

8.36
8.37

8.38

8.39

8.40

8.41
8.42
8.43
8.44

8.45

Model Theory of Infinitary Logic

Show that there is a sentence in L, +,, which has a model of size 22" but
none of size > 22"

Show 2¢ 4 (w1)3. (Hint: Take a well-ordering <I of R. Then define
a coloring of pairs {z,y} of reals by reference to <1 and the standard
ordering of R.)

Show that if k — (x)3, then & is regular.

Prove directly 6 — (3)3.

Show 15 4 (4)3 (it is probably just as easy to show 17 4 (4)3.)
Deduce the undefinability of well-order in L, directly from Theo-
rem 8.22. (Hint: Assume well-order could be defined in L,,,,. Show
that then there is a sentence in L, ., with a model of size J,,, but none
bigger.)

Show that for every vocabulary L, every L-fragment I of L., and every
L-structure M there is L’ D L, an L’'-fragment I’ such that IV D T, and
an expansion M’ of M to an L'-structure such that |L'| = |L| 4+ o,
IT'| = |T'| + Ro and M’ has Skolem functions for all ¢ € I".

Construct for each infinite x a linear order with 2% automorphisms.

An element a of a Boolean algebra M is an arom if forallb € M : 0 <
b < a implies 0 = b or b = a. Show that if M is a Boolean algebra and
(I, <) is a linear order such that I is a set of atoms of M, then (I, <) is
I'-indiscernible in M for any fragment I' of L,,.

Suppose M is an equivalence relation and (I, <) is a linear order such
that I is included in one of the equivalence classes of M. Show that
(I, <) is T'-indiscernible in M for all fragments I" of Lo,,. Is the same
true if I is a set of non-M-equivalent elements of M?

Suppose L is a vocabulary, M and M’ L-structures, I an L-fragment
of Loow, (I,<y) I'-indiscernible in M, (J, <) I-indiscernible in N,
and M = ¢(ai,...,a,) <= N E ¢(bi,...,by,) for all atomic
p,a1 <1 -+ <gapand by <j--- <jby.Suppose (I, <r) =~ (J,<j).
Show that [I]pg ~p [J]nr

Suppose ¢ € Ly, has for each o < w; a model of size J,,. Show that
has arbitrarily large models all of which are partially isomorphic. (Hint:
Use the previous exercise.)

Show that the Scott rank of («, <) is always a.

Show that the Scott rank of (Q, <) is w.

Show that the two truth definitions of game logic are equivalent.

Show that the conjunction and disjunction of two formulas of the form
(8.18) is again of the form (8.18), up to logical equivalence.

Use Theorem 8.47 to give a quick proof of the Craig Interpolation The-
orem.
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8.46 Show that Souslin formulas (see Example 8.49) can express the property
of well-foundedness of a binary relation on the structure (w, <, R4),
where < is the usual ordering of w.

8.47 Show that propositional game formulas (see Example 8.49) can be ex-
pressed in L, .
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Stronger Infinitary Logics

9.1 Introduction

The infinitary logics L, Loow, and Lo of the previous chapter had one im-
portant feature in common with first-order logic: the truth predicate of these
logics is absolute' in set theory. We now move on to logics which do not have
this property. We lose something but we also gain something else. For example,
we lose the last remnants of the Completeness Theorem of first-order logic.
On the other hand, we can express deeper properties of models, such as un-
countability, completeness of a separable order, and other properties, too. Per-
haps surprisingly, some methods, such as the method of Ehrenfeucht—Fraissé
Games, still work perfectly even with these strong logics.

9.2 Infinite Quantifier Logic

First-order logic and the infinitary logic L, are able to express
Ve and VV

when V' is any finite set of variables. In the infinite quantifier logics of this
section we can express this even when V' is an infinite set of variables.

Before actually defining the infinite quantifier logics, we first define the ap-
propriate version of the Ehrenfeucht—Fraissé Game. In this game the players
play sequences of a given length. Each round consists of a choice of a sequence
by I followed by a choice of a sequence by II. The goal of IT is to make sure
the played sequences form, element by element, a partial isomorphism. Thus

L More exactly, if M is a transitive model of ZFC containing .A and ¢ as elements, then A is a
model of ¢ if and only if the set-theoretical statement “A = ¢” holds in the model M.
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if I plays a sequence

To = (Z‘o(O), SN ,.130(7’1,), . )

which is a descending sequence relative to a linear order < in one of the mod-
els, player IT tries to play likewise a sequence

Yo = (¥0(0),...,y0(n),...)

which constitutes a descending sequence relative to < in the other model. If
that other model is well-ordered by <, she loses right away. Note that play-
ers have made so far just one move each, albeit a move with infinitely many
components.

For another example, suppose one of the models is countable while the other
is uncountable. If player I is allowed to play countable sequences he can imme-
diately let zo enumerate the countable model. Whichever countable sequence
IT plays, I wins during the next round by playing an element from the uncount-
able model which is different from all the elements played by II.

To define the new game more exactly, we fix some notation. A function
s: o — M is called a sequence of length len(s) = «. The set of all sequences
of length « of elements of M is denoted by M “. We define

M=) M’
B<a
and

Part, (A, B) = {p € Part(A, B) : |p| < }.

Now we can define the new Ehrenfeucht—Fraissé Game:

Definition 9.1 Suppose « is a cardinal. The Ehrenfeucht—Fraissé Game with
moves of size < k on M and M’, denoted EF;, (M, M’), is the game in which
player I plays

T, € MSFU(M')<"
and IT responds with
Yn € M<" U (M')<"

for all n € N. Player IT wins if for all n,

(1) len(z,) = len(yy);
?2) 2, € M<F & Yn € (M/)<H;
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Figure 9.1 The Ehrenfeucht—Fraissé Game with moves of size < k.

(3) If we denote
v — x;, ifx; € M<F ;o z;, ifx; € (M/)<N
Tl ifye MR TPy ify € (M),

then {(v,,(7),v,,(2)) : ¢ < len(z,),n € N} € Part(M, M’). (See
Figure 9.1.)

We immediately introduce also the dynamic version of EF(,, denoted EFDY,,

which is easier for player IT as there are only finitely many moves to play. It is
defined by requiring that the moves of player I are pairs (x.,, ;) where

T, € MS"U(M)<" a, < au.
To win, player I has to play & > g > a3 > ... justas in EFD,,.

Example 9.2 Let M = (Q, <) and M’ = (R, <). Player I has a winning
strategy in EFD5* (M, M"). His strategy is to play first in M
o = So
where
s0:w—Q, lims(n)= V2, s increasing.
Suppose II responds with yg : w — R. We may assume y is increasing, for
otherwise IT has lost already. If sup,, yo(n) = oo, player I wins by playing

x1 = (2) (i.e. a sequence of length 1). So let us assume sup,, yo(n) = z € R.
Now I plays #; = (z). Player IT would like to play (1/2) but /2 is not in
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Q so she plays something bigger, say (a). Now I wins by playing o = (b)
in M, where v/2 < b < a. Actually, I has a winning strategy already in
EFD3* (M, M') (Exercise 9.3). Note that M ~,, M’, so II has a winning
strategy in EF,, (M, M").

Example 9.3 Suppose M is a countable L-structure and M’ an uncountable
L-structure. Now I has a winning strategy in EFD3* (M, M'). He plays z
so that 2o : N — M enumerates M. After IT has played yo : N — M/,
I plays 1 = (a), where a € rng(yo), and wins as II cannot play a new
element in M. This should be compared with the fact that L., is not able
to express countability. In fact, the models M and M’ could very well be
partially isomorphic. This is the case in particular if L = ().

Example 9.4 Let M be the equivalence relation (M, ~), where M = wy Xw;
and (z,y) ~ (¢/,y') iff y = . Let M’ be the equivalence relation (M’, ~'),
where M’ = wy x wand (z,y) ~ (¢, y') iff y = 3/. Clearly M ~, M’, but
player I has a winning strategy in EFD5* (M, M’). He plays in M’

xo = So, where sg(n) = (0,n).

After II plays yo with yo(n) = (n,dn), I plays 1 = ((0,0)), where ¢ ¢
{6, : n € N}, and wins as IT has no good moves remaining.

Example 9.5 A vector space (over R) is a structure of the form
M= (M, ,+,0,R, g, +r,Og, 1r)
where (R, ‘g, +r, O, 1r) is the field of reals and - and + are the scalar product
RxM—M

and the vector addition

+:MxM-—>M
which satisfy the usual axioms of vector spaces (with 0 as the zero vector).
There is just one such vector space (up to isomorphism) in any dimension. If

M and M’ have a different inﬁniie dimension, say k and ' > k, then player
I has a winning strategy in EFD5 (M, M’). Note that M ~,, M’

Definition 9.6 A linear order M is N;-like if every initial segment of M is
countable but M itself is uncountable.

Lemma 9.7 If M is an Ny-like linear order, then | M| = N;.
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Proof By definition, |M| > N;. Let {a,, : @ < [} be a cofinal sequence in
M defined by the transfinite recursion

ao € M,a, > ay forall vy < a.

Since each {a, : @ < v}, < 3, is countable, being below a- in M, it must
be the case that 5 < wy. Thus M is the union of < N; countable sets:

M= U{xeM:x<aa}.
a<f
Thus M has cardinality X;. O

N;-like linear orders can be quite complicated but the dense ones among
them are a bit easier to grasp:

Definition 9.8 Let 1 denote the order-type of the rationals. For A C w let
A 1+n if aecA\{0}

"y if agA\{0)

and

o(4) = Y (i x {a}).

a<wi
®(A) is an N;-like dense linear order. (See Example 5.6 for the definition of
)
Lemma 9.9 ®(0) % ®(wy).

Proof Suppose [ : ®(()) = ®(w, ). For each a € ®(A) let p(a) be the unique
a such that a = (g, ) for some g. Let us define a sequence {a,, : n € N} as
follows (Figure 9.2):

ag € ©(0) arbitrary
wi) such that p(a1) > p(f(ao))
() such that p(az) > p(f'(a1))

w1) such that p(az) > p(f(az))

a € P
as € P

—_— =~ =~ =

a3 € P

etc.

Let 6 = sup,, p(ay). Let a be the smallest element in ®(w;) with p(a) = 4.
Now a is the supremum of the set {as,+1 : n € N} in ®(w;), but f~1(a)
cannot be the supremum of {az, : n € N} in ®(f) as 72 has no first element.
This shows that f cannot be an isomorphism. O

Lemma 9.10 Player IT has a winning strategy in EFS* (M, M') whenever
M and M’ are X1-like dense linear orders without first element.
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Figure 9.2

Figure 9.3

Proof During the game player IT maintains an element u,, € M, an element
v, € M’, and an isomorphism 7,, between the initial segment of M deter-
mined by w,, and the initial segment of M’ determined by v,,. Player II takes
care that the partial isomorphism of played elements is a subfunction of m,,.
Suppose I then plays a countable sequence s,, in one of the models. Now II
moves her u,, and v,, to new positions 41, v,+1 above the elements in s,,
(see Figure 9.3).

The intervals (uy,, uy+1) of ®(@) and (v, vy +1) of ®(wy) are countable dense
linear orderings without endpoints, hence isomorphic. So IT can maintain her
strategy. O

We obtain an important corollary due to M. Morley:

Proposition 9.11 There are non-isomorphic models M and M’ of cardinal-
ity Ny such that player II has a winning strategy in EF:' (M, M’).

This result should be compared with Proposition 5.16: If M ~,, M’, where
M and M’ are countable, then M = M’.

Definition 9.12 Suppose L is a vocabulary and A is a cardinal. The class of
L-formulas of L, is defined as follows:
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(1) Variables z,,a < A, and constant symbols ¢ € L are L-terms. Function
symbols yield new L-terms as usual.

(2) If t and ¢’ are L-terms, then (0, ¢,¢’) is an L-formula denoted by ~tt’.

@3) If t1,...,t, are L-terms and R € L, then (1, R,t1,...,t,) is an L-
formula denoted by Rty .. .1,

4) If ¢ is an L-formula, so is (2, ), and we denote it by —¢.

(5) If ® is a set of L-formulas with a fixed set V' of free variables and |V| < A,
then (3, ®) is an L-formula denoted by AD.

(6) If @ is a set of L-formulas with a fixed set V' of free variables and |[V| < ),
then (4, ®) is an L-formula denoted by V.

(7) If ¢ is an L-formula and V' C {z, : a < A} has cardinality < A, then
(5,%,V) is an L-formula denoted by VYV ¢.

(8) If v is an L-formula and V' C {z, : @ < A} has cardinality < ), then
(6,,V) is an L-formula denoted by 3V ¢.

The concept of subformula and quantifier rank are defined in a natural way.
The set Sub(ip) of subformulas ¢ € Ly is defined as follows:

Sub(p) = {¢} if ¢ is atomic
Sub(=p) = Sub(p) U {~¢}
Sub(A®) = | J Sub(p) U {r®}

pEP

Sub(v®) = | J Sub(y) U{va}
ped
Sub(VV ) = Sub(p) U{VV e}

Sub(3V ) = Sub(p) U {IVe}.
The quantifier rank QR () of ¢ € Lo is defined analogously:

QR(p) = 0 if ¢ is atomic
QR(w) QR ()
QR(A®) = sup{QR(p) : p € ¢}
QR(V®) = sup{QR(yp) : ¢ € ¢}
QR(VV¢) = QR(p) + 1
QR(IVyp) = QR(p) + 1.
Definition 9.13 We use L, to denote the union | J \ Loox, and L to de-

note the set of formulas ¢ of L., which satisfy the condition: If A® or V& is
a subformula of ¢, then |®| < k.
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Usually we consider L, ) only when & is regular. The logic L, ., is a partic-
ularly interesting one. It is a perfect analogue of first-order logic L, obtained
by stepping up from finite to countable. However, the properties of L, ., are
very different from those of L, mainly because of the expressive power of
the former.

Example 9.14 Let ¢ € L,,,,, be the sentence

V{x, 1 n < w}Iz, /\ T, Ty -

n<w

The subformulas of ¢ are ¢ itself,

and

QR(y) = QR(3z,, /\ R Ty) + 1

n<w

=QR ( /\ ﬂmnxw> +2

n<w

= sup QR(—~z, ) + 2
=2.
Example 9.15 Let ¢ € L, ., be the sentence

V{z, :n < w} \/ “Tpy1 < Ty
n<w
Then the subformulas of ¢ are ¢ itself,
\/ Tn4+1 < T

n<w
L1 < Ty

and

QR(¢) =supQR(~pq1 < xp) +1=1.
n
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Functions s : {z, : @ < A} — M are called assignments of M. If in
addition V C {z, : a < A}anda : V — M, we define

sla/V](xa) = { a@a) if TV

s(re) if zo EV.
t™M(s) is defined as usual.

Definition 9.16 The concept of an assignment s : {zo : @ < A} = M
satisfying a formula ¢ € L, in a model M, M |=; ¢ is defined as follows:

M =, ~tity iff  t(s) = t31(s)

M =g Rty ...ty iff (H1(s),...,t04(s)) € Valm(R)
M ':s P iff M l#s ®

My AD iff M=, pforallpc @

M=, Vo iff M =, ¢ forsome p €

M [, WV iff M v @ foralla: V — M
MEs Ve iff M gpq/v) @ forsomea:V — M.

Example 9.17 Let ¢ be the L, ,, -sentence:

V{x, :x < w} \/ X1 < Ty

n<w

A linear order satisfies ¢ if and only if it is a well-order. So this shows that
Loow, extends Lo, properly.

Example 9.18 Let ¢ be the L, ,, -sentence:

Hap :x < wiV{zy, Twi1} \/(mw < Ty ATy < Tiyy1)-
n
A linear order satisfies  if and only if it is separable (i.e. has a countable dense
subset).

Example 9.19 Let ¢ € L, be the conjunction of the axioms of ordered
fields plus firstly the Archimedian axiom
YV To<l+---+4+1
0 n\</w 0

and secondly the completeness axiom
o, in <w}( (Fzo A\, zn < 20) =
Jz, (A, Tn < Tw AVTu4a
((/\n Tp < Tt1) = T < Tyy1)))-

An ordered field satisfies ¢ if and only if it is isomorphic to the ordered field
of reals.
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Example 9.20 Let ¢ be the L+ +-sentence

Hag < A} /\ roExg.
a<f<A

A graph satisfies ¢ if and only if it has a clique of size A.
Example 9.21 Let ¢ be the L)+ ,+-sentence

Hao o < A}V \/ AT, T
a<
A model M satisfies ¢ iff |M| < A. Let ¢ be the L+ ,+-sentence
Hao < A} /\ RTATE.
a<fB<A

A model M satisfies ¢ iff |[M]| > .
We use [A]<* to denote the set {a C A : |a| < A}

Definition 9.22 Suppose A and B are L-structures. A A-back-and-forth set
for A and B is any non-empty set P C Part(.A, B) such that

(1) Vf € PVa € [A]<*g € P(f C gand a C dom(g));

(2) Vf € PVYb € [B]<*3g € P(f C gand a C rng(g)).

The structures .4 and B are said to be A-partially isomorphic, in symbols
A~y B,

if there is a A-back-and-forth set for them.

It is easy to see that ~ is an equivalence relation on Str(L) for any L. The
big drawback of ~ in comparison to ~~,, (i.e. ~3) is that for A > w there is no
guarantee that A ~, B, |A| < A, |B| < X implies A & 5.

Example 9.23 If A and B are N;-like dense linear orders without first el-
ements, then A ~y, B. We can let P consist of such f € Part(A, B) that
dom(f) and ran(f) both are initial segments and both have a last element (see
Figure 9.4).

Proposition 9.24  There are linear orders A and B such that

(I) A%B.
2) A~y B.
3) [Al=|B| =Xy

Proof We can choose A = ®()) and B = ®(w1). O
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Figure 9.4

The following theorem of Benda (1969), the proof of which we omit, illumi-
nates how reduced products can improve the chances of player IT in Ehrenfeucht—
Fraissé Games:

Theorem 9.25 Suppose D is a (k, \)-regular® countably incomplete filter
on I. If I1 has a winning strategy in EF*(M;, N;) for each n < w and each
i € I, then she has a winning strategy in EFS‘+ (JJM;/D,TIN:/D).

We now establish the marriage of truth and separation for L), manifesting
the Strategic Balance of Logic in the case of the infinite quantifier logics:

Theorem 9.26 The following are equivalent:

(1) M =\ N (i.e. M and N satisfy the same sentences of Loy ).
(2) Player II has a winning strategy in EF) (M, N).
(3) M~ N.

Proof As in Proposition 5.21 and Proposition 7.48. O

For working with winning strategies of IT in EFD) (A, B) we have the
appropriate version of the back-and-forth sequence: A \-back-and-forth se-
quence (Pg : 8 < «) is defined by the conditions

0 +P,C---C Py C Part(A,B)
Vf € Pgi1Va € [A]<*3g € Ps(a C dom(g) and f C g)
Vf € Pgy1Vb € [B]<*3g € Ps(b C ran(g) and f C g).

We write

A~§ B
if there is a A\-back-and-forth-sequence of length « for 4 and B.
Theorem 9.27 The following are equivalent:

2 Afilter on I is (k, \)-regular if it contains a subset £ such that || = X and
[{e€ E:ice}| <rforeachi e I.
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(1) A=, B(ie Aand B satisfy the same sentences of Loy of quantifier

rank < o).
(2) Player I1 has a winning strategy in EFD) (A, B).
3) A%

Proof (1)=(2). For B < a let Pg consist of f : A — B of cardinality < A
such that if dom(f) = {a¢ : £ < p} then

(A, ae,.. ) =" (B, fag,...).

Clearly, () € Pg for all 5 < . For an inductive argument, suppose f € Pg1,
B < a,and (a; : ¢ <) € VA. Weneed a (b : ¢ <) € 7B such that

(A, ..yag,.oya, ) =0 (B fag, .. b, ).

If such a (b : ¢ < ) exists, we are done. Otherwise b= (;:(<y)€e'B
implies

(A,.ag, . ap,. ) Zoy (B, fag,... b},..0).
Let apg(...,xg,...,x’c,...) € Loy with quantifier rank < 3 so that

AE (... ae,...,a,...)

and
B oy(..s fag, ..., /C’)
Let
lﬁ(-..,xg,...,xlc,...): /\(pg(...,xg,...,xlg,...).
beB
Now

AE3rg.oxp o ap(oag, .3, )
and 3z ... 2 ... (..., 2¢, ..., 2L, . . .) has quantifier rank < 5 + 1, 50

B):31‘6...x’c...w(...,fag,...7x2,...),

a contradiction. Hence there is b such that f U {(ag, b;) : £ <~} € Ps. The
other condition is proved similarly.

(2)—(1). Suppose (P : 8 < «) is a A-back-and-forth sequence for A and
B. As in the proof of Proposition 7.47, it is easy to use induction on § < « to
show: If f € Pgand ag, ..., ac,... € dom(f) for { < p, where ;1 < A, then

(A, ae, .. ) =2, (B, ..., fac,...).

Then (i) follows from the assumption that Pz # () for all § < a.
The equivalence of (2) and (3) is proved as Proposition 7.17. O]
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Theorem 9.28 Suppose = |A|<* + |B|<* and 11 has a winning strategy
in EFD)\ (A, B) for each o < (k<*)*. Then II has a winning strategy in
EF) (A, B).

Proof Let P consist of such f € Party (A, B) that if dom(f) = {a¢ : { <
w1}, then

Va < (KS)T((A, .. ae, ) =%, (B,.. ., fag, .. ).

The set P is non-empty, for Theorem 9.27 implies ) € P. Suppose f € P and
(ag:C<v)€ YA. Weneedab = (b : ¢ <) € 7B so that

Yo < (/Q<>‘)+((.A,...,a5,...,a’c,...) =0 (B, fag, ..., b, .. ).
If no such b exists, then for all b there is some oz < (k<*)* so that
(A,...,af,...,alc,...) Ep (B,...,fag,...,blc,...). 9.1)
Leta = sup{ag : b € "B} < (k<*)™. Since f € P,

(A,...,a§7...) =+l (87...,fa§,...).

oo

Let (Pg : B < a + 1) be a back-and-forth sequence for (A, ..., ae,...) and
(B,..., fag,...). Let g € Poy1and b € "B so that g U {(ag,b) : ¢ <7} €
P,. Let Py, B < a, consist of

h e Parta((A,...,ae,...,a¢,...),(B,..., fag,...,b,...)

such that b C ' for some b’ € Pg such that g U {(ag,b;) : ¢ <~} C A"
It is clear that (P4 : 8 < «) is a back-and-forth sequence which contradicts
©.1). O

We can define the \-Scott watershed of M and M’ as the least ordinal «
such that IT has a winning strategy in EFD (M, M’) and I has a winning
strategy in EFD)_; (M, M’).

In the case A = 2 the Scott watershed of countable models was countable
and every pair of countable non-isomorphic models had a Scott watershed.
For A > w the situation is less satisfactory. For non-isomorphic models of
size A the A-Scott watershed need not exist, as it is possible that M ~, N and
M % N (Proposition 9.11). Also, if e.g. A = Ry, even if the A-Scott watershed
exists, we only know it is less than the cardinal (2“)*, and this cardinal may
be very big.

The A-Scott height \-SH(M) of a model M is the least « such that if
a1,y Qp,by,. .. b, € [M]<* and

len(a;) =len(b;) forl1 <i<mn
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and
(Myaq, ... a) =~ (M,by,...,by)
then
(M,ay, ... a) =3 (M, by, .. by).

(Here (M, Ay, ... 7an) means (M7 (al(g))£<len(a1)a ceey (an(f))ﬁ<len(an))')
If none exist, then A-SH(M) = 0.

Theorem 9.29 If M :i'SH(MHQ M, then M ~5 M.

Proof Exercise 9.20. O
Note that \-SH(M) < (|M|<*)*. While we have for countable models
M BHOMFE M e M2 M,

for models of size A we only obtain
M :/S\H(M)er M = M= M.

This shortcoming takes away some of the interest of A-SH(M).

There is a special case where we can salvage the equivalence between M =,
M and M = M":
Theorem 9.30 Suppose A has cofinality w. Then for all M and M’ of cardi-
nality \:

M=\ M —= M=M.

Proof Suppose A = sup,, A,,. Suppose P is a \-back-and-forth set for M
and M’. Let fo € P.Let M = {a, : @ < Ayand M’ = {b, : a < A}.

We can construct fo C f, C ---in P in such a way that a,, € dom(f,,) and
ba € rng(fn) whenever v < \,. Then |J,, fr, : M = M. O

The following deep result of Shelah gives some idea of what is it about
uncountable models that makes M =, M’ fail to imply M = M’ for
models of cardinality A:

Theorem 9.31 Suppose T is a countable complete first-order theory. Then
the following are equivalent:

(1) T is superstable and has NDOP and NOTOP.?
(2) All models M and M’ of T of any cardinality X\ > 2% satisfy

M=y M = M=M.

3 For the concepts of superstable, NDOP, and NOTOP see Shelah (1990).



242 Stronger Infinitary Logics

Thus for models M and M’ of cardinality A > 2% satisfying M =,y M’
it is the model-theoretic property of the first-order theory of M (which is the
same as the first-order theory of M) of lacking stability that bars us from
concluding M = M'’. In the proof of Theorem 9.31 in the case that (1) fails
two non-isomorphic models of 7" are constructed from indiscernibles in such a
way that they satisfy M =, M’. There is some resemblance to the proof of
Lemma 9.10, although the situation is much more complicated. On the other
hand, when (1) holds, a “decomposition theorem” holds for models of 7" of
cardinality )\, and this helps to conclude M = M’ from M =5 M.

Chang proved the following facts about elementary equivalence of ordinals:

Proposition 9.32  For any 8 and &

(1) (V<) =X (WL (€4 1), <).

(2) (\HL < :f (NBHL . ¢ <) if € is a limit ordinal of cofinality > \.

3) (\2,<) f (AP - (€ 4+ 1), <) if B is a limit ordinal limit of cofinality > \.
4 (\%,<) zf (NP - &, <) if B, € are limit ordinals of cofinality > \.

)
)

2

Proof Exercise 9.21. O

It follows that A-SH((A\?, <)) > § for all limit 3 and all cardinals .
Compare this with Theorem 7.26 which gives SH(M)((a, <)) = aif a =
SUPg<q wh.

Below we use Z, , etc. to denote sequences {z : @ < B}, {ya : @ < 7},
etc. of variables of length < .

Definition 9.33 Let L be a vocabulary. An L-fragment of L.,y is any set T
of formulas of L, in the vocabulary L such that

(1) 7 contains the atomic L-formulas.
2) peTifandonlyif ~p € T.

3) A® e T implies® C 7.

@) ® C 7 implies A® € T for finite P.
(5) v® € T implies ® C 7.

(6) ® C 7 implies V® € T for finite ®.
(7) Vgp € T ifand only if ¢ € T

(8) Jyp € T ifandonlyif p € T.

Note that a fragment is necessarily closed under subformulas. The applica-
bility of fragments arises from the following fact:
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Lemma 9.34 Suppose A\ < k%, X regular, and ;1 = k<*. Suppose ¢ € L,.+
with a vocabulary L, |L| < u. Then there is a fragment T C L+ such that
p€Tand|T| < p.

Proof Let Ty consist of atomic L-formulas and the formula ¢. For successor
ordinals we let

Tor1=Ta U €TotU{~ ¢ €Ta}
Wy :yped AP eT,or VO eT,}
U{AD : & C T, finite} U {V® : & C T, finite}
U{w - Vb € To or 3gep € To}
U{Vgy : ¢ € To,len(g) < A} U {3y - ¢ € To, len(y) < A}

and 7, = J, ., 7o for limit v. Finally, let 7 = Ua<u Te- Now |To| < p for
all o < 1, as u<* = p by the regularity of \. O

Definition 9.35 Suppose L is a vocabulary and M is an L-structure. A
Skolem function for a formula ¢(Z,y) € Looy is any function f, : M<* —
M <? such that for all @ € M<*

len(f(a)) = len(a)
and
M = 3zp(a, ) = ¢(a, f(a)).

By the Axiom of Choice it is clear that Skolem functions exist in any model
for any formula of L.y.

Proposition 9.36  Suppose T is an L-fragment of L.+, M is an L-structure,
and F is a family of functions such that every formula in T has a Skolem
Sfunction in F. Suppose My C M is closed under all functions in F. Then M,
is the universe of a substructure M of M such that for all p € T and s:

M() ':5 [} e M ':5 ©.
Proof See the proof of Proposition 8.27. O

Theorem 9.37 (Léwenheim—Skolem Theorem) Suppose A < k™, X is reg-
ular, and 1 = k<*. Suppose L is a vocabulary of cardinality < 1, @ is a
sentence of L+ in the vocabulary L, and M is an L-structure such that
M |= . Then there is Mo C M such that My |= ¢ and |My| < p.

Proof LetT be an L-fragment of cardinality < u such that ¢ € 7. Let F be
a set of cardinality < y of functions M <* — M <* containing a Skolem func-
tion for each ¢ € 7. Let M, be a subset of M of cardinality < p closed under
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the functions of . By Proposition 8.27, Mj is the universe of a substructure
M of M such that Mg = ¢. O

For more powerful Lowenheim—Skolem Theorems in infinitary logic see
Dickmann (1975).

It might seem that L., is a very powerful logic. In fact any model class
which is closed under isomorphisms and has only models of cardinality < A for
some A is definable in L.~ (Exercise 9.9). Nevertheless, some very innocent
looking properties of models are non-expressible in Lo

Proposition 9.38 The class of well-ordered models of the form (v + vy, <) is
definable in L, v but not in Lscoo.

Proof We shall first present a sentence in L, which characterizes the
given class of models. In the sentence that follows, the variable xq picks the
mid-point of the order (747, <). Let ® be the conjunction of the axiom which
says that < well-orders the universe, and the following closed game sentence:

JwoVa1 Jy1 Vyo JwVasTys ... [\ @il@o, zio1,yio1, i vi),
i<w

where oo (g, 21, y1) is the conjunction of:

r1 > x0 — Y1 < Xo
T < To — Y1 > Xo,

and o, (g, x;—1,Yi—1, Ti, y;) for i > 0 is the conjunction of:

(o <z ANxi < zim1) = Yi < Yio1
Ty < yi—1 — (o <Y Nyi < Ti—1).

Suppose A = (v + 7, <). The strategy of IT in Gg(A, ®) is to play first
xo = 7. Then always, when I plays z;, IT plays either y; = v+ x; or v +y; =
x;, according to whether x; < -y or ; > ~. This shows that A = ®.

Conversely, suppose A = (v, <) = ®. Let a be the choice for z that the
winning strategy of IT gives. Let us divide y into a sum -y + /3 of two ordinals
so that +y is the set of predecessors of a. If v = 3, we are done. Otherwise, say,
B < ~v.Now I plays 1 = 8. Whenever II has played y;, I plays z; = v + y;
or y+z; = y;, according to whether y; < ~ or y; > ~. This leads to an infinite
descending chain in .4, a contradiction. This ends the first part of the proof.

We shall now prove that the given class of models is not definable in L oo.
Suppose it were. W.1.0.¢g. it is definable in L, + .+ for some « with a sentence
1 of quantifier rank §. Let i be the cardinality of the set of all (up to logical
equivalence) L,.+-formulas in the vocabulary {<} of quantifier rank < o
(see Exercise 9.10). Let v = 2#. Let ¢ be the conjunction of all sentences of
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Lo+ of quantifier rank < ¢ that are true in (v, <). Thus ¢ € L, +,+. By
Theorem 9.37 there is B C (v, <) such that B |= ¢ and |B| < 2. Let 8 < «
so that B = (B, <). Now (v,<) =°_, (B,<). By the preservation of =J_,
under sums of models (see Exercise 9.19),

(’7+Ba <) Ego)\ (Py+7><)
This contradicts the fact that (v + 3, <) & ¥ and (v + 7, <) | ¢. O

Theorem 9.39 There is a sentence in L, .,, which defines implicitly a rela-
tion which is not explicitly definable in L..~.. Hence the Craig Interpolation
Theorem and the Beth Definability Theorem fail for all L, where w < A < k.

Proof Let K be the class of well-ordered models (v + v, <, R), where R =
{(ar,y + @) : o < ~}. Since the isomorphism between two well-ordered
structures is always unique, the class K is definable in L, . Moreover, for
any +y there is a unique R so that (v++, <, R) € K. On the other hand, suppose
R were explictly definable in L, x, where « is regular and w < A < k. Then the
class of well-ordered models (7 + «, <) would be definable in L, contrary
to Proposition 9.38. O

Since the class of models (v -+, <) used in the above proof of the failure of
interpolation is definable in L,,, v, the question arises, whether L,,, v itself sat-
isfies the Craig Interpolation Theorem or the Beth Definability Theorem. The
answer to both questions is negative, as was proved in Gostanian and Hrbacek
(1976).

To overcome the failure of ~y, to characterize isomorphism in models of
size N; we now introduce a stronger form of ~y, :

Definition 9.40 Suppose A and B are L-structures. A strong A-back-and-
forth set for A and B is a A-back-and-forth set P which satisfies the following
condition:

3) If {fo : @« < B},8 < A, is an C-increasing sequence in P, then there is
f € Psuchthat f,, C fforalla < f5.

If there is a strong A-back-and-forth set for .4 and B, we write
A~ B.

Theorem 941 [f |A| < X and |B| < ) then the following conditions are
equivalent:

(1) A=B.
(2) A>3
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Figure 9.5

Proof Suppose P is a strong A-back-and-forth set for .4 and B. Let
A={an:a <A}
B = {by:a <A}
Let fo € P.If f, has been defined for a < y and
a<B<y = faC/fs

then let g € P be such that f, C g forall « < . Then, let f, € P be such that
g € fy,ay € dom(f,) and b, € ran(f,). Then |J,_, fo is an isomorphism
A— B. O

Example 9.42 A linear order (M, <) is an 7),-set if for all sets A C M and
B C M such that [A] < R,,|B| < Xy anda < bforalla € Aand b € B,
there is ¢ € M such that

a<c<b

forall a € A and b € B (See Figure 9.5).

Proposition 9.43  Suppose A and B are ny-sets and N, is regular. Then
>y, B. Hence if |A] = |B| < R, then A= B.

Proof Let P be the set Party_ (A, B). It is easy to see that P is an R,-back-
and-forth set. O

A model M is A-homogeneous if for all {a, : o < } and {b, : o < B}
such that 5 < A and

(Ma aa)a<ﬁ = (M7 boz)oz<5
there is bg € M such that
(M, aa)a<p = (M, ba)a<p.

The ordered sets (Q, <) and (R, <) are Ng-homogeneous. Every countable
consistent first-order theory has for every A a A-homogeneous model (see e.g.
Chang and Keisler (1990)).
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Proposition 9.44 If A and BB are \-homogeneous, \ is regular, and A ~) B,
then A ~3

Proof We let P consist of

[ = {(aavba) a< 5}
such that 5 < A and
(Aa aa)a<ﬁ = (B7bo¢)oz<ﬁ- (92)

P is non-empty, as () € P. Let us prove that P is a A-back-and-forth set.
Suppose (9.2) holds and ag € A (we treat this case first and deal with the case
ap € [A]<? later). By A ~ B there are b],,« < /3 such that

(A, a0)a<p = (B, by )assp-
Thus

(B, ba)a<p = (B, by )a<s-
By A\-homogeneity there is bg such that

(B, ba)a<s = (B, by )azp-
Thus

(As aa)a<p = (B, ba)asp-

The property (9.2) is clearly preserved under unions of chains, i.e. if f, € P
for a < 7y, where v < A, and

a<B<y = f.Cfs

then Ua <~ fa € P (here we use regularity of \). Thus the above back-and-
forth argument extends to ag € [A]<*. O

A model A is A-saturated if for all a, € A, < [, where 5 < A, every
type of the structure

(.A, aa)a<5

is realized in (A, aq)q<g- A-saturated models are always A-homogeneous. Ev-
ery countable consistent first-order theory has for every A a A-saturated model.

Proposition 9.45  Suppose A and B are \-saturated structures and A = B.
Then A ~) B. If moreover X is regular, then A >3 B.
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Proof Let P consist of

f={(aa,ba) : a < B}
such that § < A and
(A, a0)a<p = (B,ba)a<s- 9.3)

By assumption, ) € P. Suppose then (9.3) holds and ag € A (the case
ap € [A]<* follows from this). Let ¥ be the set of first-order sentences,
O(Tayy -3 Lo TB)s A1, - - ., Oy < [, satisfying

AEo(aa,,---,0a,,08).

Condition (9.3) guarantees that for any finite >y C X there is bg € B such that

B E= ¢(bays---,ba,,bp) 9.4)

for all ¢ € Xy. By A-saturation, there is bz € B such that (9.4) holds for all
@ € 3. We have proved one half of the A\-back-and-forth criterion for P. The
other half is similar. O

A theory is k-categorical if all its models of cardinality « are isomorphic.
The first-order theory of (Q, <) is Ng-categorical. The first-order theory of
(C,+,-,0,1) is Ry-categorical. A countable first-order theory without finite
models which is k-categorical for some x > w is necessarily complete. By a
deep theorem of Morley, if a countable first-order theory is k-categorical for
some uncountable x, it is k-categorical for all uncountable .

Corollary Let A be a regular cardinal > w. Suppose T is a countable com-
plete first-order theory which is k-categorical for some (hence all) uncountable
k. Then for any M \=T and N |= T of cardinality > )\ we have

M >3 N.
Proof For such T and A we know that M and A have to be A-saturated (see
e.g. Chang and Keisler (1990)). O
Open Problem: Is the relation M ~5 N transitive?

There are many partial results” about the transitivity of M ~35 N but the
general question is open. Thus it is not known whether there is some version L*
of infinitary logic such that M ~3 N is equivalentto M = ¢ <= N ¢
forall ¢ € L*.

4 See Viininen and Velickovié (2004).
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9.3 The Transfinite Ehrenfeucht—Fraissé Game

All our games up to now have had at most w rounds. There is no difficulty in
imagining what a game of, say, length w + w would look like: it would be like
playing two games of length w one after the other. For example, it is by now
well known to the reader that the second player has a winning strategy in the
Ehrenfeucht—Fraissé Game of length w on (R, <) and (R \ {0}, <). But if
player I is allowed one more move after the w moves, he wins.

For a more enlightening example, suppose M and N are equivalence re-
lations such that M has N; countable classes and ¥y uncountable classes
while A has R; countable classes and X; uncountable classes. Does IT have a
winning strategy in EF,,? Yes! She just keeps matching different equivalence
classes with different equivalence classes. But she can actually win the game
of length w + w, too! During the first w moves she matches countable equiv-
alence classes with countable ones and uncountable equivalence classes with
uncountable ones. After the first w moves she may have to match a countable
equivalence class with an uncountable class, but I will not be able to call IT’s
bluff. It is only when I has w + w + 1 moves that he has a winning strategy:
During the first w moves I plays one element from each uncountable class of
M. Then I plays one element b from an unused uncountable equivalence class
of V. Player IT will match this element with an element ¢ from a countable
equivalence class of M. During the next w rounds player I enumerates the
countable equivalence class of c. Finally he plays an unplayed element equiv-
alence to b. Player II loses as all elements equivalent to ¢ have been played
already.

Let L be a vocabulary and A and A; two L-structures. We give a rigorous
definition of a transfinite version of the Ehrenfeucht—Fraissé Game on the two
models A and A;. We let the number of rounds of this game be an arbitrary
ordinal §.

In the sequel we allow the domains of M and M to intersect and incor-
porate a mechanism to account for this.

We shall all the time refer to sequences

Z = (2o : ¢ < 0), where zo, = (Ca, Ta)s

of elements of {0,1} x (Ao U A1). If § = (yo : & < ¢) is a sequence of
elements of Ay U A;, the relation

Pz,y C (Ao U A1)2
is defined as follows:

pzy = {(aayba) o< 6}
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I 2 21 Za ... (<)

11 2o Y1 Yo (a <)

Figure 9.6 The Ehrenfeucht—Fraissé Game.

where

a, = To ?fca:0 by = Yo ¥fca:0
Yo 1fcqg =1 To ifcq =1.

Remark We shall often use the fact that p; y = Uy<spz;, 51, if 6 is a limit
ordinal.

We are interested in the question whether
Pzy € PaI‘t(Ao,Al) 9.5)

or not. In the Ehrenfeucht-Fraissé Game one player chooses z trying to make
(9.5) false, and the other player chooses ¥ trying to make (9.5) true. Let

Seqs (Ao, A1)

be the set of all sequences ((cq, o) @ @ < ) where ¢, € {0,1} and z,, €
A,

Definition 9.46 Let § € On. The Ehrenfeucht—Fraissé Game of length § on
Ap and Aj, in symbols

EF;s(Ap, A1),

is defined as follows. There are two players I and IT . During one round of the
game player I chooses an element ¢,, of {0, 1} and an element z,, of A._, and
then player IT chooses an element y,, of Aj_._ . Let zo, = (Cq, ). There are
0 rounds and in the end we have Z = (2, : o < §) and § = (yo : @ < 9).
We say that player IT wins this sequence of rounds, if pz ; € Part(Ag, B).
Otherwise player I wins this sequence of rounds.

The above definition is useful as an intuitive model of the game. However,
it is not mathematically precise because we have not defined what choosing an
element means. The idea is that a player is free to choose any element. Also,
we are really interested in the existence of a winning strategy for a player by
means of which he can win every sequence of rounds. The following exact
definition of a winning strategy is our mathematical model for the intuitive
concept of a game.
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Definition 9.47 A strategy of IT in EF 5(Ag, A1) is a sequence
T = (T <9)
of functions such that
dom(7,) = Seq,41(Ao, A1)
and
mg(7e) € Ag U 4y
for each av < §. If Z € Seqs( Ao, A1) and § = (Yo : o < J), where

Yo = Ta(zra+1)

for all @ < 4, then we denote p; y by ps -. The strategy 7 of II is a winning
strategy if pz » € Part(Ag, Ay) for all Z € Seqs(Ao, A1). A strategy of I in
EFs(Ap, A1) is a sequence

p=(pa <)
of functions such that
mg(pae) € {0,1} x (Ag U Ay)

and dom(p,) is defined inductively as follows: dom(p,) is the set of se-
quences § = (yg : S < «) such that for all 5 < a,

c Ay, if pg(yl5) = (0, 2) for some
ys Ao, if ps(yl5) = (1,2) for some .

If§ = (yo : @ < 0) € dom(p) (i.e (yo : @ < B) € dom(pg) forall § < 9)
and zZ = (z, : @ < §) satisfy

pa(g[a) = Zav

then pz 5 is denoted by p, 5. The strategy p is a winning strategy of I if there
isno § € dom(p) such that p, ; € Part(.A, B). We say that a player wins
EF;5(Ap, Ay) if he has a winning strategy in it.

Remark If T = (1, : a < §) is a strategy of IT in EF5(Ag,.4;) and 0 < 4,
then 7], = (7, : @ < o) is a strategy of IT in EF;(Ag, A;). If 7 is winning,
then so is 7[,. Moreover, if Z € Seqs(Ap U A1), then Pzt o1, © Pz 10 s
1, and 7 is winning if and only if

ool

a limit ordinal, we have pz ; = Us<5Pz;
7], is winning for all o < §.
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Example 948 Let L = (). Let Ay and A; be two L-structures of cardi-
nalities x and A respectively. Let us first assume 6 < x < A. Then IT wins
EFs( Ao, A1). Her winning strategy 7 = (7, : @ < J) is defined as follows.
Let F'(X) € X for every non-empty X C Ay U A;. Suppose 7, is defined
for a < o, where 0 < §. We define 7,. For any zZ = ((cq,%a) 1 @ < o), let
Y:={z¢: (<o} U{rc(Zl¢41) : (+1 <o} Letnow

TC(2[<+1) ifre =2, <0
To(Zl,01) = § ¢ ifz, =71(2]¢41),( <0
F(A1_¢ \Yz,) otherwise.

It is clear that for all Z the relation pz , is a partial isomorphism. In fact it
suffices that p; . is a one-one function, since L = {).

Let us then assume £ < X and k¥ < §. Then I wins EFs(Ag, B1). His
winning strategy p = (p, : a < 0) is defined as follows. Let Ag = {u, : ) <

K}.
Uy ifa<k
F(Ai\{pc((yp:n<Q):¢<a}) ifk<a<i.

The intuitive argument behind Example 9.48 based on Definition 9.46 can
be described very succinctly: If § < x < A, the strategy of IT is to copy the
old moves if I plays an old element and choose some new element if I plays
a new element. The assumption § < k < \ guarantees that there are enough
elements to choose from. If k < 0, the strategy of I is to first enumerate A
during the first x rounds of the game and then pick an element x,, € Ay, which
has not been played yet by IT. Then IT has no elements in Ag left to play and
he loses the game.

pallin 1 <)) = {

Lemma 9.49 (i) IfII wins the game EF (Ao, A1) and 8 < «, then 11 wins
the game EF g(Ag, A1).

(ii) If I wins the game EF (Ao, A1) and o < f, then 1 wins the game
EF3(Ag, A1)

(iii) There is no « such that both 11 and I win EF , (Ap, A1 ).

Proof (1) If (1¢ : & < a) is a winning strategy of IT in EF, (A, A1), then
(Te : £ < B) is a winning strategy of IT in EF g(Ag, A1).

(i) If (pe : £ < «) is a winning strategy of I in EF (Ao, A1), then (p¢ :
& < B) is a winning strategy of I in EF 3(. Ao, .A; ), where

pe((yn :m < &) = pa({yy 11 < a))

fora <& < p.
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(iii) Suppose (7¢ : € < «) is a winning strategy of IT and (ps : { < ) a
winning strategy of I in EF, (Ao, A;). Define inductively

e = pe({yy 1 <))
ye = Te({xy:n<8)).

If 2= (xe: & < a)and g = (y¢ : £ < ), then ps j is a partial isomorphism
because IT wins, and not a partial isomorphism because I wins, a contradiction.
O

Lemma 9.50 (i) If Ay = Ay, then II wins EF (Ao, A1) for all c.
(ii) If Ay ¥ Ay, then Twins EF (Ao, A1) for all o > |Ag| + | A1l

Proof (i) Suppose f : Ay = A;. Let
: _J flee)  ifeg=0
ellepan) n< ) ={ f00 )
Then (7¢ : £ < «) is a winning strategy of IT in EF, (Ag, A,).
(i) Let {0,1} x (Ao U Aq) = {2z : { < a}and p = (pe : £ < ), where
pe({yn 11 < &)) = 2

for £ < a. For any § = (y¢ : £ < a) the relation p, 5 is a partial isomorphism
between .4 and 4;. Since no isomorphism exists, p is a winning strategy of
I O

Corollary (i) If I wins EF (Ao, A1), then Ag 2 A;.
(ii) If 1T wins EF ,(Ag, Ay ), where o > | Ag| + | A1

, then Ao = .,41.

There is always at least one « for which IT wins EF, (A, .4;), namely
a =0.If 4y = A;, then by Lemmas 9.49 and 9.50 there cannot be any « for
which I wins EF,, (Ao, A;1). Butif Ay % A;, then I wins EF, (A4, A;) from
some o onwards.

There may be ordinals o for which neither player has a winning strategy
(Exercises 9.29 and 9.30 below). Then the game is non-determined. The game
of length w; may also be non-determined, see Mekler et al. (1993). There may
also be a limit ordinal o such that IT wins EF g(.Ag, A1) for each 5 < o but
not EF,, (Ap, A;). We already know that this can happen if o = w.

Lemma 9.51 Let L be a vocabulary and o an ordinal. The relation
Ag ~o A1 < Twins EF, (.Ao, .Al)

is an equivalence relation on Str(L).
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Proof Reflexivity of ~ follows from Lemma 9.50(i). In fact, IT wins the
game EF (Ao, Ap) with the trivial strategy 7¢ (((¢y, z5) : ) < &)) = z¢. Sym-
metry is also trivial: Suppose IT wins EF (Ao, A1) with 7 = (7¢ : £ < ).
The following strategy 7' = (7{ : { < a) is winning for ITin EF,(A;, Ao):

T ((enyg) :n < &) =7((1 = cpyay) 1 < E).

To see this, suppose Z = (z¢ : & < a) is given. Then pz . is a partial isomor-
phism between Ag and A1, and the relation

Pz, = {(b,a): (a,) € pz -}

is a partial isomorphism between .A; and Ag, witnessing the victory of II in
EF (A1, Ag). To prove transitivity of ~, suppose 7 = (1, : £ < a) is a
winning strategy of IT in EF, (Ao, A1) and 7/ = (7 : § < ) is a win—
ning strategy of II in EF,(A4;,.43). We describe a Wmnmg strategy 77 =
(r¢ € < a) of I in EF o (Ap, A2). The idea is that IT plays EF, (Ao, A1)
and EF, (A1, A2) simultaneously. Suppose 2 = ((c;,zy) : n < &) €
Sede1(Ao, A1). We define by induction over n < & the sequences z =
((enyzg) :m < §), 2 = ((¢pa) :n < &) and 77 = (1 : § < a)as
follows:

(N = 0 1
Then (cp,zy) = (0,27) (L7 (Z'T,))
(cpay) = (0,m(z1,)) (L)
(@) = mET) m™(z1,)
Now (7' : £ < «) is a winning strategy of ITin EF,, (Ao, A2). O

The relations ~,, form a sequence of finer and finer partitions of Str(L),
starting from the one-class partition ~( and eventually approaching the ulti-
mate refinement = of every ~,.

9.4 A Quasi-Order of Partially Ordered Sets

Before we define the dynamic version of the transfinite game EF, we develop
some useful theory of po-sets.

Definition 9.52 Suppose P and P’ are po-sets. We define
P<P
if there is a mapping f : P — P’ such that for all z,y € P:

z<py— flz) <p fy)
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We write P < P/, if P < P’ and P’ £ P, and we write P = P', if P < P’
and P’ < P.

Note that < is a transitive relation among po-sets. The =-classes of < form a
quasi-ordered class. This quasi-order is the topic of this section. It is not a total
order, for there are incomparable po-sets, for example (w, <) and its inverse
ordering (w, >). For simplicity, we call < itself the quasi-order of po-sets,
without recourse to the =-classes.

Definition 9.53 Suppose P is a po-set. The tree o'P is defined as follows. Its
domain is the set of functions s with dom(s) € On such that for all o, 8 €
dom(s)

a < B = s(a) <p s(B).
The order is
5 <8 5= 5 qom(s)-
o'P is the suborder of oP consisting of sequences s € oP of successor length.

The o-operation was introduced by Kurepa (1956) and studied further, e.g.
in Hyttinen and Véinénen (1990) and Todorcevi¢ and Vadnanen (1999).

Example 9.54 For any ordinal « let B, be the tree of descending sequences
Bo > ... > B, of elements of a ordered by end-extension. Show that o < 3
(as ordinals) if and only if B, < Bg as po-sets. Every well-founded tree is
=-equivalent to some B,,. (See Exercise 9.36.)

Lemma 9.55 (i) o'P < P.
(ii) oP £ P.

(iii) o'P < oP.

(iv) If T is a tree, then T = o'T.

Proof (1) If s € o'P, let f(s) = s(dom(s) — 1). Then f : ¢'P — P is
order-preserving.

(ii) Suppose f : 0P — P were order-preserving. Define inductively s :
On — P by s(a) = f(s],). Since o < § implies s(ar) <p s(8), we get the
result that P is a proper class, a contradiction.

(iii) o'P < oP trivially. On the other hand, if cP < ¢'P, then P < P
contrary to (ii),

(iv) We already know o'T < T. Suppose t € T and (¢, : a < f3) is the
set of ' € T with ¢ <7 t in ascending order. Let dom(s) = S + 1 and
s¢(a) = t,. Then s; € o'T and t — s; is order-preserving. O



256 Stronger Infinitary Logics

Example 9.56 Q) £ oQ since 0@ is well-founded while @ is not. In partic-
ular Q £ ¢o'Q. Hence ¢’Q < Q. Note that o’ is a special tree while oQ is
non-special. (See Exercise 9.40.)

Lemma 9.57 There is no sequence Py, Py, ... so that cPp+1 < Py, for all
n < w.

Proof Suppose f,, : 0Pp+1 — Py, is order-preserving. For each fixed a, let
s € Py, so that

fal{sgTh 2 B < a)) = sp.
Then each P, is a proper class, a contradiction. O

Definition 9.58 Suppose P and P’ are po-sets. The game G (P, P’) is defined
as follows. Player I plays py € P, then player II plays p{, € P’. After this
I plays p1 € P with py <p pi1, and then player II plays pj € P’ with
Py <ps DY, and so on. At limits player I moves first p, € P with p, <p p, for
all & < v. Then IT moves p,, € P’ with p/, <p p), for all &« < v. If a player
cannot move, he loses and the other player wins. Since P and P’ are sets, one
of the players eventually wins.

Lemma 9.59 (i) o'P < P’ ifand only if I1 wins G(P,P’).
(i) If P is a tree, then P < P’ if and only if 11 wins G(P,P’).

Proof (i) Suppose f : ¢’P — P’ is order-preserving. If I has played py <
... < po in G(P,P"), II plays p,, = f((po,--.,Pa)). In this way she ends
up the winner. Conversely, suppose IT wins G(P,P’) and s € ¢'P with
dom(s) = a + 1. Let us play G(P, P’) so that I plays pg = s(f8) for f < «
and IT uses her winning strategy. After I plays p,, IT plays p,. If we define
f(s) = pl, we get an order-preserving mapping o’P — P. This ends the
proof of (i). (ii) follows from (i) and Lemma 9.55 (iv). O]

Lemma 9.60 o7’ < P ifand only if I wins G(P,P’).
Proof Suppose f : 0P’ — P is order-preserving. If IT has played
Po<...<pp<...(B<a) (9.6)

in G(P,P'), I plays p, = f((Pp;---,Pfs,---)) in P'. In this way I wins

G(P,P’). On the other hand, if T wins G(P,P’) and (9.6) is an ascend-

ing chain in 7', we can let I play against the moves py, .. .,pj, ... of IT'in

G(P,P’). Finally I plays p,, according to his winning strategy. We let
f((pos-- -0, ---)) = Pa-

Now f : cP’ — P is order-preserving. O
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Example 9.61 Suppose S C wy. Let T(S) be the tree of closed ascend-
ing sequences of elements of S. Choose disjoint stationary sets S; and So.
Then T'(S1) £ T(S2) and T'(S2) £ T(S1) (Exercise 9.35). Thus the game
G(T'(S1),T(S2)) is non-determined.

Definition 9.62 We use 7, ,; to denote the class of trees of cardinality < A
without branches of length «.

The simplest uncountable tree in 7, ,; is the x-fan which consists of branches
of all lengths < k joined at the root, or in symbols,

Fo={s0:0<a<k},5,=(ag:8<a),

ay =0,a3 = (a, ) for >0,

ordered by end-extension. Aronszajn trees are in Ty, x,. The trees T'(.S) of
Example 9.61 are in Taw ;.

Definition 9.63 A tree T is a persistent if for all t € T and all o < ht(T)
there is ¢’ € T such that ¢t <r ¢’ and ht(¢') > a.

Persistency is a kind of non-triviality assumption for a tree. It means that
from any node you can go as high as you like. The x-fan is certainly non-
persistent. On the other hand, the tree

T; = (Fﬁ)<wa(saoa"'vsan—1) < (8507"’785m—1) —

n<manda; = 8;fori <n
is persistent and indeed the <-smallest persistent tree in 7. . (Exercise 9.41).

Definition 9.64 A po-set P is a bottleneck in a class K of po-sets if P < P
or P < P’ for all P’ in the class K. A tree T is a strong bottleneck for a class
K if the game G(T, P) is determined for all P € K.

Every well-founded tree is a strong bottleneck in the class of all trees. If
S C wy is bistationary, then T'(S) is by Example 9.61 not a bottleneck in
the class of all trees. The smallest persistent tree 7 is a strong bottleneck in
the class 7, ,, (Exercise 9.42). It is an interesting problem whether there are
bottlenecks in the class 7, ,, above T7. The following partial result is known:

Theorem 9.65 Suppose k is a regular cardinal and ‘P is the forcing notion
for adding k™ Cohen subsets to k. Then P forces that there are no bottlenecks
in the class Ty . above T}
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Proof Suppose T is a bottleneck. Let & < T such that T € V[G,]. Let
A,, be the Cohen subset of x added at stage «. Note that A,, is a bistationary
subset of k. We first show that |- T" £ T' (A, ). Suppose

plk f:T(Ay) — T is strictly increasing.

When we force with A, calling the forcing notion P/, an uncountable branch
appears in T(A,), hence also in T'. The product forcing P, *x P’ contains a
k-closed dense set (Exercise 9.45). Hence it cannot add a branch of length
k to T. We have shown that T(A,) £ T in V[G]. Since T is a bottleneck,
T < T(A,). By repeating the same with —A, we get T < T(—A,). In
sum, T < T'(A,) @ T(—A,) (see Exercise 9.44 for the definition of ®). But
T(An) ® T(—Aas) < T (Exercise 9.46). Hence T' < T}'. O

It is also known (Todorcevié¢ and Viédninen (1999)) thatif V' = L, then there
are no bottlenecks in the class Ty, x, above T)".

9.5 The Transfinite Dynamic Ehrenfeucht-Fraissé Game

In this section we introduce a more general form of the Ehrenfeucht—Fraissé
Game. The new game generalizes both the usual Ehrenfeucht—Fraissé Game
and the dynamic version of it. In this game player I makes moves not only
in the models in question but also moves up a po-set, move by move. The
game goes on as long as I can move. This game generalizes at the same time
the games EF, (Ag, A1) and EFDs(Ao, A1 ). Therefore we denote it by EFp
rather than by EFDp.

If P is a po-set, let b(P) denote the least ordinal J so that P does not have
an ascending chain of length 4.

Definition 9.66 Suppose Ay and A; are L-structures and P is a po-set.
The Transfinite Dynamic Ehrenfeuchi—Fraissé Game EF p(Ap, A1) is like the
game EF;5(Ap, A1) except that on each round I chooses an element ¢, €
{0,1}, an element z,, € A._, and an element p,, € P. It is required that

Po<p...<pPa<p....

Finally I cannot play a new p, anymore because P is a set. Suppose I has
played z = ((cg,x3) : f < a) and IT has played § = (yg : § < a). If pz 5 is
a partial isomorphism between .4 and A;, IT has won the game, otherwise I
has won.
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Thus a winning strategy of I in EFp(Ag, A1) is a sequence p = (p, : @ <
b(P)) and a strategy of IT is a sequence 7 = (7, : & < b(P)). Note that

EF, (Ao, A1) is the same game as EF (, (Ao, A1),

and

EFD, (Ao, A1) is the same game as EF (4 ) (Ao, A1).
Naturally, if « is finite, the games EF, «)(Ao, A1) and EF 4~ (Ao, A1)
are one and the same game. But if a happens to be infinite, there is a big
difference: The first is a transfinite game while the second can only go on for
a finite number of moves.

The ordering P < P’ of po-sets has a close connection to the question who
wins the game EFp(Ag, A1), as the following two results manifest:

Lemma 9.67 If II wins the game EFp/ (Ao, A1) and P < P, then II wins
the game EFp(Ag, A1). If T wins the game EFp(Ag, A1) and P < P’, then
I wins the game EF p:(Ag, A1).

Proof Exercise 9.50. O

Proposition 9.68 Suppose 11 wins EFp(Ag, A1) and I wins EFp: (Ag, Ay).
Then oP < P'.

Proof Suppose IT wins EFp (Ag, A;) with 7 and I wins EFp/(Ag, A;) with
p. We describe a winning strategy of I in G(P’,P), and then the claim follows
from Lemma 9.60. Suppose po(#)) = (co, zo,pp). The element pj is the first
move of I in G(P’, P). Suppose II plays pg € P. Let
Yo = To(((co, 0, P0)))
(c1,21,p1) = p1((¥0))-
The element p} is the second move of I in G(P’, P). More generally the equa-
tions
Yp = Tﬁ(<(c"/az’}’7p’y) el S ﬂ>)
(CarTa, Do) = pal{ys : B < @)

define the move p, of I in G(P’, P) after II has played (ps : § < «). The
game can only end if IT cannot move p,, at some point, so I wins. O

Suppose Ay 2 A;. Then there is a least ordinal
0 < Card(4p) + Card(A;)

such that IT does not win EFs(Ag,.A;). Thus for all & + 1 < ¢ there is a



260 Stronger Infinitary Logics

winning strategy for IT in EF (Ao, A1). Let K(= K (A, A;)) be the set
of all winning strategies of IT in EF, 11 (Ap, A1) for a4+ 1 < §. We can make
K atree by letting

(re:6<a) < (rf:£<a)
if and only if o < o’ and V€ < a(7e = 7¢).
Definition 9.69 We call K, as defined above, the canonical Karp tree of the
pair (Ao, A1).

Note that even when ¢ is a limit ordinal & does not have a branch of length
8, for otherwise IT would win EF5(Ag, A1).

Lemma 9.70 Suppose P is a po-set. Then
Jwins EFp(Ag, A1) < o'P < K.

Proof = Suppose IT wins EFp (Ao, A1) with 7. If s = (s¢ : { < a) € 0'P,
we can define a strategy 7’ of IL in EF 11 (Ao, A1) as follows

Té(«cnvmn) 1 < &) =1e({(cyy Ty, 8y) 10 < E)).

Since K does not have a branch of length §, o < §, and hence 7/ € K. The
mapping s — 7’ is an order-preserving mapping o’'P — K.

< Suppose [ : /P — K is order-preserving. We can define a winning
strategy of IT in EFp(Ag, A1) by the equation

Tal((ce, e, 5¢) 11 < 6)) = ({56 : € < @) (((ces we, 89) : € < a)).
O

Proposition 9.71 Suppose ¢ is a limit ordinal and 11 wins EF (Ao, A1) for
all o < 0. The following are equivalent:

(i) II wins EF5(Ap, A1).
(ii) II wins EFp( Ay, A1) for every po-set P with no branches of length 6.

Proof To prove (ii)—(i), suppose IT does not win EFs(Ap, A1). Let P =
K(Ap, A1). Then 0P does not have branches of length 4, hence by (ii) IT
wins EF,p(Ag, A1) and we get 0P < P from Lemma 9.70, a contradiction
with Lemma 9.55. The other direction (i)—(ii) is trivial. O

Note Suppose k = Card(Ag)+Card(A;). Then we can compute Card(K) <
SUp, < 5(K*")* = sup, 4 & . If GCH and & is regular, then Card(K) < x.
Furthermore, if we assume GCH, we can assume Card(P) < « in (ii) above
(Hyttinen). For § = w this does not depend on GCH. IT wins EFp (Ag, A;) if



9.5 The Transfinite Dynamic Ehrenfeucht—Fraissé Game 261

and only if IT wins EF /5 (A, A; ). So from the point of view of the existence
of a winning strategy for IT we could always assume that P is a tree.

Corollary II never wins EF ;i (Ag, A1).

Definition 9.72 A po-set P is a Karp po-set of the pair (Ag, A;) if IT wins
EFp(Ap, A1) but not EF,p(Ap, A;). If a Karp po-set is a tree, we call it a
Karp tree.

By Lemma 9.70 and the above corollary, there are always Karp trees for
every pair of non-isomorphic structures.

Suppose I wins EFp(Ag, A1) with the strategy p. Let S, be the set of se-
quences § = (ye : £ < a) € dom(p) such that

Ppla+1,y € Part(Ao, Ar).

Thus S, is the set of sequences of moves of II before she loses EFp (Ao, A1),
when I plays p. We can make S, a tree by ordering it as follows

(ye 1§ <o) < (ye: <)
if and only if v < o’ and V€ < a(ye = yg).
Lemma 9.73 T wins EF,g, (Ao, A1).

Proof The following equation defines a winning strategy p’ of I in the game

]EFO'S‘J (A(); Al):
Po(Ye &€ < @) = (ca,Ta, ((Ye : £ < B) : B < @),
where

pa(<y£ €< a)) = (CasTa,Pa)-

Lemma9.74 o5, <P.

Proof Suppose s = ({ye : £ < ) : f < a) € 05, where
Bo<Pri<...<Bp<...m<a).

Let§ = sup, ., B, and

ps({ye : § < 0)) = (c5, 25, ps)-

We define f(s) = ps. Then f : 0.S, — P is order-preserving. O
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Note that Lemma 9.74 implies P £ S,. In particular, if I wins EF 5( Ao, A1)
with p, then S, is a tree with no branches of length §.

Suppose Py is such that 0Py < P and I wins EF,p,. So Py could be
S,. Suppose furthermore that there is no P; such that 0P, < Py and I wins
EF,p,. Lemma 9.57 implies that this assumption can always be satisfied.

Lemma 9.75 1 does not win EFp, (A, A1).

Proof Suppose I wins EFp, (A, A1) with p’. Then I wins EF,s, (Ao, A1)
and oS, < Py, contrary to the choice of Py. O

Definition 9.76 A po-set P is a Scoit po-set of (A, A;) if I wins the game
EF,p(Ap, A1) but not the game EFp(Ap,.A;). If a Scott po-set is a tree,
we call is a Scott tree. If P is both a Scott and a Karp po-set, it is called a
determined Scott po-set.

By Lemma 9.73 and Lemma 9.75, S, is always a Scott tree of (Ao, A1), so
Scott trees always exist. Note that

Card(S,) < sup (Card(Ag) + Card(A;))“.
a<b(P)

Lemma 9.77 Suppose I wins EFp (Ao, A1) with p and K = K (A, Ay).
Then K < S,,.

Proof Suppose T € K. Let II play 7 against p in EFp (A, A; ). The result-
ing sequence g of moves of II is an element of S,. The mapping 7 — 7 is
order-preserving. O

Suppose II wins EFp, (Ao, A1) and I wins EFp, (A, A;) with p. Fig-
ure 9.7 shows the resulting picture.
In summary, we have proved:

Theorem 9.78 Suppose I1 wins EFp (Ao, A1) and I wins EFp, (Ag, A1).
Then there are trees Ty and T such that

(i) o'Po <To <T1 <P
(ii) II wins EF 1, (Ao, A1) but not EF 1, (Ao, A1).
(iii) I wins EF .1, (Ao, A1) but not EFr, (Ao, Ay).

Example 9.79 Suppose I wins EF,(Ag,.A;). By Proposition 7.19 there
is a unique § = §(Ao, A1) such that IT wins EF (5 ~)(Ao, A1) and T wins
EF(541,>)(Ao, A1). Then (4, >) is both a Karp and a Scott po-set for Ay and
A
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Figure 9.7 The boundary between II winning and I winning.

Example 9.80 Suppose IT wins EF, (Ao, A1) butnot EF, 11 (Ao, .A1). Then
(a, <) is a Karp tree (in fact a Karp well-order) of 4, and A;. This follows
from the fact that o (o, <) = (v + 1, <).

Example 9.81 Suppose I wins EF 11 (Ag, A1) but not EF,,(Ag,.A;1). Then
(o, <) is a Scott tree (in fact a Scott well-order) of A4 and A;.

If T is a tree, T' + 1 is the tree which is obtained from 7" by adding a new
element at the end of every maximal branch of 7'. Note that 7' + 1 may be
uncountable even if 7' is countable.

Lemma 9.82 Suppose S C wy is bistationary, Ay = ®(5), Ay = ®(0), and
P=T(w \S)+ 1 Then I wins EF,p(Ap, A1).

Proof Suppose I has already played (cg,zg,ps) and IT has played ys for
B < a. Suppose I now has to decide how to play (¢q, Za, Po) in EFp (A, A7).
We assume that I has played in such a way that

Lpg=((05:0<7):v<B)(€o(T(w\S)+1).
2. Tot2n < Yv42n+1 in AO~
3. Tutont1 < Yotont2 in Ay,
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4. p(yu+2n+1) < Opront1 < p(xy+2n+2)_
5. p(yu+2n) < 6u+2n < p($y+2n+1).

6. 63 < éyin S for B < 7.

7. 6, = supg_,, 6 for limit v.

It is clear that I can continue playing so that the above conditions hold until
0, € S for some limit v. At this point I plays the supremum x,, of the previous
moves in Ag. Suppose IT moves y,, € A;. Now y, cannot be the supremum of
the previous moves in A; (as §,, € S), so I wins with his next move. The “+1”
part of P guarantees that I does indeed have a next move. O

Lemma 9.83 Suppose S C wy\{0} is bistationary, Ay = ®(S5), A1 = &(0),
and P = T(wy \ S) + 1. Then I does not win EFp (A, A1).

Proof Exercise 9.51. See also Exercise 9.29. O

Example 9.84 Let S C w; \ {0} be a bistationary set. Then (w + 1, <) is a
Karp tree of A(S) and A(0) (see Lemma 9.10 and the proof of Lemma 9.9),
and T'(w1 \S)+1 is a Scott tree of A(S) and A(f) (Lemmas 9.82 and 9.83, see
also Exercise 9.30). In this example all Karp po-sets Py must satisfy b(Py) <
w + 1 and all Scott po-sets must satisfy b(P;) > ws, so the Karp po-sets and
Scott po-sets are far apart.

In the above example all Karp po-sets and Scott po-sets were far apart. In
contrast we now consider two examples where some Karp po-sets and some
Scott po-sets are very close to each other, indeed they can be the same po-set.

Proposition 9.85 There are trees Ay and Az such that (Q, <) is both a Karp
and a Scott po-set of Ay and Aj.

Proof Let Ay be the tree of sequences s = (g, o, - - - , &y, Gy), Where go <
-+ < ¢y in Q and ¢ € wy, ordered by end-extension. Let .4, be the tree of
sequences s = (o, go, - . ., @ty) Where go < g1 < ---in Q, supge < oo, and

ag € wi, ordered by end-extension. If € Q, let || be the integer part of r.
If s € Ag U Ay, |s] is the maximum value of |g¢ | in s. Similarly, sup(s) and
max(s) are defined as sup(g¢) and max(ge).

We need a new po-set for the proof. This po-set, which we denote by P,
consists of triples (g, , 3), where ¢ € Q and f < a < w;. The order is as
follows:

(,0,8) < (¢, B iffg< ¢ org=¢,a=0a"and 3 < .

Thus Py can be obtained from (Q, <) by replacing rationals by well-ordered
sets < wq, in all possible ways.
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Claim (1) Pg < (Q,<).
Proof If a < wiy,let 67}, n < w, enumerate the elements of . Let Q = {¢, :
n < w}. Let 7 : N x N — N be one-one and onto. If s = (g, a, §) € Pg, let
g(s) = m(n,m)

where 8 = 61y and g = ¢y,,. Clearly, if s < s’ in T, then g(s) # g(s’). Thus
Pg is a union of N antichains. It is well-known that this implies P < (Q, <)
(Exercise 9.38). L]

Let EF% (A, A1) be the variant of EFp (A, A;) in which I can only play
(CasTa, o) if for all predecessors z of x, in A, there is § < « such that
cg =cqand zg = 2.

Claim (2) If IT wins EFg (Ao, A1), she wins EFg (Ao, Ay ).
Proof  Suppose IT wins EFg (A, A;). By Claim 1 she wins EFp,, (Ao, A1)
Suppose 7/ is a winning strategy of IT in EF]’pQ2 (Ag, A1). Suppose the first
move of I in EFg (A, A1) is (co, zo, 7o) Let

<a£’0 1B < ag)

be the sequence of predecessors of zg in A, in ascending order with ag® =

o. Letyo = 7/, ({(co, a2, (ro, a0, B)) : B < a)). This is the first move of II
inEFg(Ag, A1). Suppose (c1, x1,71) is the second move of Iin EFg(Ag, A;).
Let

(af, : B <o)

be the sequence of predecessors of z; in A, in ascending order with ag! =
x1. The second move of IT in EFg( Ay, A;) is, with the above notation,

Y1 = Thyra, ({(co,al (1o, a0, 8)) : B < ag) ™

<(Cla a’glv (7"1,0[1, 5)) : ﬂ < OZ1>).
This indicates how IT wins EFg (A, A;). O
Claim (3) II wins EF(’@(AO7 Ay).

Proof Suppose the moves (cg, x3,78), 8 < «, have already been made by I
and the moves yg, 8 < «, by II. Now II should decide what her next move y,,
is. During the game IT has maintained a certain strategy. To describe it, let

gn:Q—=>QN[n,n+1)
be order-preserving. The conditions are

M lygl = [zp] + 1.
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Figure 9.8 Subcase 1.1.

(2) sup(yp) < iy, (15)-

Case 1 The rank of z, in A._ is a limit ordinal. Thus there is an ascending
sequence aq,, 3 < v, of predecessors of z,, in A, and they have been played
already. Here v = Uv. Thus an, = T, O Gny; = Yo, for each 8 < v.
Because of (1) there is By < v such that an, = @, for By < 8 < vor
Qay = Yo, for f < B < v. We may also assume |an,| = N for some
constant N € N for 5y < 5 < v.
Subcase 1.1 ao, = #a, for By < f < v. Let by, = Ya,- By (1), [bay] =
N + 1. By (2),

sup(sup(ba,)) < sup(gn+1(rs))

B<v B<v

< gn+1(Ta)

Thus we can find y,, such that (see Figure 9.8)

3) V8 < v(Yap < Ya)-

@) SuP(ya) < 9N+1(ra)'

() (Yol =N+1.

6) V8 < a(ya =ys <> Ta = z5).
(7 VB < a(ya =28 <> To = yYs).

Subcase 1.2 an, = Yo, for By < B < v. Let by, = Tay. By (1), [bas] =
N — 1. Let y,, be such that
VB < v(Tay < Ya)

and (4)—(7) above hold (see Figure 9.9).

Case 2 z,, has an immediate predecessor x, in A._. The predecessor z, is
x or yg for some 3 < a.

Subcase 2.1 z, = zg. Let N = |z |. Player II chooses an immediate suc-
cessor y, of yg in such a way that (5)—(7) hold. Note that

sup(yg) < gn+1(7s)
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Figure 9.9 Subcase 1.2.

< gn+1(ra)

so (4) can be satisfied as well.
Subcase 2.2 v, = yg. Similar to 2.1. O

Claim (4) I wins EF,q(Ao, A1).

Proof Let f:(Q,<)— (QN(0,1), <) be order-preserving. The strategy of
Iisto play an increasing sequence in .4, imitating the moves of IT . The idea is
that player I uses f to translate the moves of IT into his own moves in QN(0, 1).
Then eventually IT cannot move anymore because supg_, (max yg) = oc. At
this point I jumps to Q N [1, co) and wins. More exactly, suppose I has played
(cg,x8,53),8 < «, so far and IT has responded with yg, 5 < «. The idea of
I is to maintain the conditions:

) cs = 1.
(2) 23 = (0,max(yo), 0, max(y1),...,0, max(yy),...,0) (y<p5).

(3) 55 = (max(ye) : € < B) (€ 0Q).

It is evident that I can always choose (cq, Za, Sq) SO that (1)—(3) continue to

hold. Since the game cannot go on for w; moves, a point is reached where I
cannot choose ¥, anymore, because

sup (max(ys)) = oo.
B<a

O
Proposition 9.85 is proved. O

Theorem 9.86 There are structures (Ao, A1) of cardinality 2% so that the
following conditions hold for any tree T':

(i) T is R-embeddable if and only if IT wins EFr( Ay, A;).
(ii) oR < T if and only if I wins EF (Ao, A1).
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Proof Let P, be the set of functions f : R — 3. If f € Py, let Supp(f) =
{r e R: f(r) # 0}. Let

P ={f € Py : Supp(f) is a well-ordered subset of R}.

If d € 3, let #(d) be defined by #(d) = 0if d = 0 and #(d) = 1 otherwise.
If f € Plet #(f) be the function #(f)(r) = #(f(r)). Let F' be the set of
functions f with dom(f) an open initial segment of R and rng(f) C {0, 1}.
For f € F we define (1 — f)(r) = 1 — f(r), when r € dom(f). The con-
struction that follows depends on certain decisions at limit stages and these
decisions are not canonically determined by earlier stages of the construction.
For this reason we introduce a decision-making function m. Let m : F' — 2
be a function so that m( f) is arbitrarily chosen, subject to the conditions that:

1. If f € F is eventually constant and equals d, then m(f) = d.
2. Forall f,m(1—f)=1-—m(f).
3. If f and g eventually agree, then m(f) = m(g).

Our models will have P U R as the universe, an auxiliary predicate £, and
a unary predicate U the interpretation of which makes the models different.
The predicate U is interpreted by defining two “smashed” versions f and f%
of every f € P. These are defined by induction along Supp( f). At successor
stages the idea is to use the smash function # to let f(r) generate a value
#(f(r)) or 1 —#(f(r)), according to what decisions have been made before,
for fA(r") and fB(r'),r" < r. At limit stages we use the function m.

Suppose f € P and Supp(f) = (x, : @ < ) in increasing order. Suppose
C € {A,B}. We define f¢(x) by cases. If g is a function with dom(g) C R,
denote the restriction of g to (—oo, x) by ¢[,, and the restriction to (—oo, | by
g f§z~

If z € R and Supp(f) = 0 or z < x0, we let f€(x) = 0if C = A and
f¢(z) = 1if C = B. For other = we let

#(f(2)), if £ = x4, and m(fc ) =0
1—#(f(z), ifx=u1xq, andm(f°],) =1
Crn C(za), ifrg, <z <xop
fla) = m(f°1,), ifz =sup,, Ta <2y, v =Uv
f(za), ifx > sup,.3zqand B =a+1
m(fC1,), if £ > 2* = sup, .5, and 3 = UB.

Now we are ready to define the models needed in the theorem:

A= (PUR,E,{f € P: fAiseventually 0})
B=(PUR,E,{f € P: fBiseventually 0}),
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where £ = {(f,g,7) : f,g € P,r € Rand f[, = g[,}.
Claim: I wins EF,g (A, B).

The strategy of I is the following. Player I will play elements h0 and hl, to-
gether with s? and s’ = s —~ (r,) in oR. We construe round « of the game
as consisting of actually two rounds. First I plays hY and s¥, and after this h},
and s! . The responses of II are respectively, kO and k. As part of his strategy
I then chooses one of h2 and hl, say hle, to be denoted by a,, if the move
hde was made in A and the corresponding k2= in B will then be denoted by
be. If the move hle was made in B, then hd> will be denoted by b, and the
corresponding k%= by a,. Eventually a limit ordinal § will emerge such that
SUP,«5Ta = 0o and then the unions f = U,as and f' = Uyb, will be el-
ements of P. The point is that I takes care that f** and f’ will not be both
eventually 0, so when he finally plays f forcing IT (because of the predicate
E) to play f’, he has won the game.

Suppose ., T, and b, for @ < B have been played as above and we

have sup,, . 5(7«) < oco. Part of the strategy of I is to maintain the condition

— 5B
aﬁrém =1-10, rém'
A

Case 1: 3 is a successor a + 1. Since aZ |, = 1— b8/, thereisa
smallest 7 > r,, such that aq () # 0 or ba(r) # 0, for otherwise IT has lost
the game already. Now I plays h{ and hj3, choosing carefully h%(r) and hj(r),
together with 5% and sé = s% ~ (rg), rg =, in such a way that, to avoid an
immediate loss, IT has to play k3 and k} so that a3 |, ,=1- b1

Case 2: f is limit. Let 3 = sup,, 5 7o Now I plays 2 and A}, choosing
carefully hfy(rg) and hj(rg), together with s = Ua<ps), and sp = 5% —~
(rg) in such a way that, to avoid an immediate loss, IT has to play k% and k}j,
so that af' [, =1 — b5

Srp*

<rg <rg

Claim: IT has a winning strategy in EF ;g (A, B).

Suppose h,, and r, € R have been played by I and &, by II for o < 3,
and rg = sup,zsup(sa) < 0. Let a, = hy if h, was played in A and
aq = ko otherwise. Similarly, let b, = h,, if h, was played in B and b,, = k,,
otherwise. The strategy of IT is to keep aA(1) = b5 () and aq (7) = by ()
for x > r,. If IT can keep playing like this he wins since then a:* is eventually
0 if and only if b is. O

Note In the above proof we showed that cQ is both a Karp and a Scott tree of
(A, B). Thus oQ is a determined Scott tree of (A, BB).



270 Stronger Infinitary Logics
9.6 Topology of Uncountable Models

Countable models with countable vocabulary can be thought of as points in
the Baire space w*. Likewise, models M of cardinality « with vocabulary of
cardinality x can be thought of as points f, in the set . We can make k" a
topological space by letting the sets

N(f,a)={gew™: fla=gla},

where o < &, form the basis of the topology. Let us denote this general-
ized Baire space k" by N,,.. Now properties of models of size s correspond
to subsets of A, In particular, modulo coding, isomorphism of structures of
cardinality x becomes an “analytic” property in this space.

One of the basic questions about models of size « that we can try to attack
with methods of logic is the question which of those models can be identified
up to isomorphism by means of a set of invariants. Shelah’s Main Gap Theorem
gives one answer: If M is any structure of cardinality x > w; in a countable
vocabulary, then the first-order theory of M is either of the two types:

Structure Case All uncountable models elementary equivalent to M can be
characterized in terms of dimension-like invariants.

Non-structure Case Inevery uncountable cardinality there are non-isomorphic
models elementary equivalent to M that are extremely difficult to dis-
tinguish from each other by means of invariants.

The game-theoretic methods we have developed in this book help us to an-
alyze further the non-structure case. For this we need to develop some basic
topology of N,,. A set A C N, is dense if A meets every non-empty open set.
The space N, has a dense subset of size k<"
stant functions. If the Generalized Continuum Hypothesis GCH is assumed,
then k<% = & for all regular x and k<% = k™ for singular k.

consisting of all eventually con-

Theorem 9.87 (Baire Category Theorem) Suppose A,, o < K, are dense
open subsets of N ;. Then (), Aq is dense.

Proof Let fy € N, and g < & be arbitrary. If f¢ and o for { < ( have
been defined so that

o < og and fg S N(fg,ag)

for ¢ < £ < f, then we define f3 and g as follows: Choose some g € N,
such that g € N(fe, o) for all § < 3 and let ag = sup,_g ag. Since Ag
is dense, there is fzg € Ag N N (g, ag). When all fe and a; for £ < x have
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been defined, we let f be such that f € N(fe, a¢) for all ¢ < k. Then f €
na AaﬂN(f(),Olo). O

Definition 9.88 A subset A of N, is said to be X1 (or analytic) if it is a
projection of a closed subset of N, x N. A set is IT} (or co-analytic) if its
complement is analytic. Finally, a set is A} if it is both 31 and IT}.

Example 9.89 Examples of analytic sets relevant if « is a regular cardinal
> w, are

CUB, ={f € N, : {a <k : f(a) =0} contains a club}
and
NS, ={f € N, : {a < k: f(a) # 0} contains a club}.

The set of a-sequences of elements of « for various o < « form a tree N,
under the subsequence relation. Any subset T' of N/—,, which is closed under
subsequences is called a tree in this section. A k-branch of such a tree is any
linear subtree (branch) of height . Let us denote (g(5) : 8 < «) by g(«).

Lemma 9.90 A set A C N, is analytic iff there is a tree T C N, x N
such that for all f:

f €A < T(f) has a k-branch, 9.7)

where T(f) = {g(a) : (§(c), f(«)) € T}. Such a tree is called a tree repre-
sentation of A.

Proof Suppose first A is analytic and B C k" X k" is a closed set such that
feA = F((f,9) €B).
Let
T ={(f().9(a)) : (f,9) € B, < }.
Clearly now f € A if and only if T'(f) has a x-branch. Conversely, suppose

such a T exists. Let B be the set of (f, g) such that (f(«a),g(a)) € T for all
a < k. The set B is closed and its projection is A. O

Respectively, a set is co-analytic if and only if there is a tree T C N, x
N<, such that for all f:

f € A < T(f) has no k-branches. 9.8)

Let 7, denote the class of all trees without «-branches. Let 7T} ,. denote the
set of subtrees of A<* of cardinality < A without any x-branches.
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Proposition 9.91 Suppose B is a co-analytic subset of N, and T is as in
(9.8). For any tree S € T, let

Bs={feB:T(f) < S}
Then

B = U Bg,

SETx w

where A = K<*.

Proof Clearly Bg C B if S € 7T,. Conversely, suppose f € B. Then of
course f € Bp(y). It remains to observe that |T'(f)| < x<". O

Suppose A C B is analytic and .S is a tree as in (9.7). Let
T' = {(f(a),g(a), h(e)) : gla) € T(f), h(e) € S(f)}.  (9:9)

Note that |7”] < k<% and T” has no k-branches, for such a branch would give
rise to a triple (f, g, h) which would satisfy f € A\ B. Note also thatif f € A,
then there is a k-branch {h(a) : a < k} in S(f), and hence the mapping

g(a) = (f(a), g(a), h(a))
witnesses
T(f)<T"
We have proved:

Proposition 9.92 (Covering Theorem for N,,) Suppose B is a co-analytic
subset of N, and S is as in (9.8). Suppose A C B is analytic. Then

AC Br
for some T € T ,,, where X\ = K<".

The idea is that the sets By, T € T, ., cover the co-analytic set B com-
pletely, and moreover any analytic subset of B can be already covered by a
single Br. Especially if B happens to be A}, then there is T' € Ty , such that
B = Brp.

Corollary (Souslin—Kleene Theorem for N,) Suppose B is a Al subset of
N... Then

B = Br

for some T € Ty ,,, where A\ = K<".
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Corollary (Luzin Separation Theorem for N,,) Suppose A and B are disjoint
analytic subsets of N;. Then there is a set of the form C for some co-analytic
set C and some T € Ty ,, where A = k<", that separates A and B, i.e. A C C
and CN B = ).

In the case of classical descriptive set theory, which corresponds to assuming
x = w, the sets B are Borel sets. If we assume CH, then CUB and NS cannot
be separated by a Borel set.

Proposition 9.93  [f k<" = k, then the sets Bt are analytic. If in addition T
is a strong bottleneck, then Br is A%.

Let us call a family B of elements of 7T ,, universal if for every T' € T there
is some S € B such that " < S.If 7}, , has a universal family of size 1, and
<F = g, then by the above results every co-analytic set in N is the union
of u analytic sets. By results in Mekler and Véédninen (1993) it is consistent
relative to the consistency of Z F'C that 7,.+, 2¢ = kT, has a universal family
of size T while 28" = T+

K

Definition 9.94 The class of Borel subsets of N, is the smallest class con-
taining the open sets and the closed sets which is closed under unions and
intersections of length «.

Note that every closed set in N is the union of x<" open sets (Exer-
cise 9.57). So if K<* = k, then the definition of Borelness can be simplified.

Theorem 9.95 Assume k<% = k > w. Then N has two disjoint analytic

sets that cannot be separated by Borel sets.

Proof Note that  is a regular cardinal. Every Borel set A has a “Borel code”
c such that A = B.. Let us suppose A = B, separates the disjoint analytic
sets CUB,; and NS, defined in Example 9.89. For example, CUB C A and
ANNS, = 0. Let P = (2<%, <) be the Cohen forcing for adding a generic
subset for . Let G be P-generic and g = | JP. Now either g € Aor g ¢ A.
Let us assume, w.l.o.g., thatg € A. Letp Ik g € Bz. Let M < (H(p), €, <*)
for a large p such that k,p, P, TC(c) € M, M<" C M, and <* is a well-
order of H(u). Since k<% = k > w, we may also assume |M| = «. Since P
is < k-closed, it is easy to construct a P-generic G’ over M in V such that

{a<k: M “g)c(a) # 0} contains a club. (9.10)
It is easy to show that B, = (Bg)¢g. Since
ME“plge By,
whence (§)g' € B. and therefore (§)g ¢ NS,. This contradicts (9.10). O
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Example 9.96 Suppose M is a structure with M/ = x. We call the analytic
set

{N:N =rand N = M}

the orbit of M. Let N' % M. Now player I has an obvious winning strategy
p in EF, (M, N): he simply makes sure that all elements of both models are
played. Obviously there are many ways to play all the elements but any of
them will do. Let us consider the co-anaytic set B = {fyr : N = xand N %
M}. Let S(N) be the Scott tree S, of the pair (M, ). Let us choose a tree
representation 7' of B in such a way that for all A" with N = &, T'(fn) =
S(N).If now fnr € By, then player I wins EF 7/ (M, N).

Recall that if M is a countable structure and « is the Scott height of M, then
I wins EFD,, (M, N) whenever M % N and N is countable. Equivalently,
using the notation of Example 9.54, player I wins EF g, (M, N') whenever
M 2% N and N is countable. We now generalize this property of B, to
uncountable structures.

Definition 9.97 Suppose « is an infinite cardinal and M is a structure of
cardinality . A tree T is a universal Scott tree of a structure M if T has no
branches of length x and player I wins EF ;7 (M, ') whenever M % A and
[N| = [M].

The idea of the universal Scott tree is that the tree 7" alone suffices as a clock
for player I to win all the 2% different games EF (M, ') where M % A and
|N| = |M]|. Universal Scott trees exist: there is always a universal Scott tree
of cardinality < 2% as we can put the various Scott trees of the pairs (M, N),
M 2 N, M| = |NJ|, each of them of the size < k<%, together into one tree.
So the question is: How small universal Scott trees does a given structure have?

If k<% = X and T, has a universal family of size y, then every structure
of size x has a universal Scott tree of size u.

If we allowed T to have a branch of length x, any such tree would be a
universal Scott tree of any structure of cardinality «.

We ask whether I wins EF ,7-(M, N) rather than in EF7 (M, ) in order
to preserve the analogy with the concept of a Scott tree. A universal Scott tree
T in our sense would give rise to a universal Scott tree 07" in the latter sense.
Note that |oT| = |T|<", so this is the order of magnitude of a difference in the
size of universal Scott trees in the two possible definitions.

Proposition 9.98 Suppose k<" = k and M is a structure with M = k. The
following are equivalent:

(1) The orbit of M is Al
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(2) M has a universal Scott tree of cardinality k.
Proof Suppose first (2) is true. Then
MPEN <= player I wins EF,7 (M, N).

The existence of a winning strategy of I can be written in IT} form since we as-
sume £ = x. Assume then (1). Let p be a strategy of player Iin EF . (M, \)
in which he simply enumerates the universes. Note that this is independent of
N. Let S(N) be the Scott tree S, of the pair (M, N). Let us consider the
co-anaytic set B = {fxr : N = kand N' ¥ M}. Let us choose a tree rep-
resentation 7" of B as in Example 9.96. If now fnr € By, then player I wins
EF7 (M, N). By the above Souslin—Kleene Theorem, (1) implies the exis-
tence of a tree 7" such that B = B/.. Thus for any A with N = k, M ¥ N
implies that player I wins EF 7 (M, A'). Thus T’ is a universal Scott tree of
M. Moreover, |T| = k<% = k. O

The question whether the orbit of M is Al is actually highly connected to
stability-theoretic properties of the first-order theory of M, see Hyttinen and
Tuuri (1991) for more on this.

9.7 Historical Remarks and References

Excellent sources for stronger infinitary languages are the textbook Dickmann
(1975), the handbook chapter Dickmann (1985), and the book chapter Kueker
(1975). The Ehrenfucht-Fraissé Game for the logics L., appeared in Benda
(1969) and Calais (1972). Proposition 9.32, Proposition 9.45, and the corollary
of Proposition 9.45 are due to Chang (1968). The concept of Definition 9.40
and its basic properties were isolated independently by Dickmann (1975) and
Kueker (1975). Theorem 9.31 is from Shelah (1990).

Looking at the origins of the transfinite Ehrenfeucht—Fraissé Game, one can
observe that the game plays a role in Shelah (1990), and is then systematically
studied, first in the framework of back-and-forth sets in Karttunen (1984), and
then explicitly as a game in Hyttinen (1987), Hyttinen (1990), Hyttinen and
Viidnanen (1990) and Oikkonen (1990).

The importance of trees in the study of the transfinite Ehrenfeucht—Fraissé
Game was first recognized in Karttunen (1984) and Hyttinen (1987). The cru-
cial property of trees, or more generally partial orders, is Lemma 9.55 part (ii),
which goes back to Kurepa (1956). A more systematic study of the quasi-
order P < P’ of partial orders, with applications to games in mind, was
started in Hyttinen and Viéédnénen (1990), where Lemma 9.57, Definition 9.58,
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Lemma 9.59, and Lemma 9.60 originate. The important role of the concept
of persistency (Definition 9.63) gradually emerged and was explicitly isolated
and exploited in Huuskonen (1995). Once it became clear that trees may be
incomparable by <, the concept of bottleneck arose quite naturally. Defini-
tion 9.64 is from Todorcevi¢ and Véidndnen (1999). The relative consistency
of the non-existence of non-trivial bottlenecks (Theorem 9.65) was proved in
Mekler and Vidndnen (1993). For more on the structure of trees see Todorcevié
and Viindnen (1999) and DZamonja and Viéninen (2004).

The point of studying trees in connection with the transfinite Ehrenfeucht—
Fraissé Game is that there are two very natural tree structures behind the game.
The first tree that arises from the game is the tree of sequences of moves, as
in Lemma 9.73. This tree originates in Karttunen (1984). The second, and in
a sense more powerful tree is the tree of strategies of a player, as in Defini-
tion 9.69 and the subsequent Proposition 9.71. This idea originates from Hyt-
tinen (1987).

The “transfinite” analogues of Scott ranks are the Scott and Karp trees, in-
troduced in Hyttinen and Viindnen (1990). Because of problems of incom-
parability of some trees, the picture of the “Scott watershed” is much more
complicated than in the case of games of length w, as one can see by compar-
ing Figure 7.4 and Figure 9.7. Proposition 9.85 and Theorem 9.86 are from
Tuuri (1990).

There is a form of infinitary logic the elementary equivalence of which cor-
responds exactly to the existence of a winning strategy for IT in EF,, in the
spirit of the Strategic Balance of Logic. These infinitary logics are called in-
finitely deep languages. Their formulas are like formulas of L, but there are
infinite descending chains of subformulas. Thus, if we think of the syntax of
a formula as a tree, the tree may have transfinite rank. These languages were
introduced in Hintikka and Rantala (1976) and studied in Karttunen (1979),
Rantala (1981), Karttunen (1984), Hyttinen (1990), and Tuuri (1992). See
Viindnen (1995) for a survey on the topic.

There is also a transfinite version of the Model Existence Game, the other leg
of the Strategic Balance of Logic, with applications to undefinability of (gen-
eralized) well-order and Separation Theorems, see Tuuri (1992) and Oikkonen
(1997).

It was recognized already in Shelah (1990) that the roots of the problem of
extending the Scott Isomorphism Theorem to uncountable cardinalities lie in
stability theoretic properties of the models in question. This was made explicit
in the context of transfinite Ehrenfeucht—Fraissé Games in Hyttinen and Tuuri
(1991). It turns out that there is indeed a close connection between the structure
of Scott and Karp trees of elementary equivalent uncountable models and the
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stability theoretic properties such as superstability, DOP, and OTOP, of the
(common) first-order theory. For more on this, see Hyttinen (1992), Hyttinen
et al. (1993), and Hyttinen and Shelah (1999).

A good testing field for the power of long Ehrenfeucht—Fraissé Games turned
out to be the area of almost free groups, where it seemed that the applica-
bility of the infinitary languages L, had been exhausted. For results in this
direction, see Mekler and Oikkonen (1993), Eklof et al. (1995), Shelah and
Viisidnen (2002), and Viisdnen (2003).

An alternative to considering transfinite Ehrenfeucht—Fraissé Games is to
study isomorphism in a forcing extension. Isomorphism in a forcing extension
is called potential isomorphism. The basic reference is Nadel and Stavi (1978).
See also Huuskonen et al. (2004).

Early on it was recognized that the trees T'(.S) (see Example 9.61) are very
useful and in some sense fundamental in the area of transfinite Ehrenfeucht—
Fraissé Games. The question arose, whether there is a largest such tree for
S C w bistationary. Quite unexpectedly the existence of a largest such tree
turned out to be consistent relative to the consistency of ZF. The name “Ca-
nary trees” was coined for them, because such a tree would indicate whether
some stationary set was killed. See Mekler and Shelah (1993) and Hyttinen
and Rautila (2001) for results on the Canary tree.

While the Ehrenfeucht—Fraissé Game of length w is almost trivially deter-
mined, the Ehrenfeucht-Fraissé Game of length w; (and also of length w + 1)
can be non-determined, see Hyttinen (1992), Mekler et al. (1993), and Hytti-
nen et al. (2002). This has devastating consequences for attempts to use trans-
finite Ehrenfeucht—Fraissé Games to classify uncountable models. It is a phe-
nomenon closely related to the incomparability of non-well-founded trees by
the relation <. This non-determinism is ultimately also the reason why the
simple picture in Figure 7.4 becomes Figure 9.7.

Some of the complexities of uncountable models can be located already on
the topological level, as is revealed by the study of the spaces N. These spaces
were studied under the name of x-metric spaces in Sikorski (1950), Juhdsz and
Weiss (1978), and Todorcevi¢ (1981b). Their role as spaces of models, in the
spirit of Vaught (1973), was emphasized in Mekler and Viaindnen (1993). For
more on the topology of uncountable models, see Vidnidnen (1991), Vdandnen
(1995), and Shelah and Viianinen (2000). See Vidananen (2008) for an informal
exposition of some basic ideas. Theorem 9.95 is from Shelah and Vééaninen
(2000).

Exercise 9.22 is from Nadel and Stavi (1978). Exercises 9.29 and 9.30 are
from Hyttinen (1987). Exercise 9.35 is from Hyttinen and Véédninen (1990).
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Exercise 9.40 is from Kurepa (1956). Exercise 9.41 is from Huuskonen (1995).
Exercise 9.47 is from Todorcevi¢ (1981a). Exercise 9.56 is due to Lauri Hella.
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Exercises

Show that player IT wins EFY° (M, M) if and only if she has a winning
strategy in EF,, (M, M),

Show that I wins EFD5* (M, N) if M = (Q, <) and N = (R, <).
Show that in Example 9.2 player I has a winning strategy already in
EFD3* (M, M").

Show that M ~,, N/, where M and N are as in Example 9.4.

Prove the claim of Example 9.5.

Prove the claim of Example 9.19.

Give necessary and sufficient conditions for player I to have a winning
strategy in EFDJ (M, M), when M and M’ are L-structures for a
unary vocabulary L.

Show that if M = (M, d,R, <g) and M’ = (M’,d’, R, <g) are separa-
ble metric spaces so that IT has a winning strategy in EFD5* (M, M),
then M is complete if and only if M’ is.

Prove that any model class which is closed under isomorphisms and has
only models of cardinality < X for some A is definable in Loooo-

Fix A and a vocabulary L. Prove that for every « there is only a set of
logically non-equivalent formulas of L.,y of the vocabulary L and of
quantifier rank < a.

Prove that ~) is an equivalence relation on Str(L) for any vocabulary
L.

Suppose cf(k) = w (i.e. & = sup,, kn, Where kg < k1 < ---). Show
that A ~,, Bimplies A = Bif |A| = |B| = k.

Suppose {A; : i € I} is a family of L-structures for a relational vocab-
ulary L. Suppose furthermore A; N A; = () for i # j. The disjoint sum
of the family {A; : ¢ € I} is the L-structure:

i€l iel iel

Show that if {A; : ¢ € I} and {B; : i € I} are families of L-structures
for a relational vocabulary L and for each &

A; >~ B;,
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then

iel i€l

Suppose {A; : i € I} is a family of L-structures. The direct product of
the family {A; : ¢ € I} is the L-structure

[TA:= (H Ai, <H R*‘i) (prod,e, f4) ser, ((c i € f>>ceL>
icl icl icl REL
where

(prod;e fA4)((a i€ 1)) = (£ (a;) 1 € I).

Show that if {A4; : ¢ € I} and {B; : i € I} are families of L-structures
and foreachi € I

Ai ~\ Bi,
then
H A~ H B;.
i€l iel
Suppose {A; : i € I} is a family of L-structures in a vocabulary L

containing a distinguished constant symbol 0. The direct sum @, ; A;
of the family {A; : 7 € I} is the substructure of [],_; A; consisting of
(a; : i € T) such that a; = 07" for all but finitely many 7 € I. Show that
if {A; : ¢ € I} and {B; : i € I} are such families and for all i € T

Ai =y B;,
then
@ A; >~ @ B;.
iel iel
Suppose M is an L-structure for a relational vocabulary L. Let I C J

be sets of size > A. Show that
D= DM
icl icJ
Consider Z as an abelian group. Show that for any set I:
Pz~ ]z
iel iel
Show that “has a clique of size \” is not definable in L.
Prove Exercise 9.13 for =5 .
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Stronger Infinitary Logics

Prove Theorem 9.29.

Prove Proposition 9.32.

Let us write M (XA — PI)V if there is a forcing notion which does not
add new sets of cardinality < X (such forcing is called < A-distributive)
which forces M and N to be isomorphic. This is a form of “poten-
tial isomorphism”, i.e. isomorphism in a forcing extension. Show that
M(X — PDN is not a transitive relation among structures and thereby
does not correspond to elementary equivalence relative to any logic.
(Hint: Use the models ®(A) of Definition 9.8.)

Show that if M is A-homogeneous, then for any sequences @ and b of
the same length from M:

-, -,

(M, @) = (M,b) = (M, d) ~5 (M,b).

Let H, be the lexicographically ordered set of sequences s € “~{0,1}
(ie. s <pm, s if s(§) < §'(§) for the least £ such that s(§) # s'(£))
for which there is a 8 < w, such that s(8) = 1 and s(v) = 0 for
B < v < wy. Show that H, 1 is an 1,41-set.

Show that H, is an n,-set if and only if R, is regular.

Show that any 7,,-set for singular X, is also an 7, 1-set.

Prove that if A and B are n,-sets, then A ~y_ B, and if moreover X,, is
regular, then A >~} B.

Suppose M and M’ are real-closed fields whose underlying orders are
Mo sets. Show that M~y M’ and if moreover R,, is regular, then
M=y M.

Suppose S C wy. Show that S contains a cub if and only if I wins
the game EF, 1 2(®(S5), ®(0)). (Hint: It is a good idea to consider for a
given strategy the set of ordinals < w; which are in some appropriate
sense ~’closed under the first w moves of the strategy”.)

Show that S C w; is disjoint from a cub if and only if IT wins the
game EF,, 1 o(®(S), ®(0)). (Hint: It is a good idea to consider for a given
strategy the set of ordinals < w; which are in some appropriate sense
“closed under the first w moves of the strategy™.)

Show that if M ~§ N, then II wins the game EF,,, (M, N).

Show that II wins the game EF,, (M, N) if and only if M and N
are potentially isomorphic in the following sense: there is a countably
closed” forcing notion P such that P forces M = N. (Hint: Note that
the forcing which collapses |M U N| to X; is countably closed.)

every countable descending chain of conditions has a lower bound.
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Show that (w1, <) and (R, <) are incomparable by the quasi-order < of
po-sets.

Prove oP < 0P/ «<— o'P <P

Suppose S C wy. Let T'(S) be the tree of closed ascending sequences
of elements of S. Choose disjoint bistationary sets S; and S2. Then
T(S1) £ T(S2) and T'(S2) £ T(S1) (see Example 9.61).

Prove the claims of Example 9.54.

Suppose 7' is a tree. Show that 7" has no infinite branches if and only if
there is an ordinal v so that T = («, >).

Prove that if a po-set P is a union of countably many antichains, it satis-
fies P < (Q, <).

Show that Fy, and Tﬁl are special trees.

Prove the claim in Example 9.56 that ¢’Q is special but oQ non-special.
Show that T; is the <-smallest persistent tree in 7.

Prove that T} is a strong bottleneck in the class 7,

IfT;, ¢ € 1, is a family of trees, let EBZ.E 1 T; be the tree which consists
of a union of disjoint copies of T}, ¢ € I, identified at the root. Show that
@, Ti is the supremum of {7} : 7 € I'} in the sense that T; < @, ; T;
foralli € I andif T; < T for all 7 € I, then EBZ.E[T,» <T.

IfT;, i € 1, 1is a family of trees, let Hie ; T; be the product tree

HTi = {s:dom(s) =I,Vi € I(s(i) € T;)}.
il

s<s§ <« Viel(s(i) <r, §(i)).

Let &), ; T be the subtree

QT = {s e [[ 7 : Vi € 1¥j € I(htr, (s()) = htT].(s(j))} .
icl i€l
We denote @), (.1} 23 by To ® T'. Prove that @
of {7} : i € I}, thatis, @,
alli € I, then T < Q,; Ti.
Show that P, P’ in the proof of Theorem 9.65 contains a k-closed dense
set. (Hint: Suppose (s,s") € Py xP’. Thus s : k — {0,1}, |s| < &, and
s forces that s’ is a closed sequence of length < k in A,. Consider the
sets of (s, s) for which sup{S : s(8) = 1} = max(s).)

Suppose A and B are disjoint stationary subsets of a regular cardinal
#. Show that T'(A) ® T'(B) < T. (Hint: Show that IT has a winning
strategy in the game G(T'(A) @ T'(B), T}).)

Suppose S C wy. Prove that T'(S) < Qif and only if S is non-stationary.

scr T; is the infimum
T, <T;foreachi € I, and if T' < T; for
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Suppose S C w; is bistationary and T is Aronszajn. Show that T'(S) £
Tand T £ T(S).

Prove b((Q, <)) = b((R, <)) = w;.

Prove Lemma 9.67.

Prove Lemma 9.83.

Show that if I wins EFr, (Ag, A;) for all ¢ € I, then IT does not win
FFg. 1, (Ag, Ar).

Show that the family of Scott trees of (Ao, .A;) is closed under suprema.
Show that the family of Karp trees of (A, .A;) is closed under suprema.
Suppose P is a Scott po-set of (Ag, A1), where Card(Ay), Card(A;) <
280 Show that there is a Scott tree of (Ag,.A;) such that T < P and
Card(T) < 2%,

Show that if 2% = 2", then Ti+ i+ has an upper bound in Tox o+
Show that every closed set in V,; is the union of x<* open sets.

Show that if cf(x)w, then the intersection of countably many open sets
in NV, is again open. Topological spaces with this property are called
o-additive.

Show N, has a basis consisting of clopen sets. Topological spaces with
this property are called zero-dimensional.
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Generalized Quantifiers

10.1 Introduction

First-order logic is not able to express “there exists infinitely many x such that
...” nor “there exists uncountably many x such that ...”. Also, if we restrict
ourselves to finite models, first-order logic is not able to express “there ex-
ists an even number of z such that ...”. These are examples of new logical
operations called generalized quantifiers. There are many others, such as the
Magidor-Malitz quantifiers, cofinality quantifiers, stationary logic, and so on.
We can extend first-order logic by adding such new quantifiers. In the case of
“there exists infinitely many x such that ...” the resulting logic is not axioma-
tizable, but in the case of “there exists uncountably many x such that ...” the
new logic is indeed axiomatizable. The proof of the Completeness Theorem
for this quantifier is non-trivial going well beyond the Completeness Theorem
of first-order logic.
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10.2 Generalized Quantifiers

Generalized quantifiers occur everywhere in our language. Here are some ex-
amples:

Two thirds voted for John

Exactly half remains.

Most wanted to leave.

Some but not all liked it.

Between 10% and 20% were students.
Hardly anybody touched the cake.
The number of white balls is even.
There are infinitely many primes.
There are uncountably many reals.

These are instances of generalized quantifiers in natural language.' The math-
ematical study of quantifiers provides an exact framework in which such quan-
tifiers can be investigated. An overall goal is to find invariants for such objects,
that is, to classify them and find the characteristic properties of quantifiers in
each class. Typical questions that we study are: which quantifier is “definable”
in terms of another given quantifier, which quantifiers can be axiomatized,
which satisfy the Compactness Theorem, etc. We start with a very general
concept of a quantifier and then later we impose restrictions. Usually in the
literature the generalized quantifiers are assumed to be what we call bijection
closed (see Definition 10.16).

Definition 10.1 A weak (generalized) quantifier is a mapping () which maps
every non-empty set A to a subset of P(A). A weak (generalized) quantifier
on a domain A is any subset of P(A).

Virtually all quantifiers we consider are quantifiers in the first sense, i.e.
mappings A — Q(A). However, most actual results and examples are about
a fixed given domain A, whence the concept of a quantifier on a domain. The
domain is assumed to be a set.

The set-theoretic nature of a quantifier (as a mapping) is somewhat problem-
atic. We cannot call a quantifier a function in the set-theoretical sense since its
domain consists of all possible non-empty sets. However, this problem does not
arise in practice. Our quantifiers are in general definable so we can treat them
as classes. If we have to talk about all quantifiers, definable or not, we have
to restrict ourselves to considering domains A contained in one sufficiently
I Quantifiers occurring in natural language are usually of a slightly more complex form, such as

“Two thirds of the people voted for John”, “Exactly half of the cake remains”, “Most students
wanted to leave”, “Some but not all viewers liked it”.
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Figure 10.1 Generalized quantifier.

big “monster domain”. There are no considerations here that would make this
necessary.

Example 10.2 1. The existential quantifier 3 is the mapping
J(A) = {X CA: X 0}
2. The universal quantifier V is the mapping
V(A)={X CA: X =A} ={A}.

3. The counting quantifier 32"

is the mapping
FF"(A) = {X C A:[X]>n},

where we assume n is a natural number.
4. The infinity quantifier 3% is the mapping

329(A) = {X C A: X is infinite}.
5. The finiteness quantifier 3<% is the mapping
I<¥(A) = {X C A: X is finite}.
6. The following subsets of P(N) are weak quantifiers on N:

{5} = {X CN:5€X)
[Xo] ={X CN: Xy, C X}, where Xy C Nis fixed
[Xo]* ={X CN: XyNX # 0}, where Xy C Nis fixed.

We can draw pictures of quantifiers on a domain A by thinking of P(A) as
a Boolean algebra under C, as in Figure 10.1.
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Figure 10.2 Some generalized quantifiers.

The reason we call {X C A : X # ()} the existential quantifier on A is the
following:

A Tup(r) <= {a€A: Al pla)} £0
<~ {acA: AE=p(a)} € 3(A).
Respectively
AEVzp(z) <= {acA: AE¢(a)} =A
— {acA: AEp(a)} €V(A).

Later we will associate with every quantifier () an extension of first-order
logic based on the above idea.

Some quantifiers make sense only in a finite context. By this we mean that
only finite domains A are considered. If we allow countable domains too we
work in a countable context.

Example 10.3 (Finite context) 1. The even-cardinality quantifier Q°V°" is
the mapping (see Figure 10.3)

chcn(A) — {X - A |X| is even}.

Similarly
QP(A)={X C A:|X|€ D} forany D C N.
2. The at-least-one-half quantifier 327 is the mapping (see Figure 10.4)
323 (A) = {X C A |X]>]4]/2}.
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AN

N

Figure 10.3 Even cardinality quantifier.

Figure 10.4 At-least-one-half quantifier.

The quantifier 32" is defined similarly
32" = {X C A:|X|>r-|A|} for any real r € [0,1].

Thus at-least-two-thirds would be the quantifier 323, It is obvious how to
define the quantifier less-than-two-thirds, in symbols 3<%, and more gen-
erally 3<", 3" and 3>".

3. The most quantifier 3™°%¢ is the mapping
Frost(A) ={X C A:|X|>|A - X|}.
We can define Boolean operations for weak quantifiers in a natural way:
(@QNQNA) =Q(A) NQ'(A)
(QUQNA) =Q(A)UQ'(4)
(—Q)A) ={X CA: X ¢Q(A)}.

These operations obey the familiar laws of Boolean algebras, such as idempo-
tency, commutativity, associativity, distributivity, and the de Morgan laws:

-@NQ)=-Qu-q
-(QuUQ)=-Qn-qQ".
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The quantifier —() is called the complement of Q). There is also another kind
of complement of a quantifier, the quantifier

(Q-)(A4) ={A\ X : X € Q(A)}
called the postcomplement of Q).

Example 10.4 The complement of “everybody” is “not everybody”, while
the postcomplement of “everybody” is “nobody”. The complement of 323 is
3<3, while the postcomplement of 323 is 3<3.

The postcomplement satisfies (Q—)— = @, but does not obey the de Mor-
gan laws. Rather:

QNQ)-=(Q-)N(Q-)
(QUQN—=(Q-)U(Q-).

Note that complement and postcomplement obey the following associativity
law:

(-Q)— = —(@-)

Thus we may leave out parentheses and write simply —()—. The existential and
the universal quantifier have a special relationship called duality, exemplified
by the equation

d=-V— andV=-3-—.

Duality is an important phenomenon among quantifiers and gives rise to the
following definition:

Definition 10.5 The dual of a weak quantifier () is the quantifier
Q=-Q-,
that is, the mapping
QA) = {X CA: A\ X ¢ Q(A)}.

The dual of a weak quantifier on a domain is defined in the same way. (See
Figure 10.5.)

Example 10.6 1. The dual of 3 is V and vice versa: the dual of V is 3.
2. The dual of 32% is the quantifier all-but-finite

V<U(A) = {X : |A — X|is finite} = (3<%)—

and vice versa: the dual of V<% is the quantifier 32¢.
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Figure 10.5 Dual of a quantifier.

3. The dual of 3<% is the quantifier infinite-failure
V29(A) = {X : |A — X|is infinite} = (32¥)—

and vice versa: the dual of V= is the quantifier 3<%,

2. (Q1UQ2)=Q:
3. (QiNQ2)= Q1
4 (-Qr=Q-(Q-)= Q.
5. If Q1 € Qa, then Q2 C Q1.

Proof Exercise 10.3. O

One possible intuitive meaning of X € QQ(A) is that X is "large”. This is by
no means the only relevant meaning but it is the meaning which is most com-
monly used. Largeness should be closed under further extensions. Therefore it
is no exaggeration to say that the following concept is extremely important in
the study of generalized quantifiers:

Definition 10.8 A weak quantifier Q) is (upwards) monotone if X € Q(A)
and X CY C Aimply Y € Q(A).

Lemma 10.9 I Q) is monotone, then so is Q

Proof Suppose X € Qand X CY C A.Then A\X ¢ Qand A\X D A\Y.
Since () is monotone, A — Y ¢ ). Hence Y € Q. O

Example 10.10 The weak quantifiers 3, V, 32« <« 3most [X ] [X]*, 32"
are all monotone, while the weak quantifiers Q¢V°", 3<%, V=% are obviously
non-monotone.

Definition 10.11 A basis of a monotone weak quantifier () on a domain A
is any set C C P(A) such that
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Figure 10.6 Basis of a quantifier.

@) C C Q(A).

(ii) If X € Q(A), then Y C X forsome Y € C.

(iii) C forms an antichain, i.e. if Xy and X are different elements of C, then
Xo € X7 and X7 & X (see Figure 10.6).

Two weak monotone quantifiers with the same basis clearly coincide.

Definition 10.12 An arom of a monotone weak quantifier () on a domain A
is any set X C A such that

@ X € Q(A).
(ii) If Y C X, then Y ¢ Q(A).

The atoms of 3 are the singletons. The one and only atom of V on a domain
A is the set A itself. The atoms of [X]* are the singletons {a}, a € X.
The only atom of [Xj] is Xo. Note that the atoms of Q(A) always form an
antichain. However, there need not be any atoms. For example, 32¢ has no
atoms on any infinite domain.

Proposition 10.13  Suppose Q is a weak monotone quantifier on A. If QQ has
a basis, it consists of atoms. If A is finite, then the atoms of Q on A form a
basis of Q on A.

Proof For the second claim, suppose X € Q. Let n € N be the least n such
that there is some Y C X in @ of size n. Let Y be one such set. If Z C Y,
then Z ¢ () by the minimality of n. Thus Y is an atom. O

Thus on finite domains weak monotone quantifiers are completely deter-
mined by their sets of atoms. If C is an arbitrary antichain on a domain A, we
get a monotone quantifier on A:

Qe ={X CA: thereissomeY € CwithY C X},

and then C is the set of atoms of Q7*°" on A.
A weak quantifier is, as its name reveals, one that quantifies rather than
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qualifies. Thus whether X is in ) or not should not depend on anything but
the “quantity of objects” in X. This idea is captured by the following concept:

Definition 10.14 A weak quantifier () on a domain A is permutation closed
if X € Q implies 7" X € Q for every permutation 7 of A. If G is a group of
permutations of A and X € @ implies 7’ X € Q for every m € G, we call Q
G-closed.

Note that the dual, complement, and postcomplement of a permutation closed
(G-closed) quantifier are permutation closed (G-closed).

Example 10.15 [{5}] is G-closed for the group of permutations 7 of N that
satisfy 7(5) = 5. [Xo] and [X,]* are G-closed for the group of permutations
7 of N that map X to X, i.e. Xg = 7" X.

Note that we require not only that the permutation 7 is defined on X but that
it is a permutation of all of the domain A. This is because quantity is not just
about how many objects there are in X, but also about how many are not in X.

Definition 10.16 A weak quantifier Q is bijection closed if X € Q(A) im-
plies 7/ X € Q(B) for all bijections 7 : A — B.

Example 10.17 All the weak quantifiers defined above
3, v, 3, v, I, v
are bijection closed.

Note again that the dual, complement, and postcomplement of a bijection
closed quantifier are bijection closed.

Definition 10.18 If a weak (generalized) quantifier on a domain is permuta-
tion closed we drop “weak” and call it just a (generalized) quantifier. If a weak
(generalized) quantifier is bijection closed we drop “weak” and call it just a
(generalized) quantifier.

This concept was introduced in Mostowski (1957). The idea of Mostowski
was that in order for a quantifier to be really about quantity, as the name says,
it ought to be bijection closed.

Note that an equivalent condition for a weak quantifier ) to be bijection
closed is that

(A, X)=(B,Y)and X € Q(A) imply Y € Q(B).
Lemma 10.19 The following are equivalent for any A, B, X, and Y :
1) (A, X)=(BY).
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(2) X ~Yand A\X ~B\Y.

If A and B are finite then (1) and (2) are equivalent to

(3) X ~Yand A~ B.

Proof If f : (A, X) = (B,Y), then f [ X demonstrates X ~ Y and
f T (A\ X) demonstrates A \ X ~ B\ Y. Conversely, if f : X — Y and
g: A\ X — B\Y are bijections, then f U g demonstrates (4, X) = (B,Y).
If A and B are finite, then A ~ B and A\ X ~ B\ Y are equivalent under
the assumption X ~ Y. O

Definition 10.20 (Finite context) Suppose () is a generalized quantifier. We
define

Mg
to be the set of pairs (m, n) such that for some A and X C A we have
X e Q(A),|X]|=m,|A\ X| =n.
If we put all pairs (m,n) into a “number triangle”
(0,1) (1,0)
(0,2) (1,1) (2,0)

(0,3) (1,2) (2,1) (3,0)
(0,4) (1,3) (2,2) (3,1) (4,0)

we can picture a generalized quantifier ) by putting “+4” at a place which is in

the set M and “—" at other places. For example for 322 we get the triangle:
- +
- + +
- — + +
- - + + +
- - - + + +
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For Q°V°" we get the triangle:

Definition 10.21 (Countable context) Suppose () is a generalized quantifier.
We define N as the union of Mg and the set of the following pairs
(w,n) if there are A and X C A such that
X €Q(A),X ~Nand |A\ X| =n.
(n,w) if there are A and X C A such that
X e€Q(A),|X|=nand A ~N.
(w,w) if there are A and X C A such that
XeQ(A),X ~Nand A\ X ~N.

0w (e o (@w) o @] (@0)

For 3¢ we get the triangle:



294 Generalized Quantifiers

Figure 10.7 Monotone quantifier.

For V<* we get the triangle:

+ -
+ -+ -
+ + - -
- + + - +
- + + - + +

Note that in the finite context
(m,n) € Mg if and only if (n, m) & M.

Thus there is an easy algorithm for getting the triangle of the dual from the
triangle of the quantifier itself. The same is true in the countable context:

(w,n) € Mg if and only if (n,w) & M
(m,w) € Mg if and only if (w, m) & My
(w,w) € Mg if and only if (w,w) & M.

As a consequence, there cannot be self-dual permutation closed quantifiers (i.e.
Q= Q) on a domain of even or countably infinite size.

The number triangle of a monotone bijection closed quantifier @ has all plus
signs after all minus signs (Figure 10.7). The line which separates the signs is
an important invariant of Q):

Definition 10.22 (Finite context) Suppose () is a monotone bijection closed
quantifier. The threshold function of @ is the function fg : N — N defined by

foln) = the least m such that (m,n —m) € Mg if any exist
SET n+1 otherwise.
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Example 10.23

faz% (n) =151 ([r]is the smallest integer > 7).

We can take any function f : N — N which satisfies f(n) < n + 1 for all
n € N and define in the finite context the quantifier:

Q2 (A) = {X C A:|X|> (A}
Then
fo=fy e Q2h = Q2h:
and
foze =g

Thus the study of monotone bijection closed quantifiers reduces in the finite
context to a study of functions f : N — N with f(n) <n+ 1foralln € N.

Definition 10.24 (Finite context) A monotone bijection closed quantifier )
is eventually counting if there are k, m € N such that

@) fo(n) =kforalln > m,or
() fy(n) = kforalln > m.

Q is bounded if there is a finite set S C N such that for all n € N

(3 fo(n) € S, or
4) fQ(n) €S

Otherwise @ is unbounded.

The classification of monotone quantifiers given in Definition 10.24 is very
important. Eventually counting quantifiers as well as unbounded quantifiers
occur abundantly in natural language. The bounded case is more technical.

Example 10.25 dand V are eventually counting. If

0 forevenn
fn) = { 1 foroddn

then Q=7 is bounded but not eventually counting. Q=2 is unbounded.

Note that @) is eventually counting (bounded) if and only if Q is.
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10.3 The Ehrenfeucht-Fraissé Game of ()

It was realized early on that whatever the generalized quantifier @) is, and
whether we work in the finite context or not, the method of Ehrenfeucht—
Fraissé Games works perfectly. It has become one of the main tools in the study
of generalized quantifiers. The definition of the Ehrenfeucht-Fraissé¢ Game is
slightly easier in the case of monotone quantifiers, so we concentrate on them.

Definition 10.26 Suppose @ is a monotone generalized quantifier, L is a
vocabulary, M and M’ are L-structures, M N M’ = (), and n is a natural
number. The Ehrenfeucht—Fraissé Game of () of n moves on M and M’,
EFY (M, M’), is defined as follows: There are n moves during which player I
plays x; and player II plays y;. Each move is of one of two kinds:

First-order move: I chooses z; € M U M’ and then IT chooses y; € M U M’
such that

;€M < y;, € M.

Q-move: I first chooses Y € Q(M)UQ(M’). Then II chooses X € Q(M)U
Q (M) such that

YeQQ(M) — XeQQ(M).

Now I chooses x; and finally IT chooses y; such that x; € X = y; € Y (see
Figure 10.8).

After {(x0,%0),-- ., (Tn—1,Yn—1)} has been played, player IT wins if, de-
noting

v — xz;, ifx;, e M and v/ — x; ifl‘iEM/
Cly ifyeM oy ifyie M,

the corresponding relation {(vg, v{), - . ., (Vn—1,v},_1)} € M x M’ is a partial
isomorphism M — M.

Recall that the intuition behind the first-order moves is that I suspects there
is a difference between M and M’, and he tries to locate it. The intuition
behind the Q-move is that I again suspects there is a difference between M
and M/, but this time of a different kind, for example, if P is a unary predicate
symbol in L, the difference could be of the kind

PM e Q(M) but PM' ¢ Q(M)
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Figure 10.8 The Q-move.

Figure 10.9 I wins.

or, in other words,
b 13 b2 / . 13 9
PM is “large” but PM' is not “large”.

Player T would exploit this difference by playing Y = PM ¢ Q(M) after
which IT plays X € Q(M’). As I suspects PM’ ¢ Q(M’) and Q is monotone
he goes on to suspect that X ¢ PM’ Thus he plays zo € X trying to make
sure, if possible, that zy ¢ PM’ Now II has to play 5o € Y = PM (see
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Figure 10.10 The models M and M’.

Figure 10.9). If I was successful in his attempt to achieve xg € X \ PM'then
I has won: {(xq,yo)} is not a partial isomorphism.

Since X € Q(M) for a monotone @ can be read as “X is large”, we can
think that I plays a large set Y and II has to respond with a large set X. When
IT decides what to put into X (to make it large), she has to be careful to avoid
letting any x into X for which she is not prepared to find a corresponding y
from the set Y. Thus if PM is large and I plays Y = PM, II is out of luck
unless PM is large, too. For if she lets an element from the complement of
pM slip into X, I will immediately play that “wrong” element.

Example 10.27 We have two unary structures M and M’ (see Figure 10.10).
More exactly, suppose L = { P}, #(P) = 1, M = ({1,...,10}, PM), where
PM = (1,... 5}, M = ({1,...,10}, PM'), where PM" = {5,...,10}.
Clearly, IT has a winning strategy in EF,,(M, M’) if and only if n < 4.

1

Player I has a winning strategy in EF?2§ (M, M) as he can play Y =
M\ PM_If II plays X € 322 (M’), then X will contain an element b
from PM'. We let I play xo = b. Whatever yo € Y II plays, she loses as
yo & PM while z € pM (see Figure 10.11). But IT has a winning strategy
in EFEZ% (M, M'). Her strategy for each Q-move is the same: If Y meets
PM (or PMl), she plays X = pM (or X = PM). If Y meets M \ PM (or
M’ \ PM'), she correspondingly plays X = M’ \ PM' (or X = M \ PM).
The point is that both P and M \ P™ have at least [M|/3 elements and
the same with P’ and M’ \ PM'. Likewise IT has a winning strategy in

EFY 5 (M, M),



10.3 The Ehrenfeucht—Fraissé Game of ) 299

>1
Figure 10.11 I wins EF7 * (M, M),

Example 10.28 Let us consider two linear orders (see Figure 10.12). Let
L={<},#(<)=2,M=(Q,<),and M’ = (R, <). Then II has a winning
strategy in EFiZw (M, M) for all n € N. The strategy of II is the same for
all @-moves: Suppose I plays an infinite Y C Q. Suppose vy < -+ < v;_1
have been played in M and v} < --- < v,_; in M. Suppose firstY C M. Y
must meet one of the open intervals

(<=, v0), (Vo,v1)s - -5 (Vie1, =),

say (vj,vj+1). Player IT will let X = (v}, v} ), which is indeed infinite.
Whatever x € X I now plays, IT can choose y € Y maintaining the prop-
erty that the induced relation {(vo,v(), ..., (vi—1,v;_1), (y,2)} is a partial
isomorphism (see Figure 10.12). The argument is the same if Y meets («—, vg)
or (v;_1,—), and also if I plays Y C M’.

Definition 10.29 We define for L-structures M and M’
~ /
M~ M
if player IT has a winning strategy in the game EF%? (M, M/).
Lemma 10.30 ~7, is an equivalence relation among L-structures.
Proof  Itis clear that ~¢, is reflexive and symmetric, so we only prove transi-

tivity. Suppose M ~¢ M’ and M’ ~§ M". In order to prove M =~ M",
suppose vy, - . . , v;—1 has been played in M and v, ..., v} ; has been played
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Figure 10.12 TI wins EFZ (M, M’).

Figure 10.13 Transitivity of ~¢.

in M" in such a way that

{(’Uo, Ug)? B (vi—la Ugl—l)}
is a partial isomorphism M — M. Let us assume that in addition, elements
¥4, - - -, Ui_, have been played in M’ so that the position

Po = {(Uo,vf)), ceey (Ui7171)£71)}

is a position in EF;? (M, M) while IT has played her winning strategy. Also
we assume that py = {(v},v{),...,(vi_y,v/ 1)} is a position in the game
EFY(M’, M") arising when IT plays her winning strategy (see Figure 10.13).
Now I plays Y € Q(M) in EF¥ (M, M"). We continue EF¥ (M, M’) from

position py with this move of I.
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The winning strategy of IT in EFY(M, M) instructs her to choose Z &
QM’).

We submit this Z as a move of I in the game EF%(M’, M") in position
p1. The winning strategy of IT in EF?(M’, M”) instructs her to play X €

Q(M").

This set X is the response of IT to Y in the game EF% (M, M"'). Next I picks
v € X.1I uses her strategy in EF?(M’, M") to get v} € Z and then her
strategy in EF? (M, M) to get v; € Y (see Figure 10.14).

Now {(vo,v§),-- -, (vi,v))} is a partial isomorphism M — M" and II
has been able to maintain her winning strategy. O

Note that EF? (M, M) is always determined. There are some special cases
in which the game EF? (M, M) is particularly simple. First of all, if Q(M) =
Q(M'’) = 0 then I can never play the Q-move and the game reduces to the
ordinary EF,, (M, M’). On the other hand, if I has a winning strategy in
EF,, (M, M), he never has to appeal to Q-moves as he wins with the first-
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Figure 10.14

order moves alone. If Q = 3, then EF? (M, M) again reduces to EF,, (M, M’)
(Exercise 10.36). Of course, the same applies to Q = V.
An important extreme case is the case that M = M’:

Proposition 10.31 Suppose Q) is a monotone bijection closed generalized
quantifier. If M and M’ are isomorphic L-structures, then Player 11 has a
winning strategy in EF? (M, M’).

Proof The strategy that we will describe can be called, for good reason, the
isomorphism-strategy. To commence, suppose 7 is an isomorphism M — M,
The strategy of Player II is to respond to all moves of Player I by applying 7.
In particular, she makes sure that if a position

p= {(96073/0), cees (%'7173/1;1)}

is reached during the game, and

fp = {(UOa vé))v ceey (U’i—l,vg_l)}
is the mapping associated with p, then

v = m(vj)

for all j < 4. Suppose now Player I makes a Q-move, say Y € Q(M).
Player IT chooses X = 7Y noting that X € Q(M’) as @ is bijection closed.
Next Player I chooses v, € X. Let v, = 7(y), where y € Y. The strategy
of II is to choose v; = y. She has been able to maintain the isomorphism
strategy. O

Example 10.32 II has a winning strategy in

(R, <), (R,>))
(M x M M x M).

[N

32

EF?
32
n

EF]
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A far more interesting strategy than the above isomorphism strategy is the
invariance strategy that we now define. First we discuss the topic of invariant
subsets in a structure.

Definition 10.33 Suppose M is an L-structure. A subset X of M is said to
be M-invariant if X is closed under all automorphisms of M.

Note that X is not required to be pointwise fixed? by automorphisms 7 of
M, merely that if a € X, then also 7(a) € X. Intuitively, an invariant subset
is one which has a description and has no arbitrariness in itself.

Example 10.34 Suppose M is an L-structure. If L = (}, the only invari-
ant subsets of M are () and M, which are always invariant anyway. If M
is a finite linear order, every subset of M is invariant (such structures are
called rigid). If L = {c1,...,c,}, where ¢, . .., ¢, are constant symbols, the
only invariant subsets are the subsets of {c}!, ..., M} and their complements

(Exercise 10.40). If L consists of a unary predicate PP and constant symbols
C1,...,Cn, the only M-invariant subsets of M are sets of the form

(PMN\{cM:ie)u{cM:igTI}

and their complements, and, of course also subsets of {c!, ..., ¢} and their
complements (Exercise 10.41).

Invariant sets can be decomposed into a kind of atoms or building blocks.
We call them orbits.

Definition 10.35 Suppose M is an L-structure. The equivalence classes of
the equivalence relation

xzEy <= there is an automorphism 7 of M such that 7(z) = y
are called orbits of M.
It is easy to see that the above relation x E'y is indeed an equivalence relation.

Example 10.36 Orbits of a finite linear order are mere singletons. Elements
of a structure of the empty vocabulary are all in the same orbit. If A is a struc-
ture of the vocabulary with one unary predicate p, the orbits are P (if non-
empty) and A \ P4 (if non-empty). If A is a structure of the vocabulary with
two unary predicates p; and po, the possible orbits are PlA N P&, PIA \ P,
PsA\ P, and A\ (P U Ps') but only the non-empty ones count. The inter-
pretation of any constant symbol is fixed by all automorphisms so they form a

2 Aset X is pointwise fixed by 7 if every a € X satisfies 7(a) = a.
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Figure 10.15 Orbits of unary structures.

Figure 10.16 Orbits of linear orders with constants.

singleton orbit each. In an equivalence relation all equivalence classes of the
same size (cardinality) together form an orbit.

Lemma 10.37 Suppose M is an L-structure. A subset of M is M-invariant
if and only if it is a union of orbits.

Proof Every orbit is invariant, hence every union of orbits is invariant. On
the other hand if an orbit meets an invariant set, it is included in it. O

Corollary Suppose M is an L-structure and X C M. The union of all orbits
that meet X is M-invariant. We call it the M-invariant cover of X.

Definition 10.38 The invariant Q-Ehrenfeucht—Fraissé Game on M and
M’ is like EFY (M, M’) except that when I plays a Q-move, he is allowed to
choose only sets which are invariant. More exactly, if

{(UO,’UG), ER (Ui—l, U;—l)}

has been played during the game and I chooses Y € Q(A), it is required that
Y is (M, vq,...,v;—1)-invariant. If I chooses Y € Q(B), it is required that
Y is (M, vy, ..., v_,)-invariant.
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Figure 10.17 Orbits in graphs.

The invariant game is far easier for Player II than the original EF%g (A, B),
as the possible moves of Player I are severely restricted. However, for bijection
closed generalized quantifiers there is surprisingly no difference:

Theorem 10.39  Suppose Q) is a monotone bijection closed generalized quan-
tifier. Then the following are equivalent:

(1) Player II has a winning strategy in EF@ (M, M’).
(2) Player 11 has a winning strategy in the invariant EF;CL2 (M, M.

Proof The implication from (1) to (2) is trivial. So we assume (2) and prove
(1). Suppose T is a winning strategy of II in the invariant game. We describe
a winning strategy 7’ of IT in the ordinary, non-invariant game. The idea of TT
is to play the invariant game and the ordinary game simultaneously. She uses
invariant covers to overcome the mismatch that in one game I plays invariant
sets and in the other he plays arbitrary sets. Due to this mismatch we cannot
play quite the same elements in the two games.
A partial mapping

[ = {(voa U{))? ) (Ui—hvz/‘—l)}

and a partial mapping

9= {(wO’w(J)v R (wi—la wg—l)}
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Figure 10.18 f and g are conjugate.

Figure 10.19 The strategy of II.

are called conjugate if there are an automorphism 7 of M and an automor-
phism & of M’ such that

7T1}j = wj

r /
ij = Uj

forall j < i.

The strategy of II is to play both games so that the mappings associated to
the position of the two games are always conjugate. Suppose she has played
in this way, a partial mapping f as above has been played in the non-invariant
game and a conjugate partial mapping g as above has been played in the in-
variant game, and now I plays Y € Q(M) in the non-invariant game. Let 7
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and o be as in the definition of conjugation. Since @) is permutation closed,
7Y € Q(M). We would now like to continue the invariant game by letting
Player I play the set 7Y . However, this set may not be invariant. So we let
Z be the (M, wo, . . ., w;_1)-invariant cover of 7”’Y". Since @) is monotone we
continue to have Z € Q(M ). Thus this set is a legal move for I. The winning
strategy T of IT gives her a set Z’ € Q(M’) in the invariant game. Now comes
the moment when we have to decide what is the response of II to the move
Y by I in the non-invariant game. Her response is X = ¢””Z’. Suppose then
I plays v} € X in the non-invariant game. We know that w;, = o~ !(v}) is in
Z'. Thus it is a legal move for I in the invariant game. The winning strategy 7
of IT gives w; € Z. It would be nice if we had w; € 7”Y’, but we only know
w; is on an orbit that meets 7”'Y . However, it follows from this that there is
an automorphism p of (M, wy, ..., w;_1) and an element ¢ of 7”Y" such that
Pa = w;. Let v; € Y be such that mv; = a. The element v; of M is the re-
sponse of II to v} in the non-invariant game. Now we should check that the
partial mappings

fr=A(wo,v0), -, (vi,v))}
and
9" = {(wo,wp), - ., (wi, wi)}
are conjugate. Let 7' = p o 7. Then

7' (v;) = pm(v;) = pwj = w; for j < i
7' (v;) = pr(v;) = pa = w;

o(w}) = v} forj <i
o(w;) = vj.
Thus 7’ and o witness the conjugacy of f’ and ¢'. O

10.4 First-Order Logic with a Generalized Quantifier

We have already defined the concept of a first-order L-formula for any vocab-
ulary L. Now we add to the rules for forming L-formulas

~tt’

Rti...t,

P

(e AY), (P V)
Vr,p, dx, o
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a new one, namely
Qryp.

Here Q is a new quantifier symbol. If @ is a weak quantifier on M, then we
can define

M s Quppiff{a € M : M =ya/s,) ¢} € Q.

In this way we can associate with every (weak) generalized quantifier () a
logic that we denote by

Luw(Q)

and call it the extension of first-order logic by the quantifier (). When we have
fixed the quantifier () we abuse notation a bit and write

Qr,p for Qx,p.

Example 10.40 HZ%LC()P[L‘O is true in a finite structure M if and only if
|PM| > |M|/2. 3232032221 (xoExy) is true in a graph if and only if at least
a third of the vertices are connected by an edge to at least half of the vertices.
R e (zp ~ x1) is true in an equivalence relation if and only if there
are infinitely many finite equivalence classes. Q°V*"xoPx is true in a finite
model M if and only if | PM| is even. VaoQ®V*"x1 (xo Ex1 ) is true in a finite
graph if and only if the degree of every vertex is even.

Example 10.41 Suppose L consists of a unary predicate symbol P. Let M
and M’ be L-structures such that M =% M’ , where () is a monotone quanti-
fier. Then

M E QxoPxo implies M’ |E QxoPuxy.

For if M = Qzo P, then we can play EF¥ (M, M’) by letting I play Y =
PM._ Then II plays according to her strategy and submits X € Q(M'). We
wish to conclude M’ =5 Qo Py so it suffices to prove X C PM'  So let
a € X.LetI play a. By the rules of the game, the winning strategy of IT gives
b € Y such that {(b,a)} is a partial isomorphism M — M’. As b € PM,
necessarily a € PM,, as desired.

Example 10.42 Suppose M =% M’ and M |= Qzo(zo = x0). Then M’ |=
Qxo(zg = x0). Note that M |= Qzo(zo = o) means M € Q(M). If I plays
Y = M in EF? (M, M), the winning strategy of IT gives X € Q(M’). Since
@ is monotone, M’ € Q(M’) follows. Thus M’ = Qzo(zo = x0).
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Example 10.43 Suppose M and M’ are finite graphs such that M Egz
M’ Then

M |: onﬂzéxl(aroExl) = M ': VxOEIZ%acl(ona:l)

that is, if every vertex of M is connected to at least a third of the vertices of
M, then thle same is true of M’. Let a be an arbitrary element of M’. Let us
play EF%2§ (M, M’). First I makes a first-order move: v, = a. The winning
strategy of II gives vy € M. Now I plays the set Y of all neighbors of vy.
Since M |= Vao3232, (z0Ex1),|Y| > |M|/3. The winning strategy of 1T
gives X C M’ with |X| > |M’|/3. The set X must consist of neighbors of
for otherwise I could play a non-neighbor b € X and the winning strategy of
II would give ¢ € Y such that

cEMa =  bEM oy,

a contradiction, as all elements of Y are neighbors of v but c is not a neighbor
of a.

Definition 10.44 The quantifier rank of a formula ¢ of L, (Q), denoted
QR(), is defined in the following way (just as for first-order logic): QR (=tt') =
QR(Rty ... tn) = 0, QR(—¢p) = QR(y), QR(Jzp) = QR(Vzp) = QR(y) +
L QR((¢ A ¥)) = QR((¢ V ¢)) = max{QR(y), QR(¥))}, QR(Qzy) =
QR(¢) + 1. A formula ¢ is quantifier free if QR(p) = 0.

Proposition 10.45 Suppose L is a finite vocabulary without function symbols.
For every n and for every set {x1, . ..,x,} of variables, there are only finitely
many logically non-equivalent L-formulas in L., (Q) of quantifier rank < n
with the free variables {x1, ..., %, }.

Proof The proof is exactly like that of Proposition 4.15. O

We can now prove one leg of the Strategic Balance of Logic for generalized
quantifiers, namely the marriage of truth and separation:

Theorem 10.46 Suppose Q) is a monotone bijection closed quantifier. The
following are equivalent:

1 M~ M.
2. The models M and M’ satisfy the same sentences of Ly, (Q) of quantifier

rank < n.

Proof We leave (2)—(1) to the reader and prove only (1)—(2). In fact, we
prove a slightly more general statement:
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o If (M, ay,...,am) ¢ (M, b1,...,by), then M = @(ar, ..., am) <=
M = p(by, ..., by), Wwhenever p(z1,...,x,,) is a formula of L, (Q) of
quantifier rank < n.

For n = 0 this is trivial. The claim is also trivially preserved by Boolean
operations. So let us then assume @(x1, ..., Zy,) is Ixew(xo, . . ., Tm), Where
Y(xo, ..., Zy) has quantifier rank < n. Suppose M = xotp(zo, a1, - - ., am)-
Then there is ag € M such that

M ': ,(/)(afhala' '-aa/m)~

We let player I play this element ag as his first-order move. The winning
strategy of IT gives by € M'. Now (M, ag, ..., am) ~3 (M by, .., bm),
whence by the induction hypothesis,

M ’: w(b()?bl) .. 7bm)

Thus M’ = Jz9tp(z0, b1, - - . , bym). The converse is similar. Let us finally as-
sume ©(21, ..., Tm) 18 Qrot(xo, . . ., Ty ), where ¥(zo, . . ., T, ) has quanti-
fier rank < n. Suppose M = Qzo¢)(xo, a1, ..., an ). By definition,

Y ={ap: M EY(ag,a1,...,am)} € Q(M).

We let player I play the set Y as his ()-move. The winning strategy of IT gives
X € Q(M'). We claim that

Xg {bo IM/ ):’Qb(bo,bl,...,bm)}. (101)
If not, then there is some by € X such that
M= —p(bo, b1y - -, o).

We let I play this element as the second part of his (Q-move. The winning
strategy of IT gives ag € Y. By the definition of Y we have

M ‘: w(a07a17...,am).

But this contradicts (M, ag, ..., am) =g (M’ bo,...,by), which follows
from the induction hypothesis. Thus (10.1) holds, and

M/ ): onw(m07 bla RS bm)
follows. The converse is similar. O

Definition 10.47 We say that a generalized quantifier @) is definable in terms
of the generalized quantifier @)’ if there is a sentence ¢ in L, (Q’) in the



10.4 First-Order Logic with a Generalized Quantifier 311

vocabulary L = {R}, #1(R) = 1, such that the following holds for all L-
structures (M, X):

XeQM) = (M, X)Ee.
Equivalently, the property RM € Q(M) of an L-structure M is expressible in
Liw(Q).

Example 1048 Q, —Q, Q—, and Q are trivially definable in terms of @, for
example:

(M,X) e QM) < (M, X) = -Qz—R(x).

The infinity quantifier 32“ and the finiteness quantifier 3<% are definable in

terms of each other. In the finite context the most quantifier and the at-least-
one-half quantifier 322 are definable from each other.

Example 10.49 Let L = {P},#(P) = 1. The following properties of finite
L-structures M are expressible in L, (322) :

1. |PM|=|M|/2.
2. |PM] = [|M|/2].
In the first case we use the sentence
32220 Pzo A 322 20— Pao. (10.2)
If |[PM| = |M]|/2, of course (10.2) holds in M. Conversely, if M satisfies
(10.2), then
[P > |M|/2, M\ P > |M]/2.
Since we assume M is finite, we obtain
|M|/2 < |PM| < M|~ [M]|/2 = |M|/2.
In the second case we use the sentence
32320 Prg A Jzy (Pry A =322 20(Prg A ~~zoz1)). (10.3)
Example 10.50 Let L = {P},#(P) = 1. The property
|PM| =|M|/3 (10.4)

is not expressible in wa(EIE%) (in the finite context). Equivalently, the quan-
tifier Q(M) = {X C M : |X| = |M|/3} is not definable in L, (325 ). To
see why, let n € N be arbitrary, n > 1. Let M,, = ({1,...,3n},{1,...,n}),
so (10.4) holds in each M,,. Let N}, = ({1,...,3n + 11}, {1,...,n+1}).

Now (10.4) is false in A,,. So it suffices to prove M, =33 N,,. The winning

-n

strategy of IT is simply to play different elements if I plays different elements.
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10.5 Ultraproducts and Generalized Quantifiers

In Section 6.10 we introduced the ultraproduct operation on models. This
operation now allows us to prove the Compactness Theorem for the logic
L., (3>27), that is, the extension of first-order logic by the quantifier

QM) = {X C M : |X] > |R]}
i.e. the quantifier
“there are more .. .than there are reals”.
Later we prove the Compactness Theorem also for the quantifier
Q(M) = {X C M : |X| > |N|}

i.e. the quantifier

“there are more . .. than there are natural numbers”.
It is remarkable that compactness fails for the quantifier

“there are at least as many ... as there are natural numbers”,
whereas the compactness of the quantifier
“there are at least as many ... as there are reals”

is a famous open problem.
We need some preliminary observations about ultraproducts and ultrafilters.

Lemma 10.51 If F is an ultrafilter on I and A € F, then
FI1A={XNA:XeF}
is an ultrafilter on A.

Proof Exercise. O
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Lemma 10.52 If F is an ultrafilter on N and A € F, then
| T] Ma/FI =[] Ma/(F 1A

neN neA
Proof 1If[f] € I],, M»/F, let
() =1/ T AL
Itis easy to see that 7 is well-defined and a bijection [ [ M,,/F — [[,, M,,/F |
A. O

Lemma 10.52 tells us that the size of the ultraproduct is unaltered by re-
striction to a subset of the indices as long as the subset itself was large, i.e. an
element of the ultrafilter. This stability of the cardinality of the ultraproduct is
very beneficial for us.

Lemma 10.53 [f¢ € L, (372"), then
[[Mu/FEp <= {(neN: M, |, ¢} €F.
Proof We can concentrate on the case ¢ = Qx,,1. Let

X = {[f] € HMn/F : HMn/F Izs[[f]/wm] l/f}

and
Xp = {CL € M, : M, 'ZSn[a/xm] 1/1}

Then by the induction hypothesis

X = HX,,/F. (10.5)
Let A={neN: M, =, ¢} We want to prove
|X|>2Y <= A€eF. (10.6)
Note that
neA = |X,|>2“. (10.7)

Soif A € F, then by (10.5), (10.7), and Lemma 10.52
X[ =[] Xu/(F T A) > 2~

neA
Conversely, if A ¢ F, then again by (10.5), (10.7), and Lemma 10.52

X| = T Xa/(F 1 -4)] < (22) =2¢.
ng¢A
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We have proved (10.6). O]

Theorem 10.54 L, (3>2") satisfies the Compactness Theorem in countable
vocabularies.

Proof Suppose T = {g, p1,...} is a set of sentences of L, (3>2") such
that each {¢o, . .., ¢, } has a model M,,. Let M =[], M,,/F'. Since F does
not contain finite sets,

{neN: M, ¢} 2{i,i+1,i+2,...} € F.
Hence M |= @, forall i € N. O

If we want to prove compactness for vocabularies of size x, we have to move
to the logic L., (32*), where A = (k). Unlike with first order logic, there
is no Compactness Theorem for any L, (HZA), which would be valid for all
vocabularies.

10.6 Axioms for Generalized Quantifiers

A fundamental property of first-order logic is the fact that there are simple ax-
ioms and rules with respect to which the logic is complete, i.e. any set of sen-
tences which is consistent with respect to these axioms and rules has a model.
This even extended to countable theories in the logic L, .. Mostowski in his
original paper Mostowski (1957) asked whether L, (3Z%1) can be completely
axiomatized. Vaught observed that the set of valid sentences of L, (32%)
is recursively enumerable, and subsequently Keisler (Keisler (1970)) found a
beautifully simple complete axiomatization, which we now present.

We start by establishing criteria for sentences of Ly, (Q) to have a model
under various interpretations of Q. The main result is a criterion for a sentence
of L, (32™) to have a model. Earlier we defined the Model Existence Game
MEG(T, L) and showed that a first-order theory T" has a model if and only if IT
has a winning strategy in MEG(T’, L). We define a similar game MEG < (T, L)
for L., (Q). This is not enough for L, (3Z%) and we have to work harder to
get a model in that case.

Every monotone quantifier () satisfies the condition

(MON) E (Vz(p — ¢) A Qzp) — Q.

Conversely, is every generalized quantifier that satisfies (MON) necessar-
ily monotone? Certainly not as (MON) restricts to only definable sets in Q).
However, we may reasonably expect that any sentence of L, (Q) consistent
with (MON) is satisfied in a model where () is monotone.
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Suppose () is a weak quantifier on the universe M of a model M. Then we
call the pair (M, Q) a weak model. Furthermore, (M, Q) is

monotone if () is monotone on M.
ideal if P(M) \ Q is an ideal on M.
filter if @ is a filter on M.

Remark (M, Q) is a filter model iff (M, Q) is an ideal model.

Example 10.55 (M, 32%) is an ideal model but not a filter model. (M, V<%)
is a filter model but not an ideal model. Of course, (M, 3) is an ideal model
and (M, V) is a filter model.

Example 10.56 Every ideal model satisfies (MON) and
(IDE) Qu(p VY) = (Qup V Qu).

Every filter model satisfies (MON) and

(FIL) (Qrp A Qxp) — Qr(p AY).

If (M, Q) is a weak model, we can define a new weak quantifier as follows

Def(M’Q) = {{a’ eM: (MaQ) ):s[a/:z:] 90} :
© € Ly (Q), s assignment into M }.

Note that Def(M, Q) N Q C @ but Def(M, Q)NQ need not be monotone
even if @Q is. However, (M, Q) satisfies (MON), (IDE), or (FIL) if and only if
(M, Def (M, Q)NQ) does. So as to (MON), (IDE), and (FIL), Def (M, Q)NQ
is the relevant part of Q.

Proposition 10.57 Suppose M is an L-structure and Q and Q' are weak
quantifiers on M such that

Def(M, Q) N Q = Def(M, Q)N Q. (10.8)
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Then for all ¢ € Ly, (Q) and all assignments s
(M7Q) |:s p (M>Q/) }ZS p-

Proof We use induction on ¢. The only non-trivial case is ¢ = Qu. If

(M, Q) Es o, then
X={aeM:(M,Q) Fsas ¥} € Q.

By (10.8), X € Q'. By the induction hypothesis

X={aeM:(M,Q) Easa ¢}

Thus (M, Q') =5 ¢. Conversely, suppose (M, Q') =5 . Then
YV={acM: (M,Q) Eqa/q ¢} € Q"

By (10.8) and the induction hypothesis
Y={aeM:(M,Q) Fsasa) ¥} € Q.

Thus (M, Q) = . O
Remark Another consequence of the assumptions of Proposition 10.57 is that
Def(M, Q) = Def(M,Q").

Lemma 10.58 1. If (M, Q) satisfies (MON) and

—

Q={XCM:Y CX forsomeY € Def(M,Q)NQ}
then (M, Q) is a monotone model and

(M, Q) Ep = (MQ)E ¢

SJorall p € L,,(Q).
2. If (M, Q) satisfies (MON) and (FIL), then (M,a) is a filter model.
3. If (M, Q) satisfies (MON) and (IDE), then

Q={XCM:XQZY forallY € Def(M,Q)\ Q}
is an ideal model and
(M, Q) ¢ <= (M, Q)¢
forall p € L, (Q).

Proof Claims 1 and 2 are easy. To prove 3 it suffices to show that 6 is closed
under unions. Suppose X1, X> & Q. Thus there are Y3, Y € Def(M,Q)\ @
such that X; C Y7 and X, C Y5. Since (M, Q) satisfies (IDE), Y; UYs €
Def(M, Q) \ Q. Thus X; U X, € Q. O
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Note: Inside the Boolean algebra Def(M, @):

1 —

Q=(@).,Q=@):
Thus inside Def(M, Q)
Q=
and
Q=

Now we can conclude that ¢ € L, (Q) has a monotone, ideal, or filter
model as long as ¢ is “consistent” respectively with (MON), (IDE), or (FIL).

Let us call a weak quantifier Q on M trivial if ) € Q, plural if it contains
no singletons, co-plural if it contains the complements of singletons, and bi-
plural if it is both plural and co-plural (i.e. both ) and Q are plural). The
natural axioms for non-tiviality and plurality are

(NON-TRI) QxR

(PLU) Vr-Qy~yz.

(CO-PLU) VYV Qy-~yx.

(BI-PLU) Va(-Qy~ryx A Qy-=yz).

Thus a weak model is non-trivial, plural, co-plural, or bi-plural if and only if it
satisfies respectively (NON-TRI), (PLU), (CO-PLU), or (BI-PLU).
In sum:

(1) ¢ has a monotone model <= ¢ + (MON) has a model.
(2) ¢ hasafilter model <= ¢+ (MON)+ (FIL) has a model.
(3) ¢ has anideal model <= ¢+ (MON)+ (IDE) has a model.

We shall next introduce a criterion for consistency of sentences of L, (Q).
For this end we assume that we have a symbol

o

Q
for the dual of Q. Thus the meaning of
anp is —Qzr—p.

Definition 10.59 The (Monotone) Model Existence Game MEGQ(T7 L) is
obtained from the Model Existence Game MEG(T, L) of L,,, by adding the
following rule:
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I IT  Explanation
Qup(x) I enquires about played sentences
Quu(y) Quip(x) and Quip(y)

¢(c) IIchoosesc e C

The idea is that Qzp(z) and Qz1y(z) can simultaneously hold in a monotone
model only if 3z(p(z) A ¥(z)) also holds. Otherwise Vz(p(z) — —(z))
holds and then Qz(z) implies Qz—)(x) contrary to Quip(z).

Theorem 10.60 (Monotone Model Existence Theorem) Suppose L is a count-
able vocabulary and T is a set of L-sentences of L., (Q). The following are
equivalent:

1. T has a monotone model (M, Q).
2. Player IT has a winning strategy in MEGQ(T7 L).

Proof We follow the proof of Theorem 6.59. Let us first assume (M, Q) =
T. The winning strategy of II is to keep adding interpretations to constants
¢ € C while they appear in the game. Let us consider the different cases:

Casel:z, = o € T. (M, Q) = ¢ by assumption.
Case 2: x,, = =tt. This is always true in (M, Q).

Case 3: x,, = ¢(t),¢(c) and ~ct have been played, ©(c) is basic. Since
(M, Q) E o(c) A =ct, we have (M, Q) = ().

Case 4: z,, = ¢;, oo A 1 has been played and ¢ € {0, 1}. Since (M, Q) E
o N @1, trivially (M, Q) | ¢1.

Case 5: 2, = po V 1,90 V 1 has been played. Since (M, Q) E ¢o V 1,
player IT can pick ¢ € {0, 1} such that (M, Q) = ¢;.

Case 6: 2, = ¢(c), Vxp(x) has been played. Since (M, Q) = Vap(x) we
can proceed as follows: If ¢ is interpreted in (M, Q), then (M, Q) = ¢(c).
Otherwise we expand (M, Q) by interpreting ¢ in an arbitrary way. Again

(M, Q) = ¢(o).

Case 7: x,, = Jzp(x),Jxp(x) has been played. Since (M, Q) E Jxp(z),
player IT can pick a new constant ¢ and interpret it in (M, @) in such a way

that (M, Q) = ¢(c).
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Case 8: z,, = t. Player II picks a new constant ¢ € C' and interprets it in

(M, Q) so that (M, Q) & =ct.

Case 9: , = Qup(z), 2np1 = Qui(y), both Quip(z) and Qui)(y) have
been played. Thus (M, Q) = Qzp(x) A Quip(y). Since (M, Q) is monotone,
there is an interpretation for a new constant ¢ in such a way that (M, Q) &

p(c) Ai(o).

After the game is over, player IT has won, as no atomic sentence can be both
true and false in (M, Q).

For the converse, we use similar coding as in the proof of Theorem 6.59 in
order to describe the enumeration strategy of player I. The new case is:

9. If n = 256 - 3" - 57, y; is Que(x) and y; is Qyi(y), then z,, is Quep(x)
and 4.1 is Quip(y).

Let H be the set of responses y; of player IT using her winning strategy.
Clearly, H is a Hintikka set for L, (Q), i.e.

. ~tt € H for every constant L U C-term t.

. If p(c) € H and ~ct € H, then p(t) € H.

.IfoAY e H,thenp e Handy € H.

.IMfeVvyeH thenpe Hory € H.

. If Vzp(x) € H, then ¢(c) € H forall c € C.

. If 3zp(x) € H, then ¢(c) € H for some ¢ € C.

. If Quo(x) € H and Qyi(y) € H, then p(c) € H and ¢(c) € H for some
ceC.

8. For every constant L U C'-term ¢ there is ¢ € C such that ~ct € H.

9. There is no atomic sentence ¢ such that ¢ € H and ~¢p € H.

~N N B W =

Let us define in C:
c~d < =cd € H.

This is an equivalence relation on H. Let [c] be the equivalence class of c¢. Let
M = {[¢] : ¢ € C}. Note that

alfRe;...co € Handey ~¢),...,cp ~ ¢, then R, ...c), € H.

b If=cfey...cp € Hande ~ ¢ ~ ), ...and ¢, ~ ), then=c fc} .. .c), €
H.

¢ Thereis forall ¢; ... ¢, some ¢ such that ~cfcy ...c, € H.

Thus we can define on M

e RM ={([c1],...,[cn]) : Re1...cn, € H}.
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seeslen])

In order to define a weak quantifier @) on M, let

(@)™ ={ld] : ¢(c) € H}

and

Q = {p(x)" : Qup(x) € HY .

We prove by induction on (21, . . ., ) that for all ¢,

plers. .

1. ¢ is basic. The claim is true by construction.
2. o =P AN6.

pler,...,cn) €H

<
=

e vl

3. p=1¢ V6.

plcr,...,cn) €H
.,Cn) € Hor

1,[}(61,...7

RN

e

4. p = Jxp(x).

,Cn) € H Jz)(x, ¢, .-,

(e, eq,. ..,

plers. .

for some c € C

ey

[c] for the unique [c] such that ~cfc;

,en) € H= (M,Q) E v(ci, ...

(el ... en) NO(c, ...
1,...7Cn) eHandQ(cl,..
., Cp) and

M, Q) E Fxy(z,cq,. ..
M, Q) = ¢, ...

...cp, € H.

s, cq € Ch

1Cn)-

,en) €EH
o) €EH

c.,cn) €EH

O(ciy...,cn) €H

cp) or

..7Cn)

cn) €H
¢n) € H for some ¢ € C

(MaQ) ': 11[}(01617'--3

cn) €EH

+Cn)
1Cn).
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5. ¢ =Va(x).
o(cr,...,cn) €EH
6. p = Quy(z)
pler,...,cn) €H

7. = Quip(x). If p(ey, ...
(Mv Q) ': Qx_"(b(xch -

{e: M, Q) E (e, e, .
and Qy0(y, di,...,d,) € H.

e

LEELY

Va(z,cry...,cn) € H

(e, c1,...,¢,) € Hforallce C
M,Q) Ev(cer,...,cn) €EH
forallc € C

(M, Q) EVz(z,c1,...,¢p)
(M, Q) = (e, - en).

Qrip(x,c1,...,¢n) €H

{le] : ¥(c,c1,...,¢cn) € H €Q

{[C} : (M’Q) }: ¢(Ca C1,-..,Cn)} € Q
(M, Q) E Qxp(z,c1,...,¢n)
(M,Q) E wlcr, ... cn).

,en) € Hbut (M,Q) F~ ¢(c1,...,¢n), then
,Cn ). Thus there is 0(y, d1, . . ., d,,) such that

sen)} 2{c:0(c,dy,...,dn)} (10.9)

Since H is a Hintikka set, there is ¢ € C such that

P(e,eq,y. ..

But this contradicts (10.9).

,cn) € H, 0(c,dq,...,d,) € H.

We conclude the proof by pointing out that T C H, whence (M, Q) E

T.

O

Corollary Suppose @ and ¢ are L-sentences of Ly, (Q). Then the following

are equivalent.

(1) Every monotone model of y is a model of 1.
(2) Player I has a winning strategy in MEG< ({@, ~1)}, L).

Corollary Suppose @ is an L-sentence of L, (Q). Then ¢ is valid in every
monotone model if and only if player 1 has a winning strategy in the game
MEG<({—¢}, L).

We can think of winning strategies of T in MEG<({—~y}, L) as proofs of .



322 Generalized Quantifiers

Example 10.61 Qx3yRzy follows from QxVyRzy in monotone models.
Here is player I ’s winning strategy in MEG < ({QzVy Rzy, QuVy—Rxy}, { R}):

I 11
QxVyRxy
QxVyRxy
QaVy—-Raxy
QxVyﬂny

QxVyRxy

QaVy—Rxy
VyRcy
Vy—Rcy
Rec
Rec
- Rcc
- Rcc

Example 10.62 {Qz3yRzxy, vaﬂy—'ny} has a monotone model. Here is
the winning strategy of player II:

I 11
QzxrIyRxy
QxIyRxy
Cv)xﬂyﬁny
szlyﬂR:ry
QxIyRxy
Qxﬂyﬁny
JyRcey
Jy—Rcy
JyRcy
Red
Jy—Rcy
—Rce

Theorem 10.63 (Compactness of Monotone Logic) Suppose L is a count-
able vocabulary and T is a set of L-sentences such that every finite subset of
Ly (Q) of T has a monotone model. Then T has a monotone model.

Proof We use a countable set c of new constants and show that IT has a win-
ning strategy in MEGQ(T7 L). As in the proof of Theorem 6.36 the strategy of
player II is to maintain the condition that 7', added with the sentences she has
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played so far, forms a “finitely consistent” set. In this case “finitely consistent”
means every finite subset has a monotone model. Let us see how she maintains
this condition when I plays Qzp(z) and Qzv)(x). Let ¢ € C be a new con-
stant. If IT cannot play o(c) and ¢(c) according to this strategy, there is a finite
conjunction  of played sentences and sentences of T such that {6, ¢ (c), ¥ (c)}
has no monotone models. Thus

0 = Va(p(r) = —(2))

in monotone models. But then {6, Qz(z), Q1) (x)} cannot have a monotone
model, contrary to our assumption. The other cases are exactly as in the proof
of Theorem 6.36. O

Example 10.64 Let M = (N,+,-,0,1,<) and Q = 3Z¥(N), i.e. Q =
{X CN: X infinite}. There is (M’, Q") such that M’ % M but

(M, FZ) Ep = M, Q) Ev

for all ¢ € L., (Q). So a weak monotone quantifier cannot guarantee that
every initial segment is finite. Such an M’ cannot exist if we insist that Q' =
32¢ too0.

Theorem 10.65 (Omitting Types for Monotone Logic) Suppose L is a count-
able vocabulary, T a consistent set of L., (Q)-sentences (i.e. T has a count-
able model), and py, p1, . . . a sequence of non-principal types of T'. Then there
is a countable model of T which omits each p.,.

Proof We proceed as in the proof of Theorem 6.38. Let
pn = {¢n :m € N}

We show that IT can win against the enumeration strategy of I (see the proof
of Theorem 10.60) even if player II is allowed the following additional move:
if the round is n = 512 - 3" - 57 player I can require player II to pick f; (i) and
play go;j ) (¢;). Her strategy is to keep the set of played sentences all the time
consistent. Maintaining this condition throughout the game is accomplished as
in the proof of Theorem 10.63. The choice of f; () is exactly as in the proof of
Theorem 6.38. O

Example 10.66 Let (M, Q) be a monotone model of ¢ € L, (Q). We
assume <™ is a linear order, ¢} < ¢! < ... are cofinal in M, and ¢} has
infinitely many predecessors in M. There is a monotone (M’, Q') = ¢ such
that ¢} < ¢’ < ... are cofinal in M’ and some element a below ¢! has
infinitely many predecessors in M’ (see Figure 10.20).
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Figure 10.20 Adding elements, preserving cofinality.

Let T consist of all sentences true in (M, @) and the axioms

d; < di+1, fori € N,
d; < c<cg,fori €N,
¢; < Cig1, fori € N

where ¢, dy, dq, . .. are new constants. Let p be the following type of T":
co<z,c0 <z, c2<T,....

To see that p is a non-principal, suppose TU{3x6(z)} is consistent (i.e. T has a
monotone model). Thus (M, Q) = Jx6(x). Since the elements ¢! are cofinal
in M, we can choose a large enough n such that (M, Q) = Jz(6(z) A —¢, <
x). This ends the proof that p is a non-principal. Clearly any model (M’, Q")
satisfying 7" and omitting p is as desired.

Example 10.66 is a demonstration of an important application of omitting
types to extending one definable set while maintaining the cofinal set.

Definition 10.67 A weak model (M, Q) is an elementary submodel of a
weak model (M, Q") if

1) MC M.
2 M,Q) Es ¢ <= (M',Q") = p for all assignments s into M and all
¢ € Luw(Q).

Then (M’ Q') is an elementary extension of (M, Q).

Definition 10.68 Weak models (M, Q) and (M’, Q') are isomorphic if there
is a bijection 7w : M — M’ such that

DT MM,

@) Forall X CM:X €Q < 7“X € Q.
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Definition 10.69 Weak models (M, @Q)) and (M’, Q') are elementary equiv-
alent if for all sentences ¢ € Ly, (Q)

M, Q)¢ = M,Q) e
Lemma 10.70 Isomorphic weak models are elementary equivalent.

Lemma 10.71 Suppose (M, Q) is a countable weak model. Let (M*, Q) be
the expansion of (M, Q) obtained by taking a new constant symbol for each
element of M. Then the following are equivalent for any (M’, Q"):

1) (M*,Q) =M, Q).
(2) There is (M", Q") such that (M, Q) < (M",Q") = (M',Q").

Definition 10.72 A sequence
(Mo, Qo), (M1,Q1),. ..

of weak models is an elementary chain if

(Mna Qn) = (Mn—Ha Qn+1)
for all n € N. Its union is the weak model (M, Q), where
M) M=, M,.
(2) RM =U{RM» :neN},Re L.
@) fM=J{fM :neN},felL
4 M=cMo celL.
(5) Q ={X C M :thereisn € Nsuch that X N M,,, € Q,, forallm > n.}.

Lemma 10.73 (Union Lemma) The union of an elementary chain is an ele-
mentary extension of each element of the chain.

Proof Let(M,,,Q,)and (M, Q) be as in Definition 10.72. We use induction
on ¢ to prove

(M, Qn) s ¢ = (M, Q) s ¢ (10.10)

whenever n € N and s is an assignment into M,,.
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. ¢ atomic. Now (10.10) is clear as M,, C M by the definition of M.
@ = . Clearly (10.10) is closed under negation.

. @ =1 N 0. Clearly (10.10) is closed under conjunction.

. =3z, If (M,,, Q) Es Jx), then there is a € M, such that

(Mna Qn) ’:s[a/z] w

By the induction hypothesis, (M, Q) Fsa/2) ¥ Whence (M, Q) = Fxi).
Conversely, suppose (M, Q) =5 Fx1p. Choose a € M with

(Ma Q) |:s[a/z] ¢

There is m > n such that a € M,,. Now s[a/x] is an assignment into M,,.
By the induction hypothesis, (M, Qm) Fsja/z) ¥- Thus (M, Q) s
Jxe. But

(M, Qn) < (M, Qm), (10.11)

$0 (M, @Qr) = Jxip.
@ = Q). Suppose s is an assignment into M,,. Suppose (M, Q) s
Qz1. Then there is m > n such that

{a € My : (M, Q) Esfasa) ¥} € Qk
for all k£ > m. By the induction hypothesis
{a € My, : (Mg, Qr) Fsja/a) ¥} € Qk
ie.
(M, Qi) s Qzyp
for all k > m. By (10.11)
(M, @n) |=s Quip.
Conversely, suppose (M, Q) s Q1. Then there is m > n such that
{a € My, : (M, Q) Fslaja] ¥} € Qm-
By the induction hypothesis
{a € My, : (M, Qm) Fsjaja) ¥} & @m
ie.
(M, Q) [~ Quip.
By (10.11), (My, Qn) FE Q.
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Figure 10.21 Countable-like formula.

Figure 10.22 Pigeon-Hole Principle.

Definition 10.74 Suppose (M, Q) is a weak model. A formula () is countable-
like in (M, Q) if
M, Q) = Qz3y(p(z,y) Ao (y)) — FyQu(p(x,y) Av(y))  (10.12)

for all formulas ¢(x, y). (See Figure 10.21.)

The assumption Qx3y(¢(x,y) A1 (y)) says that many values of z are con-
nected by (z, y) to values of y. By the Pigeon-Hole Principle either there are
many values of y or one y is related to many values of x (Figure 10.22).
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Lemma 10.75 If ¢)(x) is countable-like in a plural non-trivial (M, Q), then
M, Q) E —Qay(x).
Proof Suppose (M, Q) |= Qui)(x). Then (M, Q) | QuIy(~zy A ¢(y)).

Since () is countable-like, (M, Q) = JyQz(~xyAp(y)). Thus () contains
() or a singleton, contrary to assumption. O

Definition 10.76 Keisler’s Axiom is the schema

(KA) Qx3yp(r,y) — FyQup(x,y) VvV Qyire(x,y)).

The intuition behind (KA) is that if there are many = which are connected
to some y by ¢ (x, y), then either some y is connected to many « or there are
many y that are connected to some x (Figure 10.22). This is again an instance
of the Pigeon-Hole Principle.

Lemma 10.77 If (M, Q) satisfies (KA) and is monotone, then every 1(x)
such that (M, Q) = ~Qxip(x) is countable-like.

Proof Suppose (M, Q) = QuIy(p(x,y) A ¢(y)). By (KA), (M, Q) =
FyQux(p(z,y) A b(y)) or (M, Q) = Qy3z(p(x,y) A ¥(y)). The latter is
impossible by monotonicity, as (M, Q) = =Qyv(y). Thus the former holds.

O

In conclusion, for plural non-trivial monotone weak models satisfying (KA),
the countable-like formulas are exactly the formulas () that satisfy the sen-

tence = Q) (x).

Lemma 10.78 (Main Lemma) Suppose (M, Q) is a countable monotone
ideal plural non-trivial weak model satisfying (KA) and () is a formula of
L, (Q) such that’

(M*, Q) = Quop(z).
Then there is a weak model (N, Q') such that
0 M.Q) = (N,Q").
(2) For someb e N\ M we have (N, Q") = p(b).

(3) For every countable-like formula with constants from M (x) we have

N, Q) () = aec M.
Proof Let c be a new constant symbol and 7" the theory

{0: (M*,Q) =0 U{p(c)} U{=(c) : (M",Q) | ~Quy(x)}.

3 M* is a structure obtained from M by introducing a name for each element of M.
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We now prove a very useful criterion:
TU{6(c)} is consistent if and only if (M*, Q) | Qz(8(x)A¢(x)). (10.13)

The meaning of (10.13) is that while ¢(x) is satisfied by many elements in
(M*,Q), any definable large subset of ((-) can be consistently extended to a
model of T" but even more, only such definable subsets of ¢ are extended in
any extension of (M*, Q) that are large already in (M*, Q).

The proof of (10.13) is not difficult. Suppose first (M*, Q) = Qz(0(x) A
o(z)) and T = —6(c). Then by the Compactness Theorem there is a finite set
Tp of sentences true in (M™*, Q) and countable-like 1y (x),. .., ¥, (z) such
that

To = (p(c) A B(c)) = (P1(c) V...V by(c)).
So
(M*, Q) = Vu((p(u) A O(u) = (Y1(w) V...V ihn(u))).

By monotonicity,

(M, Q) |= Qulp(u) A b(w) = Quithr(w) V... V ¢ (u)).

Since (M*, Q) is ideal, and we assume (M™*, Q) = Qu(e(u) A O(uw)), there
is an 7 such that

(M*, Q) = Quipi(u)
contrary to the assumption that (M*, Q) | —Qz; ().

Conversely, suppose (M*, Q) = = Qxz(0(x) A ¢(x)). In this case =(8(c) A
©(c)) is in T and therefore trivially T = —(6(c) A p(c)).

Criterion (10.13) is proved. Now we continue the proof of the Main Lemma.
Let us apply the criterion to the sentence ~cc. By assumption, (M*, Q) &
Qup(x), so (M*,Q) = Qx(p(x) A ~=zxx). Thus by (10.13) T U {~cc} is
consistent. In particular, 7T itself is consistent.

Let ¢1(x), 1¥2(z), . . . be a complete list of all countable-like formulas. Let,
for each n, I';, be the type

Ty, = {tn(yn)} U{—~ync, : a € M}.

To prove that each T',, is a non-principal type of T, suppose Jy,,0(yn, ¢) is
consistent with 7". By (10.13)

(M, Q) |= Qulp(u) A 3ynb(yn, u)).

By monotonicity and the ideal property we have

(M*, Q) = Qulp(u) A Fyn(0(Yn, u) A n(yn)))
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(M*,Q) = Qulp(u) A Fyn(0(yn, u) A =n(yn)))-

In the latter case (10.13) implies that 3y, (6(yn, c) A ~9n(yn)) is consistent
with 7", and we are done. In the former case

(M*,Q) = Quiyn (p(u) A O(yn, u) A on(yn))-

Since ¥y, (yn) is countable-like,

(M*, Q) = Fyn Qu(p(u) A O(Yn, u) A thn(yn))-
Let a € M be such that

(M*, Q) = Qulp(u) Ab(ca;u) A thn(ca))-

By (10.13) 0(cq,u) A 9p(cq) is consistent with 7. Hence Jyy, (6(yn,u) A
A2y, Cq) s consistent with 7', and we are done.

By the Omitting Types Theorem there is a countable weak model (N, Q')
of T which omits each T',,. W.Lo.g., (M, Q) < (N, Q"). Let b be the value of
cin (N, Q). Since (M*,Q) = —Qz(~xc,) for all a € M, it follows that
—=vcc, € Tandsob € N\ M. O

Lemma 10.79 (Precise Extensions) Suppose (M, Q) is a countable mono-
tone ideal plural non-trivial weak model satisfying (KA). There is a countable
elementary extension (N, R) of (M, Q) such that for all formulas o(x) of
L., (Q) of the vocabulary of M* the following conditions are equivalent:

1) (M*,Q) = Quo(z).
(2) Thereisb e N\ M such that (N*, R) = ¢(b).

Such a model (N, R) is called a precise extension of (M, Q).

Proof Let pg(x),p1(x),... be acomplete list of all ¢, () in the vocabulary
of (M*, Q) such that

(M*, Q) |+ Quypi(x).
We can use Lemma 10.78 (the Main Lemma) to construct an elementary chain
(M07 QO) = (Mla Ql) <

so that

(3) (Mo, Qo) =M, Q).
(4) Thereis a, € My, 41 \ M, suchthat (M5 |, Qni1) = onlan).
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Figure 10.23

(5) If ¥»(x) is a countable-like formula of (M, @), then

(M1, Qny1) E¥(a) = a € M,.

Let (N, R) be the union of this chain. Then by the Chain Lemma, (M, Q) <
(N, R).

Suppose now (1) holds. Then ¢(x) is ¢, (z) for some n. By (4) there is
be N\ M with (N*, R) = (b). Conversely, if (M*, Q) = —=Qxp(x), then
Lemma 10.78 implies that ¢ () is a countable-like formula of each (M,,, Q,,)
and by (5) no new elements satisfy ¢(z). So (2) fails. O

Theorem 10.80 (Completeness Theorem for 32“1)  Suppose T is a countable
theory in L., (Q). Then the following conditions are equivalent:

(1) T has a monotone ideal bi-plural non-trivial weak model (M, Q) which
satisfies (KA).
(2) T has a model (M, 3Z¢1).

Proof (2) — (1) trivially as (M, 3=%1) satisfies the conditions of (1).
(1) = (2). We iterate the lemma on precise extensions w; times as follows:
Let

(Mo, Qo) = (M, Q).
If (M4, Q) is defined, let
(Ma,; Qa) <= (Ma+1, Qa+1)
so that (M 11, Qa+1) is a precise extension of (M, Qn). If (My, Q) is
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defined for all o < 3 where §3 is a limit ordinal, then

(MﬁvQB) = U (M(yaQa)

a<f

Our definition for the union of a chain was for a chain {(M,, @) : n € N}
only. For an arbitrary chain (M,, Qa) < (Mg, Qp) (a < B < 7) we use
the same definition: {J,, ., (Ma, Qa) = (M, Q) where M =, ., Mq,Q =
{X C M : thereis a < ysuchthat X N Mg € Qg fora < < ~}. The
Union Lemma still holds (Exercise 10.106).

Let (M, @) be the union of the elementary chain (M, Q,),a < wi. We
prove

(M,Q) Fs p = (M’HZWI) Fs ¢

forall ¢ € Ly, (Q) and all assignments s. The induction step for Q is the only
one to worry about.

Suppose (M, Q) Es Qrp(x). Choose o < wy such that s is an assign-
ment for (Mg, Q). By the Union Lemma, (Mg, Qg) =5 Qrp(x) for all
a < B < ws. By the preciseness of the chain there are uncountably many
a € M such that (M, Q) F4ja/2) @(x). Thus there are (by the induction
hypothesis) uncountably many a € M such that (M, 3241) =,/ ¢(2),
whence (M, 321) = Qzp(x).

Conversely, suppose (M, Q) s Qro(x). Assume again s is an assignment
for (Mg, Qu). By the preciseness of the chain, (Mg, Qg) has no new ele-
ments satisfying () over and above those in M,,. Thus neither has (M, Q).
By the induction hypothesis, (M, 321) has no new elements satisfying ¢ ()
over and above those in M,,. Thus (M, 32«1) £ Qup(x). O

Corollary If T is a countable theory in L., (Q), then the following are
equivalent:

(1) T has a model (M,32%1).

(2) 11 has a winning strategy in MEGQ(T*), where T consists of T, (IDE),
(NON-TRI), (PLU) and (KA).

Corollary (Compactness Theorem for L, (32“1)) Suppose T is a count-
able theory in Ly, (32%1) so that every finite subset of T has a model. Then T
itself has a model.
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10.7 The Cofinality Quantifier

We prove a Completeness Theorem and a Compactness Theorem for the quan-
tifier

“linear order ¢ has cofinality w” (10.14)

in a vocabulary of arbitrary cardinality. This is in sharp contrast to quantifiers
like 32«1 where we get a Completeness Theorem and a Compactness Theorem
in a countable vocabulary only. A linear order (L, <r,) is said to have cofinality
w if there are ag <y, a1 <p, --- in L such that

Vb e Lan € N(b <y, ay)

i.e. the increasing sequence ag, a1, . . . is cofinal in (L, <, ). We can make some
immediate observations about w-cofinal linear orders:

(1) (L, <) has no last element.

(2) Every strictly increasing sequence a,,« < wi, in (L, <p) has an upper
bound. (Exercise)

(3) Every linear order without last element has an w-cofinal sub-order.

The quantifier (10.14) is a new kind of generalized quantifier. Until now
our quantifiers have been sets of subsets of the domain. Now we have a set of
subsets of the Cartesian product:

QY (M) ={RC M x M : Risan w-cofinal linear order of M}.

Note that Q°f (A1) is by no means monotone, so it is a quite different object
from what we are used to.

A weak cofinality model is a pair (M, @), where M is an ordinary model
and Q C P(M x M). Likewise, we can add a new quantifier symbol Q to
L., and define

(M, Q) s Quyp(z,y) <= {(a,b): (M,Q) )ZS[a/x,b/y] ¢} €Q.

What kind of axioms should ¢ € L, (Q) be consistent with in order to have
a model of the form (M, Qf)? We have some obvious candidates such as

(LO) Qzyp(x,y) — Q"Ozyp(z,y), where

Qzyp(x,y) = Va-p(z,z)A
VavyVz((e(2,y) A ey, 2)) = @(@, 2))A
VaVy(e(z,y) V oy, ) V ~y)

and
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Figure 10.24

(NLE) Qzyp(r,y) — VaIyp(z,y).
Let us define
Q*zyp(z,y) = Q"Czyp(z,y) A VaIyp(z, y) A ~Quyp(z,y).

Thus Q*zyp(x,y) “says” that ¢ is a linear order without last element but the
cofinality is not w. So it is a formalization of

f (M)={RC M x M: Risalinear order of M with cofinality > w}.
Let us make some observations about the case
ReQ¥(M) & SeQ4 (M). (10.15)
First of all we may observe that there is no order-preserving mapping

f : (M7<S) — (Ma<R)

r<sy— f(z) <r f(y)

whose range is cofinal in <g. Why? Suppose f is one such. Let ag <r a1 <gr
.-+ be cofinal in <. We define by <g b1 <g --- as follows. If n = 0 or
by—1 is defined let a,, <r z = f(n). Let b,_1 <s b, be such that also
n <g b,. Now b, is defined. Let b be such that b,, <g b for all n (remember
that S € Q< (M)). Let n be such that f(b) <g a,. Then

an <R f(bn) <R f(b) <R Qn,

a contradiction.
‘We now use a similar inference but with a relation instead of a function:

Lemma 10.81 [f(10.15) holds, then there is no relation T' C M x M such
that
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Figure 10.25

Figure 10.26

(1) VzIy >g xFv(vTy).
(2) YwIaVy >g aVo(vTy — w <g v).

Proof Letag <p a1 <pg --- be cofinal in <g. We define by <g b1 <g ---
as follows. If n = 0, by is arbitrary. If b,,_; is defined choose (by (1)) some
Yn >s b, and v, such that v, T'y,. Use (2) to find x such that for all y >g¢ x
and all v, vT'y implies max(a,, v,) <gr v.Let byy1 >g @ and v, 11T by 1.
By (10.15) there is b such that b,, <g bforalln € N. By (1) thereisy >g b
and vT'y. For some n a,, <g v. This is a contradiction. O]

Shelah’s Axiom is

(SA) ~(Qayi(z,y) A Q ayp(z,y) AVrIyIv(0(v,y) A (z,y))
AVwIzVyYo((e(z,y) A 0(v,y)) — P(w,v))).

This may look complicated, but the above lemma shows that it is indeed a
very natural axiom for L, (Q), being as it is merely a formal statement of the
mathematical fact captured by the lemma.
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I II Explanation
Qzyp(z,y) a played formula
Q" zyp(, y)A
VrIyp(z, y)
Q wyp(w,y) a played formula
Q" zyp(, y)A
VaIye(z,y)
Qzyp(r,y) played
Q* xyih(w,y) formulas
¢(c,d)
_‘1/)(0» d)
or
—p(c, d)
¥(c, d)
oV e ( any sentence
® or
—p

Figure 10.27 MEGZ!(T, L).

Definition 10.82 The Model Existence Game MEG 2 (T, L) is obtained
from the Model Existence Game MEG(T, L) of L, by adding the rules of
Figure 10.27.

Theorem 10.83 (Model Existence Theorem for Cofinality Logic) Suppose L
is a vocabulary of cardinality < k and T is a set of L-sentences of L, (Q).
The following are equivalent.

(1) T has a model (M, Q) satisfying (LO)+(NLE).
(2) Player II has a winning strategy in MEG%’Cf (T, L).

Proof If (M, Q) = (T) + (LO) + (NLE), then clearly (2) holds. Conversely,
suppose (2) holds. We let Player I play the obvious enumeration strategy. Let
H be the set of responses of 11, using her winning strategy. By construction,
H gives rise to a model of (T) + (LO) + (NLE). Now the details: Let H be the
set of responses of IT, using her winning strategy, to a maximal play of I. Let
M be defined from H as before. We define a weak cofinality quantifier ) on
M as follows:

Q = {{(ld], [d]) : p(c,d) € H} : Quyp(x,y) € H}.
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Now we show (M, @) | T by proving the following claim. By our previous
work we have

AN e

~tt € H.

If o(c) € H and ~ct € H then p(t) € H.
IfoAny e H thenp € Handvy € H.
Ifoviy e H, thenyp e Handvy € H.

If Vep(x) € H, then ¢(c) € H forall c € C.
If 3zp(x) € H, then ¢(c) € H for some ¢ € C.

Now we can note further

7.

If o &€ H, then = € H (- has to be written in NNF).

The reason for 7 is simply that I can play ¢ V —¢ whenever he wants.

Claim

p€eEH < MEp.

Proof Note that:

If o € Hand ¢ € H, then ¢ At € H for otherwise = (¢ AN ) € H
whence —¢ € H or —w) € H. This is not possible as then M = ¢ A —p or
M E YA .

If p € Horty € H, then ¢ V¢ € H for otherwise ~¢ € H and - € H.

If o(c) € H for all ¢ € C, then Yxp(x) € H for otherwise ~Vzyp(x),
which in NNF is Jz—¢(z) is in H, leading to the conclusion that M |=
v(c) A =p(c) for some c.

If ¢(c) € H for some ¢ € C, then Jzp(x) € H for otherwise =Jzp(z) €
H, leading to a contradiction.

If Qryp(z,y) € H, then M |= Quyp(z,y), forlet R = {([c],[d]) : M E
(¢, d)}. By the induction hypothesis

R ={([d],[d]) : p(c,d) € H}.

By construction, R € Q(M).

If Q*zyp(z,y) € H, then M = Q*zyp(x,y), for let R = {([c], [d]) :
M = ¢(e,d)}. As above, R = {([c],[d]) : ¢(c,d) € H}. By construction,
R is a linear order without last element. If M = Qzyp(z,y), then R =
{([c],[d]) : ¥(c,d) € H} for some 1) such that Qzyi(z,y) € H. By the
rules of the game, there are ¢ and d such that p(c,d) € H «» ¢(c,d) € H,
contrary to the choice of 9.
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o If M = Quzyp(x,y) then Quyp(x,y) € H, for otherwise = Qryp(x,y) €
H. By induction hypothesis, M = Qzyp(z,y) implies

R = {([d,[d)): p(c.d) € H}
= {(d:[d]) : M |= o(c,d)}

is a linear order without last element and Q Cxyp(x, y) A VzIye(z,y) €
H.If Q*zyp(x,y) € H,9leads to a contradiction. Hence = Q*zy¢(x,y) €
H, whence Qxyp(z,y) € H.

o If M & Q*xyp(x,y), then Q*xyp(x,y) € H, for otherwise we have
-Q*zyp(x,y) € H. Since Q"Cxyp(z,y) A VoIyp(z,y) € H, we have
Quyp(x,y) € H.By 8, M |E Quyp(x,y), a contradiction.

O

Theorem 10.84 (Weak Compactness of Cofinality Logic) IfT is a set of sen-
tences of L., (Q) and every finite subset has a weak cofinality model satisfying
(LO) + (NLE), then so does the whole T'.

Proof As in Theorem 10.63. O

Theorem 10.85 (Weak Omitting Types Theorem of Cofinality Logic) As-
sume k is an infinite cardinal. Let L be a vocabulary of cardinality < w, T
an Ly (Q)-theory and for each & < k, T'¢ is a set {¢5,(x) : a < K} of
L, (Q)-formulas in the vocabulary L. Assume that

I Ifa < B <K, thenTF Lp%(a:) - ¢5,(2).

2. For every L, (Q)-formula (), for which T U {1(x)} is consistent, and
for every & < K, there is an o < k such that T U {¢(z)} U {=¢, ()} is
consistent.

Then T has a weak cofinality model which omits T'.
Proof As in Theorem 6.62. O

Definition 10.86 The union of an elementary chain (M., Q) of weak cofi-
nality models of (LO) + (NLE) is (M, @), where M = | J,, M, and

Q@ ={R C M x M : Ris alinear order without last element and
there is o <  such that R N (Mg x Mg) € Qg forall 5 > a}.

Lemma 10.87 (Union Lemma) The union of an elementary chain is an ele-
mentary extension of each member of the chain.

Proof We will do only the case of Quzyy(x,y). Suppose first (M, Q) |
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Quyi(z,y), where s is an assignment into M. Then R € @) where for a,b €
M

aRb +— (M7 Q) ':s[a/z,b/y] w(% y)

By definition there is 5 > « such that R N (M, x M) € Q fory > . By
the induction hypothesis, for a,b € M,

aRb < (M, Qy) Esfasaby) ¥(,y)
i.e.
(M"/a Q’Y) ':S Qm?ﬂ/’(zyy)

By assumption (M, Q,) s Qryy(z,y). Conversely, suppose (M, Q) s
Qzyy(z,y). Thenforall § > a: RN (Mg x Mg) ¢ QQp where for a,b € M

aRb = (M, Q) Esjaap/y V(2 Yy)-

By the induction hypothesis for a,b € Mg

aRb <= (Mp,Qs) FEsla/wb/y) ¥(2,y)
ie.
(Mg, Qp) s Quyep(z,y)
and hence (Mg, Qq) s Quyp(z,y). O

Lemma 10.88 For every infinite weak cofinality model (M, Q) and every
Kk > |M]| there is (M, Q") such that (M, Q) < (M’,Q’) and every linear
order on M, which has no last element and which is L., (Q)-definable on M
with parameters, has cofinality k.

Proof See Exercise 10.108. O

Lemma 10.89 (Main Lemma) Suppose (M, Q) is an infinite weak cofinality
model of (SA) and ¢(x,y) is a formula of L, (Q) such that (M*,Q) E
Quyp(x,y). Then there is a weak cofinality model (M’ Q") such that

(1) (M, Q) < (M, Q).

(2) For someb e M'\ M we have (M',Q") = ¢(a,b) forall a € M.

(3) For every ¢(x,y) such that (M, Q) E Q*zyi(z,y) and every d € M’
we have (M', Q") = ¥(d, a) for some a € M.

Proof In the light of Lemma 10.88 may assume, without loss of generality,
that the model M and the vocabulary L have an infinite cardinality «, and every
linear order on M which has no last element and which is L, (Q)-definable
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Figure 10.28

on M with parameters, has cofinality . Let ¢ be a new constant symbol and
T the theory

{0: (M*,Q) E0}U{p(a,c):ae M}

The useful criterion, familiar from the proof of Lemma 10.78, is in this case
very simple:

T U{6(c)} is consistent iff (M*, Q) E VaIy(p(x,y) Ab8(y)). (10.16)

Proof of (10.16). Suppose (M*,Q) E VaIy(e(z,y) ANO(y)). Let To C T
be finite. Let ay, . . ., a, be the constants occurring in Tj. Let b be p-above
every a; in M. By assumption there is d such that (M*, Q) = (b, d) A 0(d).
Thus Tp U {6(c)} is consistent. Hence T'U {6(c)} is consistent. Conversely,
suppose (N*, Q") E T U{6(c)}.If a € M, then (N*,Q’) = ¢(a,c) Ab(c),
0 (M*,Q) |= 3y(¢(a, y) A 0(y). 0

Since (M*, Q) = VzIy(p(x,y) A ~yy), we conclude that T itself is con-
sistent. Let ¢¢ (z,y), £ < K, be a complete list of all formulas such that
(M*,Q) |+ Qzyte(x,y).

Let w$, o < &, be a cofinal strictly 1¢-increasing sequence in M. Let, for
each &, I'¢ be the type

Pe = {$n(wf, ) : @ < K}.

Thus I';, “says” that = is <y, -above every element of M. This is the situa-
tion we want to avoid, so we want to omit each type I'¢. To prove using Theo-
rem 10.85 that all the sets I'¢ can be simultaneously omitted suppose 3z6(x, c)
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is consistent with 7. By (10.16)
(M, Q) = VaIy3v(0(v, y) A p(z,y)).

If there is no v < k such that

Ely(e(y’ C) A _‘wﬁ (wfw y))

is consistent with 7, then for all o < & (by (10.16))

(M*,Q) = FavyYu((p(z, y) AO(v,y)) — te(wh,v))
1.€.
(M, Q) | YwIzVyVu((p(z,y) A O(v,y)) — Ye(w,v))

contrary to (M*, Q) = (SA).
By the Omitting Types Theorem there is a countable weak cofinality model
(M’, Q") of T which omits each I'¢. This is clearly as required. O

Lemma 10.90 (Precise Extension Lemma) Suppose (M, Q) is an infinite
weak cofinality model satisfying (SA). There is an elementary extension (N, R)
of (M, Q) such that for all formulas o(x,y) of L., (Q) of the vocabulary of
M the following are equivalent:

1) (M*,Q) | Quyp(z,y).
(2) (M*,Q) = Q"Cxyp(x,y) AVaIyp(x,y) and there is b € N \ M such
that (N*, R) |= ¢(a,b) for all a € M.

Such (N, R) is called a precise extension of (M, Q).

Proof  Let wo(x,y), p1(x,y) list all o(z,y) with (M*, Q) |= Quyp(x, y).
By the Main Lemma there is an elementary chain

(MOaQO) = (Mlan) =<

such that

(3) (Mo, Qo) = (M, Q).

(4) There is b, € My, 41 \ M, such that (M}, |, Qn+1) = @n(a,by,) for all
a € M,

5) If (M:,Q.) E Q zyp(x,y), then for all b € M,,4; there is a € M,

such that (M 1, Qn1) = ¢(b, a).

Let (N, R) be the union of this chain. Then by the Union Lemma (M, Q) <
(N, R). Conditions (1) and (2) clearly hold. O

Theorem 10.91 (Completeness Theorem for Cofinality Logic) Suppose T is
a theory in Ly, (Q). Then the following conditions are equivalent:



342 Generalized Quantifiers

(1) T has a model (M, Q).
(2) T has a weak cofinality model satisfying (SA).
(3) TU{(LO)} U{(NLE)} U{(SA)} is consistent.

Proof To prove (3) — (1) we start with an N;-saturated model (M, Q) of
TU{(LO)} U{(NLE)} U{(SA)}. Thus in (M, Q) every definable linear order
without a last element has uncountable cofinality. We then iterate the lemma
on precise extensions w times:

(M7Q):(M07QO)'<""<(Mn7Qn>‘<"' (n<w).
Let (A, R) be the union of this chain. We prove

(NV,R) Es @ <= (N,QY) Es

for all ¢ and s. Suppose first (N, R) s Qzyp(z,y). Suppose s is into
M,. Wlo.g., (N,R) s Q"Cxyp(x,y) A Vz3p(z,y). Then (N, R) =,
Q*zyp(z,y), whence (M, Q,) s Q zyp(r,y). Now oW1 is cofinal
with pMn@n) Thus (N, Q) s Q* zyep(x, y).

Conversely, suppose (N, R) s Quyp(z,y). Assume s is again into M,,.
Thus (N, R) s Qzye(x,y). By virtue of the Union Lemma (M,,, Q) Es
Quyp(z,y). Atevery step (M, Qm),n < m < w, a new element is put into
 after the old ones. Thus the ordering ¢ has in (N, R) a cofinal w-sequence.
Hence (N, QF) s Quyp(w,y). O

Theorem 10.92 (Compactness Theorem for Cofinality Logic) Suppose T is
a theory in L., (QC) so that every finite subset of T has a model. Then T itself
has a model.

We have proved the Compactness Theorem for L, (Q°). What is remark-
able is that the Compactness Theorem holds also for uncountable languages,
unlike in the case of the logic L., (32“"). Therefore L, (Q) is said to be
Sfully compact. 1t is the best known fully compact logic.

The Compactness Theorem of cofinality logic opens the possibility to de-
velop a theory of models which emphasizes the order type of the model (A, <
,...) rather than the cardinality of the set A. A suggestion to study model
theory from this angle is Open Problem 23 in the classic model theory book
Chang and Keisler (1990).

10.8 Historical Remarks and References

Generalized quantifiers were introduced in Mostowski (1957), and in a more
general sense in Lindstrom (1966). For more recent developments in the area
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of generalized quantifiers, see Barwise and Feferman (1985), Krynicki and
Szczerba (1995), and Védndnen (Ed.) (1999). While generalized quantifiers
were originally conceived as important in expressing mathematical concepts
such as infinity and uncountability, they became subsequently popular in com-
puter science and in linguistics. In computer science the relevant framework is
the framework of finite models. An early study of generalized quantifiers on
finite models is Hajek (1976). The topic was explicitly studied in van Benthem
(1984), where a version of the number triangle first appears, and in Kolaitis
and Véanénen (1995). Currently generalized quantifiers are a standard tool in
computer science logic.

The study of interdefinability of generalized quantifiers leads quickly to dif-
ficult problems. It has turned out that Ramsey theory can help to solve some of
these problems, see Kolaitis and Védédninen (1995), Luosto (2000), and Nesetfil
and Vidnénen (1996).

The Hirtig quantifier (Exercise 10.91) is from Hértig (1965). See Herre et al.
(1991) for a survey.

An early paper on the role of generalized quantifiers in linguistics is Barwise
and Cooper (1981). A recent textbook on generalized quantifiers in natural
language is Peters and Westerstahl (2008). The concept of a smooth quantifier
is from Viéndnen and Westerstahl (2002).

The Completeness Theorem for 32¢1 in the current form is due to Keisler
(1970). Previously it was just known that a complete axiomatization exists
(Vaught (1964), using Fuhrken (1964)). The first known fully compact gen-
eralized quantifier, i.e. one that satisfies the Compactness Theorem in arbi-
trary vocabularies, was the cofinality quantifier Q°f. This quantifier and the
above axiom (SA) were introduced by Shelah (1975). In Makowsky and She-
lah (1981) a proof of Theorem 10.92 based on ultraproducts is given, see also
(Barwise and Feferman, 1985, p. 48). For more on cofinality quantifiers, see
Mekler and Shelah (1986), Mildenberger (1992), and Shelah (1985).

Stationary logic is an interesting axiomatizable logic in which both 32«1
and Qﬁf are definable, see Barwise et al. (1978).

Exercise 10.15 is due to E. Keenan. Exercise 10.105 is due to R. Robin-
son see Morley and Vaught (1962). Exercise 9.56 is from Hella (1989). Ex-
ercise 10.89 is from Vidnédnen (1977) and Caicedo (1980). Exercise 10.90 is
from Hella and Sandu (1995).

Exercises

10.1 What are the duals of [{5}], [Xo], and [X]*?
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10.2 Prove (—Q)— = —(Q—), (—Q) = —Q and (Q—) = Q.

10.3 Prove Lemma 10.7.

10.4 Find the dual, the complement,, and the postcomplement of the quantifier
“some but not all”.

10.5 Find the dual, the complement and the postcomplement of the quantifier
“between 10% and 20%”.

10.6 What are the duals of Q°V°" and 3239

10.7 What is the dual of 3™°5t?

10.8 What is the dual of 3272

10.9 Show that 32¢ and V< have no atoms on any infinite domains.

10.10 If we know the atoms of a weak monotone quantifier ¢ on a finite do-
main A, how can we find the atoms of Q?

10.11 Show that the set of atoms of Q7" is C.

10.12 Show that there are at least 2(”’72) weak monotone quantifiers on a do-
main of even size n.

10.13 Show that there are exactly 22" weak monotone quantifiers on any
infinite domain A.

10.14 Prove that the dual of a permutation closed quantifier is permutation
closed.

10.15 Show that there are exactly 2" ! self-dual permutation closed quanti-
fiers on a domain of size 2n + 1.

10.16 Show that there are exactly 2"*! permutation closed quantifiers on a
domain of size n > 0.

10.17 Show that there are exactly n 4 2 permutation closed monotone quanti-
fiers on a domain of size n > 0.

10.18 (Finite context) Prove that for monotone bijection closed () always
foln)+ fa(n) =n+1.

10.19 (Finite context) Show that there are uncountably many monotone bijec-
tion closed quantifiers (). Can they be chosen so that fo(n) < 1 for all
n € N?

10.20 (Finite context) Draw the number triangles of the quantifiers {X C A :
X] = m-[Al/n}  {X € A:|X] > AT} and {X C A [X] >
log | A|} and show that they are all unbounded.

10.21 (Finite context) Show that if @) is bounded but not eventually counting,
then there are finite sets Sy and S7 and m € N such that

(1) Forn >m, fo(n) € Sp or f5(n) € S1.
(2) If a € Sp, then fo(n) = a for infinitely many n.
(3) Ifa € S1, then fQ (n) = a for infinitely many n.
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Figure 10.29

10.22 (Finite context) Show that a monotone bijection closed () is unbounded
if and only if lim,,_,, fo(n) = co and mnﬁmfé(n) = 00.

10.23 (Finite context) A monotone bijection closed quantifier () is smooth if
fo(n) < fo(n+1) < fo(n)+1foralln € N. Show that the quantifier
“for m out of every n”” (i.e. 32’”/") is smooth for all m and n such that
1<m<n.

10.24 (Finite context) Show that a smooth quantifier is always eventually count-
ing or unbounded.

10.25 (Finite context) Show that if () is a smooth unbounded bijection closed
quantifier, then VkImVn > m(k < fo(n) <n —k).

10.26 (Finite context) Show that a monotone bijection closed quantifier () is
smooth if and only if both fo and fQ are non-decreasing.”*

10.27 (Finite context) Show that there are unbounded monotone bijection closed
quantifiers @ and @’ such that Q U @)’ is not unbounded.

10.28 Find the orbits of a complete graph K,, and a complete bi-partite graph
Koo

10.29 Find the orbits of (N, +,-,0,1), (Z, <), and (Z, <, 0).

10.30 Find the orbits of (Z + Z, <).

10.31 Give a 3-regular® graph with five orbits.

10.32 Find the orbits of the directed graphs of Figure 10.29.

10.33 Find the orbits of an arbitrary finite Boolean algebra.

10.34 What are the orbits of (R, <)? What about (R, <, Q)?

10.35 Find the orbits of a given finite chain.

10.36 Show that Player IT has a winning strategy in EF> (M, M’) if and only
if she has a winning strategy in EF,, (M, M").

10.37 Show that the M-invariant subsets of M form a Boolean algebra under
C.

4 A function f : N — N is non-decreasing if f(n) < f(n + 1) foralln € N.
5 A graph is n-regular if every node has degree n.
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Figure 10.30

10.38 Suppose ) is monotone. Prove: II (or I) has a winning strategy in the
game EFf,2 (A, B) if and only if IT (respectively I ) has a winning strat-
egy in EFQ (A, B).

10.39 Suppose L consists of a unary predicate and A is an L-structure. Show
that the A-invariant subsets of A are (), P4, A\ P4, and A.

10.40 Suppose L consists of constant symbols cy,...,¢, and A is an L-
structure. Show that the subsets of A that are invariant are the subsets
of {¢{,...,c*} and their complements.

10.41 Suppose L is a vocabulary consisting of a unary predicate P and con-
stant symbols ¢y, .. ., ¢,. Show that if A is an L-structure, the invariant
subsets of A are of the form

(PA\{clielH)u{ct:igI}

or
{c!:iel}
or their complements, where I C {1,...,n}.
10.42 Suppose L consists of unary predicates P, ..., P, and constant sym-
bols ¢y, . .., ¢y,. Describe the invariant subsets of an arbitrary L-structure.

10.43 Suppose M = (M, ~) is an equivalence relation and a1, . ..,a, € M.
Describe the (M, ~, a1, ..., ay,)-invariant subsets of M.

10.44 Describe the orbits of the trees of Figure 10.30.

10.45 Describe the invariant subsets of the trees of Figure 10.31.

10.46 Suppose M is a well-order. Show that the orbits of M are singletons.

10.47 Suppose M is a well-founded tree. Show that all elements in the same
orbit have the same height.

10.48 Describe the invariant subsets of an arbitrary successor structure.

10.49 Let L = {P},#(P) = 1. What would be a good first move for player
Iin EF>5 (M, M) if M and M’ are the L-structures of Figure 10.32?
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Figure 10.31

Figure 10.32

10.50 Suppose L = (). Let M and M’ be L-structures such that M has
30 elements and M’ has 20 elements. Show that M E?Oz : M’ but
M#E M.

10.51 Suppose L consists of one unary predicate symbol P. Let M and M’ be
L-structures such that |M| = | M’| = 100, |PM| = 10 and |PM'| = 20.
Show that M E?OZ% M but M ?12% M.

10.52 Let P, = {0,...,n}. Suppose k € N. For which m and n do we have
(N, P,) =% (N, P,,)?

10.53 Suppose @ is a bounded monotone quantifier. Show that for all m € N
there is n € N such that

({0,...,2n},{0,...,n}) =2 ({0,...,2n},{0,...,n+ 1}).

10.54 Suppose Q is a bounded monotone quantifier and @’ is an unbounded
monotone quantifier. Let L be a vocabulary consisting of one unary
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predicate. Let k& € N. Show that there are L-structures M and M’ such
that

M =2 M but M £ M.

10.55 Exercise 10.54 continued: Show that there are L-structures A and A’
such that

A EkQ/ A'but A £2 A

10.56 Let k € N\ {0}. Suppose M is an equivalence relation with exactly &
equivalence classes, all infinite. Let M’ be an equivalence relation with
infinitely many equivalence classes, all infinite. Show that M E%ZW M.

10.57 Player I challenges player II to play EF=*((Q,N), (N, P)) and II
agrees. After I has started the game, II already regrets she agreed to
play. What can we say about P?

10.58 Player II challenges player I to play EF?EO% ((Q,<,0,1),(Q, <,1,0)).
I thinks IT is crazy. Why?

10.59 Player II challenges player I to play

EFLE ({0, .., 1000}, {0, .., 100}), ({0, .., 1000}, {0, ..., 101})).

Player I first refuses, then says “Wait a minute!”, but finally refuses. Did
he make the right decision?
10.60 Player IT challenges player I to play

1
EFY 7 (({0,...,1024}, <,512), ({0,...,1024}, <, 513)).

Player I says “This is a no-brainer!” Was he justified in being so confi-
dent?

10.61 Let M be a linear order of length 4 and M’ a linear order of length 5.
1
Show that IT has a winning strategy in EFE2 > (M, M) if and only if
n < 1.
10.62 Let M be a linear order of length 5 and M’ a linear order of length 6.
1
Show that IT has a winning strategy in EF?L2 * (M, M) if and only if
n <1.
10.63 Let M be a linear order of length 9 and M’ a linear order of length 10.
1
Show that IT has a winning strategy in EF?L2 * (M, M) if and only if
n < 2.
10.64 Let M and M’ be equivalence relations such that M = R, M’ = R2,

t~My = z-yeQ



Exercises 349

and
(z,y) ~™M (u,v) <= zT=u.

Prove M E?LZNI M foralln € N.
10.65 Prove that M ~,, M’ implies M =2~° M’ for all n € N.
10.66 Show that there are M and M’ with M =, M’ but M £7° " M.
10.67 Suppose M is a linear order such that M Egzw (N, <). Prove M =
(N, <).
10.68 Show that M =3~ (Z, <) implies M 2 (Z, <).
10.69 Give a linear order M such that M = _3_ (N, <), but M 2 (N, <).
10.70 Give a linear order M such that M = —3 “(Z,<),but M 2 (Z,<).
10.71 Prove (2)—(1) in Theorem 10.46.
10.72 Let L = (). Write an L-sentence of L, (322) of quantifier rank < 4
which is true in a finite L-structure M if and only if

(@) [M]|<5.
) | M| > 1.
10.73 Let L = (). Write an L-sentence of LWW(EZ%) of quantifier rank < 4
which is true in a finite L-structure M if and only if
@) [M| <7
(b) | M| > 9.
10.74 Let L = {P},#(P) = 1. Write an L-sentence of L, (322 ) which is
true in a finite L-structure M if and only if
(@) |PM| < |M|-2.
(b) |PM| < [|M|/2] + 1.
(©) |PM|=|M|/2-2.
10.75 Let L = {P},#(P) = 1. Write an L-sentence of L,,(3>%) which is
true in a finite L-structure M if and only if
(a) |[M|<3-|PM|-3.
(b) |[M| >3- |PM|+6.
10.76 Suppose () is a monotone generalized quantifier with fo(n) = [n ].

Write a sentence of graph-theory in L, (@) which is true in a finite
graph M if and only if

(a) Every vertex has at least /| M| 4 2 neighbors.
(b) Some vertex has less than /|M| + 3 neighbors.

10.77 Show that a property of L-structures is expressible in L, (Q) if and
only if it is expressible in L, (Q).



350 Generalized Quantifiers

10.78 Let L = {P},#(P) = 1. Which of the following properties of finite

1

L-structures are expressible in L, (322):

(@) PM £ M.
(b) |PM| = |M\ PM|.
(¢) [M|=|PM2.

10.79 Let L = {Py, Py}, #(P1) = #(P2) = 1. Which of the following
properties of L-structures are expressible in Ly, (32%):

(a) PN PM is finite.
(b) All but finitely many elements of P{*! are in Ps*.
(© |PM| =P
10.80 Let L = (). Into how many classes does Eizw divide Str(L)?

10.81 Let L = (). Into how many classes does 5325 divide Str(L)?

10.82 Write a sentence of L, (32) of quantifier rank 2 which holds in a
graph if and only if infinitely many vertices are isolated. Show that there
is no such sentence of quantifier rank 1.

10.83 Write a sentence of L, (32) of quantifier rank 3 which holds in a
graph if and only if at least two vertices have infinitely many neighbors.
Show that there is no such sentence of quantifier rank 2.

10.84 Show that the property of a graph that it contains an infinite complete
subgraph is not expressible in L, (32%).

10.85 Show that the property of a finite graph that it is 3-colorable is not ex-

1

pressible in L, (3%2).

10.86 Show that connectedness of a finite graph is not expressible in Ly, (32")
for any real r with 0 < r < 1.

10.87 Show that Hamiltonicity of a finite graph is not expressible in L, (3=")
for any real » with 0 < r < 1.

10.88 The bijective Ehrenfeucht—Fraissé Game BEF,, (M, N) is defined as
follows: First player IT picks a bijection fy, : M — N. Then player 1
picks an element ag from M. Then player IT picks a bijection f; : M —
N that maps ag to fo(ao). Then player I picks an element a; from M.
Next player IT picks a bijection fo : M — N that maps ag to fo(ag) and
a1 to f1(ay1). Then player I picks an element as from M. This goes on
until player IT has picked f,,_1 and player I has picked a,,_1. Then II
wins if f,—1 | {ao,...,an—_1} extends to a partial isomorphism M —
N. Show that if player IT has a winning strategy in BEF,, (M, N), then
M ~4 N for every monotone bijection closed quantifier Q.

10.89 Suppose M and A are equivalence relations with all equivalence classes
infinite and both with infinitely many equivalence classes. Use the method
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of Exercise 10.88 to show that M ~¢, N for every monotone bijection
closed quantifier Q).

10.90 Suppose n € N. Construct a connected graph M and a non-connected
graph V such that M~ N for all monotone unary quantifiers Q.
10.91 The Hiirtig quantifier I is defined as follows: M =4 Tzye if and only
if {a € M : M Eya/2) v} = {a € M : M E=y4)0) 1} Show that
the quantifier 32¢ is definable in terms of the Hirtig quantifier, but the

Hirtig quantifier is not definable in terms of the quantifier 32¢.

10.92 Give an infinite set T of sentences of L, (3=“) such that every proper
subset of 7" has a model but 7" itself has no models.

10.93 Show that L, (32%1) does not satisfy the Compactness Theorem if
uncountable vocabularies are allowed.

10.94 Prove Lemma 10.51.

10.95 Suppose L = {P}, P unary. Show that the L-structure M = (Q,N)
has a countable proper elementary extension M’ with PM = PM’ and
another countable elementary extension M” with PM £ pM”,

10.96 Suppose M; C My and M; and Mo have a common elementary
extension. Show that M; < M.

10.97 Show that every proper elementary extension of (R, +,-,0,1,<) has
elements that are bigger than all a € R.

10.98 Suppose (M, Q) is a countable weak model, and (M’, Q') is a proper
elementary extension of (M, Q) such that for all ¢(z) in the vocabulary
of M we have (M, Q) = Qup(z) if and only if there is a € M’ \ M
with M’ |= ¢(a). Show that (M, Q) is

1. non-trivial

2. plural

3. amodel of (MON)
4. a model of (IDE).

10.99 Suppose (M, Q) is as in the above exercise. Show that (M, @) satisfies
Keisler’s Axioms (KA).

10.100 Show that (IDE) follows from (KA) under the stronger form of plural-
ity ~Qu(~zy V ~xz).

10.101 Suppose the vocabulary L contains a binary predicate symbol <. An
L-structure M’ is an end extension of another L-structure M if M C
M’ and forevery a € M and o’ € M'\ M, M’ = a < a’. Suppose M
is a countable L-structure with a proper elementary end extension. Let
@ consist of the sets X C M such that for every a € M thereis b € X
with M |= a < b. Show the following:

1. (M, Q) has a precise extension.
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2. M has an elementary extension M’ in which <M s wi-like, i.e.
uncountable but every initial segment is countable.

10.102 Suppose L is a countable vocabulary, (M, ¢) a countable non-trivial
plural monotone ideal weak model satisfying (KA), and pg, p1, . . . a se-
quence of types omitted by (M, ¢) such that for each n there is some
Yn(x) € p, with (M, q) |E ~Qx1p, (). Use the proof of the Complete-
ness Theorem for 321 to show that there is a model (M’, 3281) such
that (M, q) < (M’,32%1) and (M’, 3Z1) omits each p,,.

10.103 Suppose the countable vocabulary L contains a binary predicate sym-
bol <. Show that if a countable L-model has a proper elementary end
extension, it has an elementary end extension of cardinality N;.

10.104 Construct a first-order theory in a countable vocabulary which has a
model M with UM infinite and |M| = |UM " and moreover in every
model M of T we have | M| < |UM|+.

10.105 Construct a first-order theory in a countable vocabulary which has a
model M with U infinite and |M| = 21U, and moreover in every
model M of T we have | M| < 2lU™,

10.106 Define the union of a chain (Mg, Qo) < (M3,Qp) (a < S < 7)
by Ua<»y(Mana) = (M, Q) where M = Ua<7aMmQ ={X C
M : thereis @ < 7y such that X N Mz € Qg fora < § < ~}. Show
that the Union Lemma still holds.

10.107 Suppose L is a countable vocabulary and T is set of L-sentences of
L, (Q) such that every finite subset of T has, for some infinite x, a
model of the form (M, HZ”+). Show that 7" has a model of the form
(M, FZ%),

10.108 Use the Compactness Theorem and the Union Lemma to prove Lemma
10.88.

10.109 Prove Theorem 10.91 for the quantifier Q¢f, where & is an arbitrary
regular cardinal.

10.110 Suppose « and A are regular cardinals > N,. Suppose a first-order
theory T' in an arbitrary vocabulary L has a model in which a binary
predicate R € L is interpreted as a linear order of cofinality x. Show
that 7" has a model in which a binary predicate R € L is interpreted as a
linear order of cofinality .

10.111 Show that every model in a vocabulary of size < k, K > Ny, has an
Lo (Q°F)-elementary submodel of cardinality < .
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cofinality, 333, 343
complement, 288
counting, 285
dual, 288
even-cardinality, 286
eventually counting, 295
existential, 285
FIL, 315
finiteness, 285
game, 201



Hartig, 351

Henkin, 204

IDE, 315

infinite failure, 289

infinity, 285

MON, 314

monotone, 289

most, 287

NON-TRI, 317

non-trivial, 317

permutation closed, 291

PLU, 317

plural, 317

postcomplement, 288

self-dual, 294

smooth, 343, 345

unbounded, 295

universal, 285

weak, 284
generalized quantifier logic, see logic
generated, see structure
generator, see filter
graph, 35

chain, 43

clique, 50

connected, 43

cycle, 126

edge, 35

vertex, 35

Hartig quantifier, see generalized quantifier
Hamiltonian, 50

height, 59

Henkin formula, see formula

Henkin quantifier, see generalized quantifier
Hintikka set, 98, 319

homomorphism, 133

IDE, see generalized quantifier

ideal, 4

identity function, 3

immediate predecessor, 58

immediate successor, 58

implicitly definable, 109

infinitary logic, see logic

infinite, see set

infinite failure, see generalized quantifier
infinite quantifier logic, see logic

Infinite Survival Lemma, 27

infinitely deep language, 276

infinity quantifier, see generalized quantifier
inverse, see linear order

involution, 205

isomorphic, 55, 324

isomorphism, 55

KA, see axiom

Karp po-set, 261

Karp tree, see tree
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Keisler’s axiom, see axiom
Kripke-Platek, 76

lattice, 58
length, 4
level, 59
lexicographic order, see linear order
limit cardinal, see number
limit ordinal, see number
Lindstrom’s Theorem, 112, 126
linear order, 57

dense, 57

inverse, 154

lexicographic, 280

sum, 58
well-order, 57
LO, 333
Los Lemma, 122
logic

first-order, 79
game logic, 201
generalized quantifier, 307
infinitary, 139
infinite quantifier, 228
Luzin Separation Theorem, 273
Lyndon Interpolation, 136

metric space, 75
model, 54, see also structure
non-standard, 103, 106
standard, 103
Model Existence Game, see game
Model Existence Theorem, 101, 115, 181,
318,336
MON, see generalized quantifier
monadic structure, see structure
Monotone Model Existence Game, see game
monotone quantifier, see generalized quantifier
most, see generalized quantifier

natural number, see number
negation normal form, 91
negative occurrence, 136
Nim, see game
NLE, 334
NNF, 91
non-decreasing, 345
non-determined, see game
non-standard, see model
NON-TRI, see generalized quantifier
normal, 130, see filter
number
cardinal, 9
limit cardinal, 10
limit ordinal, 9
successor cardinal, 10
successor ordinal, 9
cardinal number, 9
countable ordinal, 9
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natural number, 3

ordinal, 8

rational number, 3

real number, 3

regular cardinal, 10

singular cardinal, 10

uncountable ordinal, 9
number of variables, 37
number triangle, 292

omits, 104

Omitting Types Theorem, 104, 118, 323
orbit, 274

ordered, 57

ordinal, see number, 58

ordinal addition, 12

ordinal exponentiation, 13

ordinal multiplication, 12

partial isomorphism, 63

partially isomorphic, 64

partially ordered, see set

path, 49

Pebble Game, see game

perfect, see set

perfect information , see game
permutation closed, see generalized quantifier
persistent, see tree

play, see game

PLU, see generalized quantifier
position, see game

positive formula, see formula
positive occurrence, 136

Positive Semantic Game, see game
postcomplement, see generalized quantifier
potential isomorphism, 75, 277, 280
power set, see set

precise extension, 330, 341
predecessor, 58

principal, see filter, 104

product, 152

quantifier free, see formula
quantifier rank, 37, 80, 309

rank, 60
rational number, see number
real number, see number
realizes, 104
recursively saturated, see structure
reduced product, see structure
reduct, see structure
reflexive, see relation
regular, see number, see filter
relation
anti-symmetric, 58
equivalence relation, 56
reflexive, 56, 58
symmetric, 56
transitive, 56, 58

relational, see structure
relativization, see formula, see structure
root, see tree

SA, see axiom
scattered, 152
Scott height, 149
Scott Isomorphism Theorem, 167, 276
Scott po-set, 262

determined, 262
Scott sentence, 166
Scott spectrum, 151
Scott tree, see tree
Scott watershed, 147, 276
self-dual, see generalized quantifier
Semantic Game, see game
semantic proof, 102
sentence, see formula
Separation Theorem, 111, 183,276
set

Al 271

I1i, 271

=1, 271

analytic, 271

bistationary, 130, 277

Borel, 273

closed, 90, 130

co-analytic, 271

countable, 6

cub, 90, 131

dense, 270

finite, 4

infinite, 4

partially ordered, 58

perfect, 34

power set, 3

stationary, 91, 131

transitive, 177

unbounded, 90, 130

uncountable, 6
Shelah’s axiom, see axiom
singular, see number
Skolem expansion, 114
Skolem function, 113
Skolem Hull, 114
Skolem Normal Form, 207
smooth, see generalized quantifier
Souslin—Kleene Theorem, 272
Souslin-formula, see formula
special, see tree
stability theory, 242, 275-277
standard component, see component
standard model, see model
stationary, see set
stationary logic, 343
Strategic Balance of Logic, 1, 2, 14, 79, 81,

101, 163, 180, 238, 276, 309



strategy
in a position, 22
of player I, 21, 25, 251
of player IT, 21, 26, 251
used, 21, 25, 26
used after a position, 22
winning, 15, 21, 26, 66, 251
winning in a position, 22
strong A-back-and-forth set, see
back-and-forth set
strong bottleneck, 257
structure, 54
A-homogeneous, 246
A-saturated, 247
w-saturated, 129
expansion, 110
generated, 63
monadic, 55
recursively saturated, 203
reduced product, 122
reduct, 110
relational, 54
relativization, 110
substructure, 62
ultraproduct, 122
unary, 55
vector space, 174, 185, 231
subformula property, 107
substructure, see structure
successor, 58
successor cardinal, see number
successor ordinal, see number
successor structure, 61
successor type, 60
sum, see linear order
Survival Lemma, 22
symmetric, see relation

Tarski—Vaught criterion, 113
threshold function, 294
Transfinite Dynamic, see game
transitive, see relation, see set
tree, 59, 271, 275

Aronszajn, 61

Canary, 277

universal Scott, 274

branch, 60

canonical Karp, 260

chain, 60

fan, 257

Karp, 261, 276

persistent, 257, 276

root, 59

Scott, 262, 276

special, 61

well-founded, 60
tree represenation, 271
true, see formula
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type, 104

ultrafilter, see filter

ultraproduct, see structure

unary, see vocabulary, see structure

unbounded, see set, see generalized quantifier

uncountable, see set

uncountable ordinal, see number

Union Lemma, 325, 338

union of a chain, 325, 338

universal, 273

universal quantifier, see generalized quantifier

universal Scott tree, see tree

universal-existential formula, see formula

Universal-Existential Semantic Game, see
game

Upward Lowenheim—Skolem Theorem, 117

Vaught’s Conjecture, 151
vector space, see structure
vertex, see graph
vocabulary, 54

binary, 54

unary, 54

Weak Compactness Theorem, 338

Weak Omitting Types Theorem, 338
weak quantifier, see generalized quantifier
well-founded, see tree

well-order, see linear order

win, 20, 21, 25, 26, 251

winning strategy, see strategy

Zermelo—Fraenkel axioms, 10
zero-dimensional, 282
Zero-sum, see game

Zorn’s Lemma, 12
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